8.1

8.2

EE6617: Tutorial 8

We want to detect if a predetermined signal s[0], ..., s[N — 1] is present in a noisy received
signal z[0],...,z[N — 1]. The corresponding hypotheses are

Ho: X=w
Hi: x=s+W.

and w ~ N(0,C). The C is positive definite. From the class, we already know the optimal
NP detector is

T(x)=x"C's 2y

and for the target false-alarm rate «, the threshold 7' is determined by 7/ = v'sTC~1sQ ' (a)
and the detection probability is

Pr=0Q (Q‘l(a) — m) .

What is the optimal s subject to [|s|| = ¢ that maximize Pp? You may assume C~! =
UAUT where U = [u; uy - - - uy] € RV is an unitary matrix such that UTU = UUT =1
and A is a diagonal matrix with diagonal entries A\; > Ay > -+ > Ay

During the lecture, we designed the minimum probability error detector for binary source
{sg,s1}. The designed detector is T'(x) = x*(s; — sg) — % =0 0 and based on this we
calculated the error probability

|81 — S0||2
402

Pe:Q

Given & = & = &, what are the optimal s; and sy that minimize P,.?



Sol. 8.1 To maximize Pp, 1°

s = argmax(@ (Q‘l(a) — VSTC—ls)

s,sll=¢

= argminQ (o) — VsTC-ls
s, Isll=¢

= argmaxs’ C!s
s,|sll=¢

substitute v =s/¢

= argmaxviC v
v llvl=1

N
= £ argmaxz Nulv]? =\

vilvi=1 =5

This is achieved when v = u; and thus, s = &u;y.

Point signal in the direction of the N-dimensional space with the least noise.

Sol. 8.2 From the property of Q-function, the P, = Q (\/ %) is minimized if % is

maximized, i.e.,
{so,81}" = argmax]||s; — so||2
S0,81

= argmax2¢ — 2slsg
S0,S1

T
= 2fargmax ( — S—ls—o)

S0,81
. s1 so. . ., - . B i S0 .. .
Since N3 and e are unit norm, it is obvious that (1 3 \/E) < 2. This is achieved when
S1 — —8p.
We call the source vectors with s; = —sg property antipodal sources.



