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1. (a) [7 marks] Express the following integral as a limit of Riemann sum and use
the limit to evaluate the integral:

/0 (z® + z)dz.

(Hint: 37 k=n(n+1)/2and > k> =n(n+1)(2n+1)/6.)

(b) [5 marks] Prove or disprove (provide a counterexample) the following state-
ment

If f is continuous on (—co,00), then [ f(z)dz = lim; oo fft f(z)dz.

(c) [5 marks] Prove or disprove (provide a counterexample) the following state-
ment ‘

If f(z) < g(z) and [;° f(z)dz diverges, then [;° g(z)dz also diverges.

2. Calculate the following quantities

(a) [9 marks] / e

dz.
4% + det + 57

(b) [9 marks] teVids.

3. (a) [6 marks| Find the arc length of y = In(sec ) between 0 < z < Z.

(b) [6 marks] Find the area of the surface obtained by rotating the following curve

about the y-axis,
4

xTr
—_ —_ 1< <2
16 "o 13T

4. (a) [8 marks] Let L, be a line passing through A(1,0,1) and B(1,2,3), and L,
be a line passing through C(—1,—2,—3) and D(3,2,1). Use the concept of
vectors to find the shortest distance between L; and Ls.

(Hint: Find a vector perpendicular to both lines.)

(b) [6 marks] Use the concept of vectors to prove that the points E(1,1,1),
F(2,3,4), G(3,5,7), H(3,4,3) are located in the same plane.

Y

5. (a) [6 marks] Solve the equation 2° + 41/34 = 4 in the set of all complex num-
bers and express your answer in Euler’s form with principal value of
argument.



(b) [8 marks] Find the modulus and argument of

1 —cosf —isind
1+ cosf+isind

3
) ,  with 37/2 < 0 < 27.
Express your answers in terms of 6.
6. [10 marks| Consider the following linear system
QT+ 0Ty + T =2+ q,
20z, + axy + 3 = 2,

$1+$2+(2—C¥)I3 =2
Find all possible values of « such that the system has

(a) no solution.
(b) infinitely many solutions.

(c) a unique solution.

7. Let

A=

O O
)
= O

(a) [3 marks] Verify that A% — 342 + 34 = I.
(b) [3 marks] Hence or otherwise find AL,
8. (a) [5 marks| Let M be an n x n matrix and M = 0, which is a zero matrix.
Show that I + M is invertible.
(b) [4 marks] Let N be an 4 x4 matrix and the determinant det(/N) = 5. Compute
the determinants: det(NTN?) and det(2N 7).
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