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What is Scalar? What is Vector?

• Scalar 𝐴 is a quantity represented by a single number.

• Vector റ𝐴 is a quantity represented by a magnitude & direction.

• Magnitude of vector റ𝐴 = റ𝐴

• Direction of vector መ𝐴 =
റ𝐴

റ𝐴
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When we use vector?

Force Magnetic field Typhoon
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Vector vs Scalar
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Speed Velocity

Mass
Weight

Scalar Vector



Representations in 2D-plane 𝑹2

• 𝑹2 is the real coordinate space of dimension 2.

• Unit Vectors

• Ƹ𝑖, Ƹ𝑗 are orthogonal (perpendicular) to each other

• commonly used in Cartesian coordinate system

• indicates the directions in axes

• In 𝑹2 with the origin 𝑂 0,0 and point 𝑃 𝑎, 𝑏 ,
we can express as 

• 𝑂𝑃 =
𝑎
𝑏

= a Ƹ𝑖 + 𝑏 Ƹ𝑗
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𝑥

𝑦

Ƹ𝑗

Ƹ𝑖

Ƹ𝑖

Ƹ𝑗

𝑶(𝟎, 𝟎)

𝑷 𝒂, 𝒃

𝑂𝑃



Ƹ𝑗

෠𝑘

Ƹ𝑖

𝑶 𝟎, 𝟎, 𝟎

𝑷 𝑨𝟏, 𝑨𝟐, 𝑨𝟑

Representations in 3D-space 𝑹3

• Unit vectors in 𝑹3are Ƹ𝑖, Ƹ𝑗 & ෠𝑘.

• In 𝑹3 with the origin 𝑂 0, 0, 0 and point 𝑃 𝐴1, 𝐴2, 𝐴3 ,

we can express as

• 𝑂𝑃 = റ𝐴 =
𝐴1
𝐴2
𝐴3

= 𝐴1 Ƹ𝑖 + 𝐴2 Ƹ𝑗 + 𝐴3 ෠𝑘

• 𝐴1 is the 1st element of the vector

• Vector റ𝐴 is a 3-dimensional vector (a vector of size 3) 
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റ𝐴

𝑦

𝑧

𝑥

෠𝑘

Ƹ𝑖
Ƹ𝑗Location in 

coordinate system

Component form

Vector form



Types of vector
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Ƹ𝑗

෠𝑘

Ƹ𝑖

𝑶

𝑸

Initial

Position vector

Final

Position vector

𝑷

Displacement vector



Graphically Operations of Vector

• A line segment joining two points 𝐴 to 𝐵, 
we can denote a vector as 𝐴𝐵
• Length of the line = magnitude
• Arrow indicates the direction

• 𝐴𝐵 = 𝐴𝐵 ∙ ෢𝐴𝐵

• Negative of a vector means opposite direction

• 𝐴𝐵 ≠ 𝐵𝐴

• 𝐵𝐴 = −𝐴𝐵

• Zero vector 0 means magnitude = 0 and no direction

𝑨

𝑩

𝑨𝑩

𝑨𝑩 𝑩𝑨
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𝟎

Magnitude

Direction



Graphically Operations of Vector

• Addition of collinear vectors

• 𝐴𝐶 = 𝐴𝐵 + 𝐵𝐶

• 𝐴𝐵 & 𝐵𝐶 are collinear which means they are parallel

• Addition of vectors pointing to different directions

• 𝐴𝑃 = 𝐴𝐵 + 𝐴𝐶
• Using Parallelogram law

• Addition of multiple vectors (displacement)

• 𝐴𝐸 = 𝐴𝐵 + 𝐵𝐶 + 𝐶𝐷 + 𝐷𝐸
• Using Head-to-tail method
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𝑨𝑩

