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Polynomials

A polynomial function of degree n is a function of the form
f)=a,x"+a,_; x" 1+ -+a; x+a,,

where the a;’s are real numbers with a,, # 0 and n is a non-negative integer. The constants

a;’s are called coefficients of the corresponding x! terms.
Two commonly used polynomials include:
e f(x)=ax+b (a=##0) iscalled alinear function (i.e. polynomial of degree 1).
e f(x)=ax?*+bx+c (a+0) is called a quadratic function (i.e. polynomial of degree
2)
E.g. The constant function f(x) = k, where k € R, is a polynomial of degree 0.

E.g. 3x°>+ §x3 — /6 x? + 2 is a polynomial of degree 5.
i |

E.g. xz, x~1 and x°5* are not polynomials.

Note: The largest possible domain of any polynomial is R.
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Quadratic Functions

A quadratic function is a function of the form
f(x) = ax? + bx + c,
where a,b,c € R and a # 0 is the coefficient of x? in the quadratic function.

By completing the square, we can rewrite the quadratic function as

(x) = 2+b+—(2+b)+—_(+b)2 b2+
f(x) =ax rte=a\x"+-x C—a_x P 22| e
- 2
B ( b ) N b*
I 2a ‘ 4a
| =h \T/
2
Putting h = —% and k=c — %, the quadratic function f(x) can be written as
f) = e SRk, e+
. . . R 7
which is called the standard form of a quadratic function. U - m Vectsx at (b k)
Q>0 a<ko
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Let v = a(x — h)? + k. Rearranging y = a(x — h)? + k gives
y=alx—h)?*+k = y—k=alx—h)> = (x —h)? =§(y—k)
. S 1
= (x—h?=4(=) (- k).
Putting p = = , a quadratic function can be written in the form (x — h)? = 4p(y — k),

4a
which represents a parabola (see Chapter 1).

Properties of the graph of a quadratic function f(x) = a(x — h)? + k:

e If a > 0, the parabola opens upward (U-shaped).
If a < 0, the parabola opens downward (N-shaped).

e The vertex of the parabolais at (h, k).
2
» If a >0, the minimum value of f(x) is f(x) =k (: C —Z—a-) and it is attained at

x=h (z —2%). The largest possible range of f(x) is [k, ).
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2
» If a <0, the maximum value of f(x) is f(x) =k (: C ——:—a) and it is attained at

x=nh (z —i—). The largest possible range of f(x) is (—o0, k].
:x:h h K
| |
; !
a>0 : a<0 f
(h, K A
e The parabola is symmetric about the vertical line x = h, which is the axis of symmetry of
this parabola.
e Intersection of parabola with the y-axis (i.e. the y-intercept):
Consider the parabola y = ax? + bx + c.
To find where its graph cuts the y-axis (i.e. the vertical line x = 0), we put x = 0 into

=ax*+bx +c toget y =c.
Y

.. The graph of y = ax* + bx + ¢ cutsthe y-axisat (0,c).

Dr. Emily Chawv Page 5



Semester A, 2020-21 MA1200 Calculusy and Basic Linear Algebra I Chapter 3
e Intersection of parabola with the x-axis (i.e. the x-intercept):

2 2
Consider the parabola y = ax? + bx+c =a [x - (— ;;a)] + (c — z—a), where a # 0. To

find where its graph cuts the x-axis (i.e. the horizontal line y = 0), we put y = 0 into

y=a lx — (— %)]2 -+ (C — Z—Z) and solve the equation

ef- (-2 +(e-) =0 = - (=) =10

[ ( b)]z b%2—4ac
= |x—(—— =
4q2

2_
jx_(_i)zi b4—4ac

2a 4q2
b b2—-4ac
— X= ==
2a 4q?
—b+Vb2—4ac
— - 2a

This is called the quadratic equation formula.
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The quantity |A= b? — 4ac| is called the discriminant of the quadratic equation.

Depending on the sign of the discriminant, there are three possibilities:
» |If b®>—4ac >0, the quadratic equation ax?+ bx +c =0 has two distinct real

solutions (or roots), i.e. the graph of y = ax? + bx + ¢ cuts (or intersects) the x-axis

at two distinct points. y
> X

> If b —4ac = 0, the quadratic equation ax? + bx + ¢ = 0 has one real solution (or

root), i.e. the graph of y = ax? + bx + ¢ touches the x-axis at one point.

AV

> If b —4ac < 0, the quadratic equation ax? + bx + ¢ = 0 has no real solution, i.e.

the graph of y = ax? + bx + ¢ does not cut the x-axis.

VY
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Example 1

Given the function f(x) = 3x% — 12x + 9.

(a) Express it in the standard form of quadratic function.

(b)  Find the coordinates of the vertex and determine whether this is the maximum or
minimum point of the function.

(c) Find the points where the graph of the function intersects the y-axis and the x-axis.

