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What 1s Scalar? What 1s Vector?

« Scalar A Is a quantity represented by a single number.

. \fector 4 is a guantity represented by a magnitude & direction.

» Magnitude of vector A = |4]
Motion and Force

« Direction of vector A =

El N}




When we use vector?




Vector vs Scalar

Speed Velocity

Scalar \ector

MViass Weight




Representations in 2D-plane R?

 R? is the real coordinate space of dimension 2.

 Unit Vectors
« 1, j are orthogonal (perpendicular) to each other
« commonly used in Cartesian coordinate system
« indicates the directions in axes

~>
r’ <2
~>

* In R* with the origin 0(0,0) and point P(a, b), ~ _4P(ab)

We can express as op

. ﬁ:(Z):aHbj 0(0,0)



Representations in 3D-space R’

e Unit vectors in R3are i, j & k.

k A
e In R3 with the origin 0(0, 0,0) and point P(44, 4,, A3),
We can express as —— >
Vector form Lo_catlon n . J
A, e coordinate system )
c OP=A=|A4, | =40+ 4,5+ Ak P(A1, Az, A3)
As \ v J
Component form
L
« A, is the 15t element of the vector 0(0,0,0) /
\. A

« \ector A is a 3-dimensional vector (a vector of size 3)



Types of vector

Initial

Displacement vector

Final

Q o'—

. 0
Position vector
2

Position vector




Graphically Operations of Vector

Direction
* Aline segment joining two points A to B, / AB
we can denote a vector as AB
* Length of the line = magnitude
« Arrow indicates the direction A

- AB=|AB|- 4B

Magnitude

» Negative of a vector means opposite direction -
« AB #
. = —AB

» Zero vector 0 means magnitude = 0 and no direction 0



Graphically Operations of Vector c

ﬁ —
f —
« Addition of collinear vectors /

« AC = AB + A
« AB & B are collinear which means they are parallel

« Addition of vectors pointing to different directions
« AP =AB +
« Using Parallelogram law

* Addition of multiple vectors (displacement)

« AE =AB+BC+CD + DE —
» Using Head-to-tail method

AE E
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Graphically Operations of Vector

» Subtraction of vectors
+ 4B = AC ~ (B = AC + (~50)

It A \
Same as addition of vectors 15 B

« Scalar multiplication of a vector
« clisascalar
e ¢ > (0: same direction

* ¢ < 0: different direction . /
A —
cA

—_

—CcA
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Properties of Vector

A€, \V
» Magnitude (displacement) of a vector A = A& + A4,j + Ask - V]
4] = \/Alz + A,% + 452 i b
>
a e, ,Bey
« Unit vector (direction) of a vector A = A1 + A,] + Azk
. A A A A .
A= |7 —_ . i + : j + & k

| \/Alz + A% + As° \/Alz + A% + As° \/Alz + A% + As°
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Properties of \Vector

Let A, B, C be three vectors and k be constant.

+ A+B=B+A (Commutativity)
+ A+(B+C)=(A+B)+C (Associativity)
* k(A+B)=kA+kB (Distributive Law)

Let P, S and Q be three points in R3.
« PQ =PS+5Q
+ SQ =PQ+PS




Applications of Vector

a=0.85
L 2
b=0.17
®
c=0.56
L 2
0.65 0.050.20
red: U = (255,0,0) i
green: v = (0, 255, 0) (217, 43, 143)%
blue: = (0, 0, 255) i

Their linear combination is vector d.
d=ai+bv+4cw

The integer components of d are:
(217, 43, 143)
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Example |

Let P(6,9,—13) and Q(0, 16, 8) be two points in R3.