𝑩𝑪

𝑨

𝑩

𝑪

𝑷

𝑨𝑩

𝑩𝑪
𝑪𝑫

𝑫𝑬𝑨

𝑩 𝑪

𝑫

𝑬

𝑨𝑪

𝑨𝑪

𝑨𝑩 𝑩𝑨

𝑪

𝑨𝑷

𝑨𝑬



Graphically Operations of Vector

• Subtraction of vectors

• 𝐴𝐵 = 𝐴𝐶 − 𝐶𝐵 = 𝐴𝐶 + −𝐵𝐶

• Same as addition of vectors

• Scalar multiplication of a vector

• 𝑐 is a scalar 

• 𝑐 > 0: same direction

• 𝑐 < 0: different direction
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𝑨𝑩

𝑨
𝒄𝑨 −𝒄𝑨

𝑨𝑪

𝑪𝑩

𝑩

𝑨

𝑪



Properties of Vector

• Magnitude (displacement) of a vector റ𝐴 = 𝐴1 Ƹ𝑖 + 𝐴2 Ƹ𝑗 + 𝐴3 ෠𝑘

റ𝐴 = 𝐴1
2 + 𝐴2

2 + 𝐴3
2

• Unit vector (direction) of a vector റ𝐴 = 𝐴1 Ƹ𝑖 + 𝐴2 Ƹ𝑗 + 𝐴3 ෠𝑘

መ𝐴 =
റ𝐴

റ𝐴
=

𝐴1

𝐴1
2 + 𝐴2

2 + 𝐴3
2

Ƹ𝑖 +
𝐴2

𝐴1
2 + 𝐴2

2 + 𝐴3
2

Ƹ𝑗 +
𝐴3

𝐴1
2 + 𝐴2

2 + 𝐴3
2

෠𝑘
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Properties of Vector

Let റ𝐴, 𝐵, റ𝐶 be three vectors and 𝑘 be constant.

• റ𝐴 + 𝐵 = 𝐵 + റ𝐴 (Commutativity)

• റ𝐴 + 𝐵 + റ𝐶 = റ𝐴 + 𝐵 + റ𝐶 (Associativity)

• 𝑘 റ𝐴 + 𝐵 = 𝑘 റ𝐴 + 𝑘𝐵 (Distributive Law)

Let 𝑃, 𝑆 and 𝑄 be three points in 𝑹3.

• 𝑃𝑄 = 𝑃𝑆 + 𝑆𝑄

• 𝑆𝑄 = 𝑃𝑄 + 𝑃𝑆
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Applications of Vector
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RGB

Geographic data model

Imaging



Ƹ𝑗

෠𝑘

Ƹ𝑖

𝑶

Example I

Let 𝑃(6, 9, −13) and Q(0, 16, 8) be two points in 𝑹3.

(a) Find 𝑄𝑃.

(b) Fina a vector റ𝐴 which has a magnitude of 25 and has the same direction of 𝑃𝑄.

Solution:

(a) 𝑄𝑃 = 6 Ƹ𝑖 + 9 Ƹ𝑗 − 13෠𝑘 − 0 Ƹ𝑖 + 16 Ƹ𝑗 − 8෠𝑘 = 6 Ƹ𝑖 − 7 Ƹ𝑗 − 5෠𝑘

(b) റ𝐴 = റ𝐴 ∙ መ𝐴
റ𝐴 = 25

መ𝐴 = ෢𝑃𝑄 = −෢𝑄𝑃 =
𝑄𝑃

𝑄𝑃
=

6 Ƹ𝑖 − 7 Ƹ𝑗 − 5෠𝑘

62 + −7 2 + −5 2
=

6

110
Ƹ𝑖 −

7

110
Ƹ𝑗 −

6

110
෠𝑘

റ𝐴 = 25 ∙
6

110
Ƹ𝑖 −

7

110
Ƹ𝑗 −

5

110
෠𝑘

=
150

110
Ƹ𝑖 −

175

110
Ƹ𝑗 −

125

110
෠𝑘
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𝑂𝑃 𝑂𝑄

𝑸

𝑷

𝑄𝑃



Let 𝑃(1, 3, 10), Q(−7, 11,−4) and 𝑆 be three points in 𝑹3.

(a) Find 𝑄𝑃.

(b) 𝑄𝑆 has the same direction as 𝑄𝑃 with a magnitude of 𝑄𝑃 + 5. Find the coordinates of S.