(d)  Sketch its graph.

(e)  Determine the largest possible domain and largest possible range of f(x).

Solution

(@) f(x)=3x2—12x+9=3(x?*—4x)+9=3[(x—2)?—-2%2]+9=3(x—2)>-3.

(b) The vertex is at (2,—3). Since the coefficient of x? is 3 (> 0), the parabola opens
upward. Therefore, the vertex (2,—3) is the minimum point of the parabola.

(c) £(0)=3(0)2=12(0)+9=09
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.. The parabola intersects the y-axisat (0,9).

To find the points (if any) where the parabola intersects the x-axis, we solve the equation

3 x%>—12x+ 3 = (. By the quadratic equation formula, we obtain

(W] L CRRIB

=a =h =C
_ —b++Vb?2—4ac —(-12) +(-12)2-4(3)(9) 12++V36 12+6 .

. 2a B 2(3) T 6 6
.. The parabola intersects the x-axisat (1,0) and (3,0).

Y

(d) \ﬁh ﬁ:3i1—12x+q
q ¥
. >
o 1 2 /3
BT T

(e) The largest possible domain of f(x) is Dom(f) = R.
The largest possible range of f(x) is Ran(f) = [—3, ).
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Example 2

Given the function g(x) = —2x? — 4x — 4.
(a) Find the coordinates of the vertex.
(b) Find the points (if any) where the parabola cuts the y-axis and the x-axis.
(c) Sketch its graph.
(d) Determine the largest possible domain and largest possible range of g(x).
Solution
(@) glx) = —2x?—4x—4=-2(x%?+2x)—4==-2[(x+1)*>-1%] -4
=—-2x+1)?*-2==-2[x—-(-1)]*-2
. The vertexisat (—1,—2).
(b) Since g(0) = —4, the parabola cuts the y-axisat (0,—4).
By the quadratic equation formula,

(D (D> -4(-2)(-4) 4+V-16
o 2(=2) T 4
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which has no real solution. Hence the parabola does not cut the x-axis.

(c) Since the coefficient of x? is —2 (< 0), the parabola opens downward.

The function attains its maximum at x = —1 and maximum value of the function is

g(—1) = -2. y

(j: ~2% = 4a -4

(d) Dom(g) = R,
Ran(g) = (—o,—2].
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Example3  (Already discussed i Ch.2)

Recall that in Chapter 2 Example 9, we have determined the largest possible domains for the

following functions:

@) f(x)= Vx%—3x+2 (b) f(x)= V3 +2x — x*
€ fO)= o @ fO)= J%

Now we find the largest possible range for each of the above functions.

Solution

(@) f(x) = Vx2—3x+2

' Recall from Example 9 of Chapter 2 that the function f(x) is well-defined when

' Thus, Dom(f) = (—o0,1] U [2, ).

|
|
:x2—3x+220,i.e.when x<1orx=>2. :
:
|

To find the range of f(x), since it is difficult to sketch the graph of f(x), we would

consider the quadratic function inside the square root first.
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Consider x> — 3x + 2:

x?=3x+2=(x-2)(x-1).

.. The parabola passes through the x-axisat x =1 and x = 2.

Coefficient of x% is 1> 0

.. The parabola opens upward.

A sketch of the graph of y = x* —3x + 2 is shown on Y 5
y=x"=3x+2
the right: Dom(f) / Dom(f)
— L =5 x
For any x € Dom(f) = (—o0,1] U [2,0), we observe "‘( s 1,
P

that x* —3x+220 = vx2—3x+2 > 0.
=f(x)
Hence, the largest possible range of f(x) is Ran(f) = [0, o).
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(b) f(x) = V3 4+ 2x — x2

'3+2x—x > 0,i.e.when —1 < x < 3.Thus, Dom(f) = [—1,3].

Consider 3 + 2x — x?:
3+2x—x?=B—-x)1+x).

.. The parabola passes through the x-axisat x = —1 and x = 3.

Coefficient of x% is —1 <0

.. The parabola opens downward.

By completing the square,

34+2x—x>=—-(x?-2x)+3=—-[(x—-1)?*—-1%2]+3=4—(x — 1)°.

.. The vertexisat (1,4).

Dr. Emily Chaw
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A sketch of the graph of y = 3 + 2x — x? is shown on the right. ,Y\ 5
y=3+2x—x
(1, 4)

a4l

Forany x € Dom(f) = [—1, 3], observe that _1/»\3
! N } ¥

0<3+42x—x2<4 = 0<V3+2x—x2<VE=2 ALy

—f(x) Dom(f)

.. The largest possible range of f(x) is Ran(f) = [0, 2].
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.Recall from Example 9 of Chapter 2 that the function f(x) is well-defined when :
I
|

: x*+4x — 5+ 0,i.e.when x # —=5,1. Thus, Dom(f) = R\{-5, 1}. |

To find the range, we let y = ————. YJ=10 - > x= gy

First note that y # 0.