(b) Fina a vector A which has a magnitude of 25 and has the same direction of ﬁ

(a) Find
Solution:
(@) 0P = (61 +9j — 13k) — (01 + 16) — 8k) = 61— 7j — 5k
OP 0Q
(b)A=|4|-4
A=P0=-

r-----------
i
i
i
i

o
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V110 /110

A:z&(

= {—
V110 /110

— k
/ V110
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Example I 045 P

Let P(1,3,10),Q(—7,11,—4) and S be three points in R3. 0 e ---"----;/‘l
i ll.-------—,
(a) Find —— | :
(b) QS has the same direction as )7 with a magnitude of 07 + 5. Find the coordinates of S. : i*;* Q
(@) 0P = (11 + 3/ + 10k) — (=71 + 11j — 4k) = 81 — 8] + 14k
oP 0Q
(b) -
A% = P = B i—8j+ 14k _ 8 8A+14E
05 = _| | _\/( YZ+(—9)2 + ( )2_18l 18’ " 18

05| = 05| +5 = V(@)2+(C )2+ (112 +5 =18+ 5 = 23
S AR L Ae - 8
05=0Q+QS=(—7i+11j—4k)+<23-<—i——j+_k)):_g+_j+Tk

29 14 125)

Then coordinates of S is (— S Ts o )
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Linear Combination

Vector can be expressed as the combination of two vectors.

-_—

S=k1

+k26=(

—_—

v

)

k, & k- are the scalar coefficients of the corresponding vectors.

S is the linear combination of 1 & 7.

If we choose certain values for k,

l
A

%

S = (D1 +3) + (D2~ 1)) = (2)

S

(7

>

j

& I,
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Linear Combination

« Since vector can be controlled by k; & k-,
different combinations creates infinite vectors.

Example:
« S is the linearly dependent with i & v
« 1 & v are linearly independent. Sy =

—1.4v

18



Linear Combination

« If @ &b are linearly dependent, it implies that
* they are collinear
* they can be lied on the same straight line or parallel

- If ¢ & d are linearly independent, it implies that
* they are non-collinear
« if they extend infinitely long, there must be intercept point

N intercept point

Sl

QU

A

AN

S
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Dot Product (Scalar Product)

Given vectors a = a1+ a,j + I?&E=b12+b2j+b312.

 The dot product of these two vectors is

« Geometric definition of dot product is

-I;=| ||E|COS(9

where 0 < 8 < m Is the angle between two vectors.



Projection vector

* Projection vector proj; a Is defined as the perpendicular projection of @ on b.

Direction

b

o~
projza =|alcos@ - b = |a]

Magnitude

« Depending the angle calculated from dot product, we can determine the direction of
projection vector.

9_5'19 6 <90°if cosf >0
ST T aE] 10> 90%if cos6 < 0
cosf > 0: | cosf < 0:
Magnitude = || cos 6 | | o Magnitude = —|a| cos 6
Direction = b A4 > | Direction = —b

Sy
S
=
3
2
ol

roj=-
proj 0



Cross Product (Vector Product)

Given vector @ & b. 2
X b
* The cross product of these two vectors is b
6
X b =| ||b|sin9-ﬁ
. : ~ ; : * axb

 The direction of 7 is determined by right hand rule.

-



Cross Product (Vector Product)

Given vectors @ = a,i + a,j + a5k &b = bii+ b,j + bsk.
Cross product using matrix notation:

:‘bz 193|i_|b1 b,

= (azb3 —

B l
X b =

b,

b,)t — (aibs —

ik

b, b3

f”"bl b2|k

bi)j + (a,b; —

b))k
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Example |

3i+ k on a.

Given a vector @ = 2j + 4k. Find the projection vector of b
Solution:

. b

pTOjb:W
3t4+k)-(2f+4k), . .

_GeR R

(V@ +@?)