Solution:

(a) 𝑄𝑃 = 1 Ƹ𝑖 + 3 Ƹ𝑗 + 10෠𝑘 − −7 Ƹ𝑖 + 11 Ƹ𝑗 − 4෠𝑘 = 8 Ƹ𝑖 − 8 Ƹ𝑗 + 14෠𝑘

(b) 

෢𝑄𝑆 = ෢𝑄𝑃 =
𝑄𝑃

𝑄𝑃
=

8 Ƹ𝑖 − 8 Ƹ𝑗 + 14෠𝑘

(8)2+ −8 2 + 14 2
=

8

18
Ƹ𝑖 −

8

18
Ƹ𝑗 +

14

18
෠𝑘

𝑄𝑆 = 𝑄𝑆 + 5 = (8)2+ −8 2 + 14 2 + 5 = 18 + 5 = 23

𝑂𝑆 = 𝑂𝑄 + 𝑄𝑆 = −7 Ƹ𝑖 + 11 Ƹ𝑗 − 4෠𝑘 + 23 ∙
8

18
Ƹ𝑖 −

8

18
Ƹ𝑗 +

14

18
෠𝑘 =

29

9
Ƹ𝑖 +

14

18
Ƹ𝑗 +

125

9
෠𝑘

Then coordinates of S is −
29

9
,
14

18
, −

125

9
.

Ƹ𝑗

෠𝑘

Ƹ𝑖

𝑶

Example II
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𝑂𝑃 𝑂𝑄

𝑸

𝑺
𝑷+𝟓

𝑄𝑃



Ƹ𝑖

Ƹ𝑗

റ𝑆 = 𝑢
റ𝑣

റ𝑣

𝑢

Linear Combination

• Vector can be expressed as the combination of two vectors.

റ𝑆 = 𝑘1𝑢 + 𝑘2 റ𝑣 = 𝑢
റ𝑣

• 𝑘1 & 𝑘2 are the scalar coefficients of the corresponding vectors.

• റ𝑆 is the linear combination of 𝑢 & റ𝑣.

• If we choose certain values for 𝑘1𝑢 & 𝑘2 റ𝑣, 

റ𝑆 = 1 1 Ƹ𝑖 + 3 Ƹ𝑗 + 1 2 Ƹ𝑖 − 1 Ƹ𝑗 =
3
2
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ො𝑢

ො𝑣

റ𝑆 =
3
2

+2ො𝑢

+3ො𝑣



𝑥

𝑦

റ𝑣

𝑢

• Since vector can be controlled by 𝑘1 & 𝑘2,
different combinations creates infinite vectors.

• റ𝑆 is the linearly dependent with 𝑢 & റ𝑣

• 𝑢 & റ𝑣 are linearly independent.

Linear Combination
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𝑆1 =
𝑢
റ𝑣

0.8 റ𝑣

−0.7𝑢

𝑆2 =
−0.7𝑢
0.8 റ𝑣

0.5𝑢

−1.4 റ𝑣

𝑆3 =
0.5𝑢
−1.4 റ𝑣

Example: 



Linear Combination

• If റ𝑎 & 𝑏 are linearly dependent, it implies that

• they are collinear

• they can be lied on the same straight line or parallel

• If റ𝑐 & റ𝑑 are linearly independent, it implies that

• they are non-collinear

• if they extend infinitely long, there must be intercept point

19

𝑏
റ𝑎

𝑏
റ𝑎

റ𝑑

റ𝑐

റ𝑑

റ𝑐

intercept point



Dot Product (Scalar Product)

Given vectors റ𝑎 = 𝑎1 Ƹ𝑖 + 𝑎2 Ƹ𝑗 + 𝑎3 ෠𝑘 & 𝑏 = 𝑏1 Ƹ𝑖 + 𝑏2 Ƹ𝑗 + 𝑏3 ෠𝑘.

