
EE6617: Tutorial 8

8.1 We want to detect if a predetermined signal s[0], . . . , s[N − 1] is present in a noisy received
signal x[0], . . . , x[N − 1]. The corresponding hypotheses are

H0 : x = w
H1 : x = s + w.

and w ∼ N (0,C). The C is positive definite. From the class, we already know the optimal
NP detector is

T (x) = xTC−1s ≷1
0 γ
′

and for the target false-alarm rate α, the threshold γ′ is determined by γ′ =
√

sTC−1sQ−1(α)
and the detection probability is

PD = Q
(
Q−1(α)−

√
sTC−1s

)
.

What is the optimal s subject to ‖s‖ = ξ that maximize PD? You may assume C−1 =
UΛUT where U = [u1 u2 · · · uN ] ∈ RN×N is an unitary matrix such that UTU = UUT = I
and Λ is a diagonal matrix with diagonal entries λ1 ≥ λ2 ≥ · · · ≥ λN .

8.2 During the lecture, we designed the minimum probability error detector for binary source
{s0, s1}. The designed detector is T (x) = xT (s1 − s0) − ξ1−ξ0

2
≷1

0 0 and based on this we
calculated the error probability

Pe = Q

√‖s1 − s0‖2

4σ2

 .

Given ξ0 = ξ1 = ξ, what are the optimal s1 and s0 that minimize Pe?

1



Sol. 8.1 To maximize PD, 1◦

s = argmax
s,‖s‖=ξ

Q
(
Q−1(α)−

√
sTC−1s

)
= argmin

s,‖s‖=ξ
Q−1(α)−

√
sTC−1s

= argmax
s,‖s‖=ξ

sTC−1s

substitute v = s/ξ

= ξ2 argmax
v,‖v‖=1

vTC−1v

= ξ2 argmax
v,‖v‖=1

N∑
i=1

λi|uTi v|2 = λ1

This is achieved when v = u1 and thus, s = ξu1.

Point signal in the direction of the N -dimensional space with the least noise.

Sol. 8.2 From the property of Q-function, the Pe = Q

(√
‖s1−s0‖2

4σ2

)
is minimized if ‖s1−s0‖

2

4σ2 is

maximized, i.e.,

{s0, s1}? = argmax
s0,s1

‖s1 − s0‖2

= argmax
s0,s1

2ξ − 2sT1 s0

= 2ξ argmax
s0,s1

(
1− sT1√

ξ

s0√
ξ

)
Since s1√

ξ
and s0√

ξ
are unit norm, it is obvious that

(
1− sT1√

ξ
s0√
ξ

)
≤ 2. This is achieved when

s1 = −s0.

We call the source vectors with s1 = −s0 property antipodal sources.
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