3O+ (0)(@2) + (1))
B 20

(2 + k)



Example 11

Find a vector perpendicular to the plane containing the points a(1, 2, 3), b(—1,4,8) & c(5,1, —2).
ab=(—-1—=1)i+ @ =2)+(8—=3)k =—-20+2j+5k
ac=0G-Di+0=-2)j+(-2-3)k=41—-1j -5k

i 7k

5

abxac=|_2 2
4 -1 -5

= [2(=5) = (=D5]i = [(=2)(=5) — 4(D)]] + [(=2)(-1) — 4(2)]k

= —5{ + 10j — 6k



_inear Transformation

 Transformation

» Changing the basis of a coordinate system.

« Mapping a given vector to a transformed coordinate system = Transformed Vector
* Linear

» During transformation, the position of origin is fixed.

\ / T h /

\H... C

—
.
..

W
.-'//has a basis B \} has a basis D \
\\.\__\____- ___-_______.J' . )
/cunrdlnatES of \\ 7 CDDI’dIHEItES Df\.
R™

\ vectors in V wiith /,I | *-’E'CtC'I’S in W Wllth l
\respect toB .~ rEEDECt to B

R"



L_Inear Transformation

1 -2

B A:(1.5 0.5

] s

Scaling up by y-axis transformation

Welhat ID: meetmath

Linear transformation rotation

Scaling up by x- & y-axis transformation 27



_inear Transformation

Given a vector v = (_12) L

Applying linear transformation by the influence of i & 7/,
: . 1 ~ (3
Provided that i — (_2) & - (0)

Find the transformation of vector v.

Transformed (_12) Transformed j (3)

>

Transformed v = —2(Transformed ©)+1(Transformed )

=-2(5)+1())

_ ( —2(1) + 1(3) )
S \=2(-2) + 1(0)

= ()

28



L_Inear Transformation

« Once you know the transformation, you can find out the position of a new vector
with respect to the transformed coordinate system.

« But we need to put the transformed vectors into a 2 x 2 Matrix.

2 . .
3 ) Transformation Matrix

Where ;7 lands



_inear Transformation

£ ) with

a transformation matrix @ )

Given a Vector (

Find a transformed vector:

2(2) + (-1 (%)
@ )(—21) B (2(3) 1 (—1)( )) B (g)

Original
Matrix ~ wector . Vector

30



Definition of Eigenvalue & Eigenvector

 Eigenvector is a nonzero vector of a linear transformation.

 Eigenvalue is the factor which the eigenvector is scaled z
when linear transformation is applied to it.

Eigenvector

« What does eigenvector & eigenvalue mean?

* In R3, eigenvector (vector) is the axis of rotation
while eigenvalue (scalar) is the scale.



Calculation of Eigenvalue & Eigenvector

Eigenvalue
Av = — > Scalar
v multiplication
Transformation Matrix Eigenvector

Are the equal?
Of course, t ey are not!

Only if v is eigenvector

32



Calculation of Eigenvalue & Eigenvector

* To make both side as , Diagonal matrix
we multiply a diagonal matrix I in R.H.S. 1 0 O
I={0 1 O
' ' — - 0 0 1
leeg mztl‘l)é Av = 10
A=<8 2 9) (A—ADv =0
7 8 1 h Y ~

3—1 4 5
8 2— 9
7 8 1— 2 3-dimensional transformation
matrix means transformation

« We are searching for a nonzero solution for v. in 7, and k.



Calculation of Eigenvalue & Eigenvector

Given a transformation matrix 4 = (3 1).

2 2
Step 1.
To fulfill (4 — AI)v = 0, we need to find out
det(A — AI) = 0 === determinant
3—-1 1 (. N _ 2 _
det(*, " L0 )=B-D2-D-1@) =12 -51+6-2
=% — 51 + 4 <= Characteristic polynomial

Step 2.

Factorizing the characteristic polynomial, we find out roots (eigenvalue)

22=51+4=01-4)(1-1)

A=4and 1 = 1 = cigenvalue




Calculation of Eigenvalue & Eigenvector

Step 3.

Substitute the eigenvalue back into (A — AI)v = 0, using linear elimination and try to simplify the matrix
into row echelon form.