• The dot product of these two vectors is

റ𝑎 ∙ 𝑏 = 𝑎1𝑏1 + 𝑎2𝑏2 + 𝑎3𝑏3

• Geometric definition of dot product is

റ𝑎 ∙ 𝑏 = റ𝑎 𝑏 cos 𝜃

where 0 ≤ 𝜃 ≤ 𝜋 is the angle between two vectors.
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റ𝑎

𝑏

𝜃



Projection vector

• Projection vector 𝑝𝑟𝑜𝑗𝑏 റ𝑎 is defined as the perpendicular projection of റ𝑎 on 𝑏.

𝑝𝑟𝑜𝑗𝑏 റ𝑎 = റ𝑎 cos 𝜃 ∙ ෠𝑏 = റ𝑎
റ𝑎 ∙ 𝑏

റ𝑎 𝑏
∙
𝑏

𝑏
=

റ𝑎 ∙ 𝑏

𝑏
2 𝑏

• Depending the angle calculated from dot product, we can determine the direction of 
projection vector.

cos𝜃 =
റ𝑎 ∙ 𝑏

റ𝑎 𝑏
⇒ ቊ

𝜃 < 90° 𝑖𝑓 cos 𝜃 > 0
𝜃 > 90° 𝑖𝑓 cos 𝜃 < 0
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Direction

Magnitude

റ𝑎

𝑏

𝜃

cos 𝜃 > 0:

Magnitude = റ𝑎 cos 𝜃

Direction = ෠𝑏
𝑝𝑟𝑜𝑗𝑏 റ𝑎

റ𝑎

𝑏

𝜃

cos 𝜃 < 0:

Magnitude = − റ𝑎 cos 𝜃

Direction = −෠𝑏

𝑝𝑟𝑜𝑗𝑏 റ𝑎



Cross Product (Vector Product)

Given vector റ𝑎 & 𝑏.

• The cross product of these two vectors is

റ𝑎 × 𝑏 = റ𝑎 𝑏 sin 𝜃 ∙ ො𝑛

• The direction of ො𝑛 is determined by right hand rule.
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റ𝑎

𝑏

𝜃

റ𝑎 × 𝑏

ො𝑛



Cross Product (Vector Product)

Given vectors റ𝑎 = 𝑎1 Ƹ𝑖 + 𝑎2 Ƹ𝑗 + 𝑎3 ෠𝑘 & 𝑏 = 𝑏1 Ƹ𝑖 + 𝑏2 Ƹ𝑗 + 𝑏3 ෠𝑘.

Cross product using matrix notation:

റ𝑎 × 𝑏 =
Ƹ𝑖 Ƹ𝑗 ෠𝑘

𝑎1 𝑎2 𝑎3
𝑏1 𝑏2 𝑏3

=
𝑎2 𝑎3
𝑏2 𝑏3

Ƹ𝑖 −
𝑎1 𝑎3
𝑏1 𝑏3

Ƹ𝑗 +
𝑎1 𝑎2
𝑏1 𝑏2

෠𝑘

= 𝑎2𝑏3 − 𝑎3𝑏2 Ƹ𝑖 − 𝑎1𝑏3 − 𝑎3𝑏1 Ƹ𝑗 + 𝑎1𝑏2 − 𝑎2𝑏1 ෠𝑘
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Example I

Given a vector റ𝑎 = 2 Ƹ𝑗 + 4෠𝑘. Find the projection vector of 𝑏 = 3 Ƹ𝑖 + ෠𝑘 on റ𝑎.

Solution:

𝑝𝑟𝑜𝑗𝑎𝑏 =
𝑏 ∙ റ𝑎

റ𝑎 2
റ𝑎

=
3 Ƹ𝑖 + ෠𝑘 ∙ 2 Ƹ𝑗 + 4෠𝑘

2 2 + 4 2
2 2 Ƹ𝑗 + 4෠𝑘

=
3 0 + 0 2 + 1 4

20
2 Ƹ𝑗 + 4෠𝑘

=
4

20
2 Ƹ𝑗 + 4෠𝑘

=
2

5
Ƹ𝑗 +

4

5
෠𝑘
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Example II

Find a vector perpendicular to the plane containing the points 𝑎 1, 2, 3 , 𝑏 −1, 4, 8 & 𝑐 5, 1, −2 .