(3 —4 1 )(xl) _ (0) row echelon form

2 2—-4)\x, 0 (al a2 a3>
e
—1 1 |0\ R+2Ri[{—1 10 a9
_
2 =210 0 0]0

:>_x1+x2=0

X1 = X3

The corresponding eigenvectors of A for 1 = 4 are ( 1) =k (1) ,kk # 0. (k is scalar constant)

X2 1
Eigenvalue Eigenvector



_inear Elimination

(1) Interchange two rows.

2 —1|0\ Ri=R2(1 1 |0
—
1 1|0 2 —1]10

(2) Multiply a row by ¢ # 0.

2 =110\ 2R(2 —110
B
1 110 2 210

(3) Addition of a scalar multiple of any row to another row.

2 —1|0\ R2tR:1 (2 —1]0
—
1 1|0 3 010



Applications of Eigenvector
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Examples |

1 2
3 2

a-i=(3 5)=1G V=05" )

det(a—n=['7"4 2 |=(1-D@-D-3@) = -31+2-6

Find the eigenvalues of A = ( ) and the corresponding eigenvectors.

Solution:

=)2-31—4
=(1-H+1)

The eigenvaluesare A = 4 and 1 = —1.



Examples |

When 1 = 4,

(3" 2206 =)

—3 2 |0\RztR1 (-3 20
—
3 —=2|0 0 O0f0

x1 - _xz

),k #+ 0. (k is scalar constant)

_ W N

X
The corresponding eigenvectors of A for 4 = 4 are (x;) =k (



Examples |

When 1 = —1, - (1) ,
— (= X
( 3 2 — (—1)) (x;) - (8)

3
2 200\ *2 2" (2 2]o0
3 3|0 0 0f0
= x, can be any values, x; = —x,

X —
The corresponding eigenvectors of A for 1 = —1 are (x;) = k( 11) I # 0.



Examples I

1 -1 0
Find the eigenvalues of A = (—1 2 —1) and the corresponding eigenvectors.
0o -1 1

1 -1 0 1 0 O 1-4 -1 0
A-AI=|-1 2 -1]—-A4{0 1 O)J={ -1 2—-1 -1

0 -1 1 0 0 1 0 -1 1-1
1-4 -1 0

-1 2-1 -1
0 -1 1-1

=1-1D)A*=31+2-2)

Solution:

det(A — AI) = =1-)HV2-HDaA-H-A-1H-QA-21)

=A(1-1)A-3)

The eigenvaluesare A =0, A =1and 1 = 3.



Examples I

When 1 = 0,

1-0 -1 0 X1
-1 2-0 -1 X2
0 -1 1-0/ \X3

1 -1 0 [0\p4r (1 -1 00
-1 2 —1fo|—=(0 1 -1]0
0 -1 1|0 0 -1 10

$x1=x3,x1=x2

x1=x2=X3

)

R3+R>
—5

X1 1
The corresponding eigenvectors of A for 1 = 0 are(xz> =k (1) ke # 0.

X3

1



Examples I

When 1 = 1,
1—-1 -1
(—1 2—1 -1
0 -1
O -1 010 RyoR, —1

-1 1 -1|10)—{( O

The corresponding eigenvectors of A for 4 = 1 are(

X1
X2
X3

2

0



Examples I

When 4 = 3,
1-3 —1 0 X1 0
(_1 - 1)()(0)
0 -1 1—-3/ \X3 0
-2 =1 010 R{<R, -1 -1 -1]10 R,—2R; -1 -1 -110
-1 -1 -110 -2 =1 010 0 1 2
0O -1 -=-21{0 0O -1 -=-2]0 0O -1 =210

= x, = —2Xx3, X1 = + x3, X3 can be any values

X1 1
The corresponding eigenvectors of A for 41 = 3 are <x2> =k (—2) ke #0,
X3 1

R3+R>
—_—