𝑎𝑏 = −1 − 1 Ƹ𝑖 + 4 − 2 Ƹ𝑗 + 8 − 3 ෠𝑘 = −2 Ƹ𝑖 + 2 Ƹ𝑗 + 5෠𝑘

𝑎𝑐 = 5 − 1 Ƹ𝑖 + 1 − 2 Ƹ𝑗 + −2 − 3 ෠𝑘 = 4 Ƹ𝑖 − 1 Ƹ𝑗 − 5෠𝑘

𝑎𝑏 × 𝑎𝑐 =
Ƹ𝑖 Ƹ𝑗 ෠𝑘

−2 2 5
4 −1 −5

= 2 −5 − −1 5 Ƹ𝑖 − −2 −5 − 4 5 Ƹ𝑗 + −2 −1 − 4 2 ෠𝑘

= −5 Ƹ𝑖 + 10 Ƹ𝑗 − 6෠𝑘
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Linear Transformation

• Transformation

• Changing the basis of a coordinate system.

• Mapping a given vector to a transformed coordinate system = Transformed Vector

• Linear

• During transformation, the position of origin is fixed.

26



Linear Transformation

27

Scaling up by y-axis transformation

Scaling up by x- & y-axis transformation

Linear transformation rotation



Ƹ𝑗

Ƹ𝑖
Ƹ𝑖

Ƹ𝑗−2
1

Linear Transformation

28

Given a vector റ𝑣 =
−2
1

.

Applying linear transformation by the influence of Ƹ𝑖 & Ƹ𝑗,

Provided that Ƹ𝑖 →
1
−2

& Ƹ𝑗 →
3
0

.

Find the transformation of vector റ𝑣.

Transformed റ𝑣 = −2(Transformed Ƹ𝑖)+1(Transformed Ƹ𝑗)

= −2
1
−2

+ 1
3
0

=
−2 1 + 1(3)

−2 −2 + 1(0)

=
1
4

Ƹ𝑖

Ƹ𝑗

Transformed Ƹ𝑗Transformed Ƹ𝑖 3
0

1
−2

1
4

−2
1



Linear Transformation

29

• Once you know the transformation, you can find out the position of a new vector 
with respect to the transformed coordinate system.

• But we need to put the transformed vectors into a 2 × 2 Matrix.

Ƹ𝑖

Ƹ𝑗
4
1

2
3

2 4
3 1

Where Ƹ𝑖 lands  

Where Ƹ𝑗 lands  

Transformation Matrix

Example



Linear Transformation
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Given a Vector 
2
−1

with

a transformation matrix 
2 4
3 1

.

Find a transformed vector:

2 4
3 1

2
−1

=
2 2 + −1 4
2 3 + −1 1

=
0
5

𝑦

𝑥

4
1

2
3

2
3

∙ 2

4
1

∙ −1

0
5

Transformation 

Matrix

Original

Vector

Transformed

Vector



Definition of Eigenvalue & Eigenvector

• Eigenvector is a nonzero vector of a linear transformation.

• Eigenvalue is the factor which the eigenvector is scaled 
when linear transformation is applied to it.

• What does eigenvector & eigenvalue mean?

• In 𝑹3, eigenvector (vector) is the axis of rotation
while eigenvalue (scalar) is the scale.
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𝑥

𝑧

𝑦

Eigenvector



Calculation of Eigenvalue & Eigenvector

32

𝜆 റ𝑣

EigenvectorTransformation Matrix

Eigenvalue

Matrix-vector 

multiplication

Scalar 

multiplication=𝐴 റ𝑣

Are they equal?
Of course, they are not!
Only if റ𝑣 is eigenvector



Calculation of Eigenvalue & Eigenvector

• To make both side as Matrix-vector multiplication,
we multiply a diagonal matrix 𝐼 in R.H.S.

𝐴 റ𝑣 = 𝜆𝐼 റ𝑣
𝐴 − 𝜆𝐼 റ𝑣 = 0

33

Diagonal matrix

𝐼 =
1 0 0
0 1 0
0 0 1

• We are searching for a nonzero solution for റ𝑣.

3-dimensional transformation 

matrix means transformation 

in റ𝑖, റ𝑗 and 𝑘.

3 − 𝜆 4 5
8 2 − 𝜆 9
7 8 1 − 𝜆

Given matrix

𝐴 =
3 4 5
8 2 9
7 8 1



Calculation of Eigenvalue & Eigenvector

Given a transformation matrix 𝐴 =
3 1
2 2

.

Step 1. 

To fulfill 𝐴 − 𝜆𝐼 റ𝑣 = 0, we need to find out

det 𝐴 − 𝜆𝐼 = 0

det
3 − 𝜆 1
2 2 − 𝜆

= 3 − 𝜆 2 − 𝜆 − 1 2 = 𝜆2 − 5𝜆 + 6 − 2

= 𝜆2 − 5𝜆 + 4

Step 2. 

Factorizing the characteristic polynomial, we find out roots (eigenvalue) 

𝜆2 − 5𝜆 + 4 = 𝜆 − 4 𝜆 − 1

𝜆 = 4 and 𝜆 = 1

34

Characteristic polynomial

eigenvalue

determinant



Calculation of Eigenvalue & Eigenvector

Step 3. 

Substitute the eigenvalue back into 𝐴 − 𝜆𝐼 റ𝑣 = 0, using linear elimination and try to simplify the matrix 
into row echelon form.

3 − 4 1
2 2 − 4

𝑥1
𝑥2

=
0
0

−1 1
2 −2

ቤ
0
0

𝑅2+2𝑅1 −1 1
0 0

ቤ
0
0

⇒ −𝑥1 + 𝑥2 = 0

𝑥1 = 𝑥2

The corresponding eigenvectors of 𝐴 for 𝜆 = 4 are 
𝑥1
𝑥2

= 𝑘
1
1

, 𝑘 ≠ 0. (𝑘 is scalar constant)

35

row echelon form
𝑎1 𝑎2 𝑎3
0 𝑎5 𝑎6
0 0 𝑎9

EigenvectorEigenvalue



Linear Elimination

(1) Interchange two rows.

2 −1
1 1

ቤ
0
0

𝑅1⟷𝑅2 1 1
2 −1

ቤ
0
0

(2) Multiply a row by 𝒄 ≠ 𝟎.

2 −1
1 1

ቤ
0
0

2𝑅2 2 −1
2 2

ቤ
0
0

(3) Addition of a scalar multiple of any row to another row.

2 −1
1 1

ቤ
0
0

𝑅2+𝑅1 2 −1
3 0

ቤ
0
0

36



Applications of Eigenvector

37

Image processing Machine learning

Google Map



Examples I

Find the eigenvalues of 𝐴 =
1 2
3 2

and the corresponding eigenvectors.

Solution:

𝐴 − 𝜆𝐼 =
1 2
3 2

− 𝜆
1 0
0 1

=
1 − 𝜆 2
3 2 − 𝜆

det 𝐴 − 𝜆𝐼 =
1 − 𝜆 2
3 2 − 𝜆

= 1 − 𝜆 2 − 𝜆 − 3 2 = 𝜆2 − 3𝜆 + 2 − 6

= 𝜆2 − 3𝜆 − 4

= 𝜆 − 4 𝜆 + 1

The eigenvalues are 𝜆 = 4 and 𝜆 = −1. 
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Examples I

When 𝜆 = 4,
1 − 4 2
3 2 − 4

𝑥1
𝑥2

=
0
0

−3 2
3 −2

ቤ
0
0

𝑅2+𝑅1 −3 2
0 0

ቤ
0
0

⇒ −3𝑥1 = 2𝑥2

𝑥1 =
2

3
𝑥2

The corresponding eigenvectors of 𝐴 for 𝜆 = 4 are 
𝑥1
𝑥2

= 𝑘
2

3

1
, 𝑘 ≠ 0. (𝑘 is scalar constant)

39



Examples I

When 𝜆 = −1,
1 − (−1) 2

3 2 − (−1)

𝑥1
𝑥2

=
0
0

2 2
3 3

ቤ
0
0

𝑅2−
3

2
𝑅1 2 2

0 0
ቤ
0
0

⇒ 𝑥2 can be any values, 𝑥1 = −𝑥2

The corresponding eigenvectors of 𝐴 for 𝜆 = −1 are
𝑥1
𝑥2

= 𝑘
−1
1

, 𝑘 ≠ 0.
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Examples II

Find the eigenvalues of 𝐴 =
1 −1 0
−1 2 −1
0 −1 1

and the corresponding eigenvectors.

Solution:

𝐴 − 𝜆𝐼 =
1 −1 0
−1 2 −1
0 −1 1

− 𝜆
1 0 0
0 1 0
0 0 1

=
1 − 𝜆 −1 0
−1 2 − 𝜆 −1
0 −1 1 − 𝜆

det 𝐴 − 𝜆𝐼 =
1 − 𝜆 −1 0
−1 2 − 𝜆 −1
0 −1 1 − 𝜆

= 1 − 𝜆 2 − 𝜆 1 − 𝜆 − 1 − 𝜆 − 1 − 𝜆

= 1 − 𝜆 𝜆2 − 3𝜆 + 2 − 2

= 𝜆 1 − 𝜆 𝜆 − 3

The eigenvalues are 𝜆 = 0, 𝜆 = 1 and 𝜆 = 3. 
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Examples II

When 𝜆 = 0,
1 − 0 −1 0
−1 2 − 0 −1
0 −1 1 − 0

𝑥1
𝑥2
𝑥3

=
0
0
0

1 −1 0
−1 2 −1
0 −1 1

ቮ
0
0
0

𝑅2+𝑅1
1 −1 0
0 1 −1
0 −1 1

ቮ
0
0
0

𝑅3+𝑅2
1 −1 0
0 1 −1
0 0 0

ቮ
0
0
0

⇒ 𝑥1 = 𝑥3, 𝑥1 = 𝑥2

𝑥1 = 𝑥2 = 𝑥3

The corresponding eigenvectors of 𝐴 for 𝜆 = 0 are

𝑥1
𝑥2
𝑥3

= 𝑘
1
1
1

, 𝑘 ≠ 0. 
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Examples II

When 𝜆 = 1,
1 − 1 −1 0
−1 2 − 1 −1
0 −1 1 − 1

𝑥1
𝑥2
𝑥3

=
0
0
0

0 −1 0
−1 1 −1
0 −1 0

ቮ
0
0
0

𝑅1⟷𝑅2
−1 1 −1
0 −1 0
0 −1 0

ቮ
0
0
0

𝑅3−𝑅2
−1 1 −1
0 −1 0
0 0 0

ቮ
0
0
0

⇒ 𝑥2 = 0, 𝑥1 = 𝑥2 − 𝑥3

𝑥1 = −𝑥3

The corresponding eigenvectors of 𝐴 for 𝜆 = 1 are

𝑥1
𝑥2
𝑥3

= 𝑘
−1
0
1

, 𝑘 ≠ 0. 
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Examples II

When 𝜆 = 3,
1 − 3 −1 0
−1 2 − 3 −1
0 −1 1 − 3

𝑥1
𝑥2
𝑥3

=
0
0
0

−2 −1 0
−1 −1 −1
0 −1 −2

ቮ
0
0
0

𝑅1⟷𝑅2
−1 −1 −1
−2 −1 0
0 −1 −2

ቮ
0
0
0

𝑅2−2𝑅1
−1 −1 −1
0 1 2
0 −1 −2

ቮ
0
0
0

𝑅3+𝑅2
−1 −1 −1
0 1 2
0 0 0

ቮ
0
0
0

𝑅1+𝑅2
−1 0 1

0 1 2

0 0 0

ቮ

0

0

0

⇒ 𝑥2 = −2𝑥3, 𝑥1 = + 𝑥3, 𝑥3 can be any values 

The corresponding eigenvectors of 𝐴 for 𝜆 = 3 are

𝑥1
𝑥2
𝑥3

= 𝑘
1
−2
1

, 𝑘 ≠ 0. 

44