(If y =0, then 0 = ——

ar_5 0 = 9 which is impossible.)
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Then Y = x244x-5

which is a quadratic equation provided y # 0.

(*) has real roots if and only if the discriminant b? — 4ac > 0, that is,

MA1200 Calcudus and Basic Linear Algebra I

= (x*+4x—5)y =9

= x2+(4y)x+£—5y—92= 0..(%)

=q

=b

=C

Chapter 3
aAxX’+bx +C=0

$ x - *bin’*J{-ac
20,

(4y)%2 —4y(=5y —9) > 0 = 16y2 +20y%2 +36y =0 = 36(y%+y) =0

= @0

y<-1|]y=-1 | -1<y<0 y = y>0
Sign of y - = — -
Signof y+1 - 0 + +
Signof y(y + 1) + 0 - =

. The largest possible range of f(x) is Ran(f) = (—o0,—1] U (0, ).
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x+1
(d) fx)= |—
.FaécEIT from Example 9 of Chapter 2 that the function f(x) is well-defined when '
,ij;‘ 0 and x + 2 # 0. Thus, Dom(f) = (=, —2) U [—1, o). /
____________________________________________________ I
i — JEiL
To find the range, let y = s

First note that y = 0...(1), since the RHS > 0 forall x € Dom(f).

_ [x+l 2 _*+ 2 = 2-1)=1-2y?2
Y= = Y =75 = y'x+2)=x+1 = x@&y 1)=1-2y

2

= x=—7 which has real solutions iff y* —1#0 = y? #1 = y# +1...(2)

Combining conditions (1) and (2) gives
Ran(f) = [0, 0)\{1}.
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Behavior of a polynomial function as x tendsto o or —oo

Recall that a polynomial function of degree n is a function of the form
fX)=ap,x"+ap_; x" 1+ +a;x+a,,
where ag,aq, ...,a, € R with a, # 0 and n is a non-negative integer. The number a,, (i.e.

the coefficient of x™) is called the leading coefficient.

Graphs of polynomial functions are smooth (i.e. contain no sharp corners) and continuous (i.e.
have no break). By observing the sign of the leading coefficient, we can deduce the behavior of

a polynomial function as x tendsto co or —co.

We use the notation “—” to denote “tends to”. | X—>» 00
X - =00
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dominant -
Casel: a, >0 'te:z'?"' Qe XV 4 oo

e If nisoddand a, >0, then®f(x) = —00 3as X = —0; (X">-00 * GaX"—> -00)

and®f(x) —00 as x>0, (X">co - onX"—> 00)

®

e If nisevenand a, > 0,then”f(x) >0 as x » —0; (X"sc0 =0nX" —> -

and©f(x) -0 as x>0 OF—=>0 Lonx" — o)
E.g.

! ,« y=x3——4x2+3x y y:2x4+4x3—2x2-—4x
®@ =x(x—1)(x-3) (\)@ @ =2x(x=1)(x+1)(x+2)

F \

/0 1 3 \

@ @ -2\ 'i/ia P /1 X
az; =1>0 and n isodd a, =2 >0 and n iseven
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Casell: a, <0

MA1200 Calcuduy and Basic Lineow Algebra I

®
e If n isoddand a, <O0,then f(x) > ® as x > —©; (x*s-00 = QX" co)

e If nisevenand a, <0, then®f(x) — —00 as x > —00; (x> 0o

E.

Y

©

and

®

and

y=—x3+2x2+x—2

=—(x=2)(x=D)(x+1)

g.
&i@
-1

0

1 2\ .
e

az; = —1<0 and n isodd

Dr. Emily Chawv
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f(x) > —0 as x 2> ®. (X500 :anx > -co0)

Chapter 3

- 0a X" > -00)

f(x) > —0 as x > 0. (X*=>00 & X" — -00)

1 4 3 32
= —— — -+ —
/\ Y=t TE TS
-3 o 1 " :——%xz(x—l)(x-k?))
1 :
a4=—5<0 and n is even
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Division of polynomials

Recall that when a number (called “dividend”) is divided by a smaller non-zero number (called

“divisor”), we obtain:
7

Dividend = Quotient X Divisor + Remainder

— Dividend _ Quotient X Divisor + Remainder
Divisor Divisor
Dividend : Remainder
=2 e — QUOtlent sl =
Divisor Divisor

E.g. We divide 53 by 8 using long division to obtain the quotient (=6) and remainder (=5).

6 < Quotient
Divisor — SE <« Dividend

. 53=6%x8+5 ~1 48
%3‘)"—‘ 64‘% 5 <« Remainder

E.g. We divide 56 by 7 using long division to obtain the quotient (=8) and remainder (=0).

< Quotient
Divisor — T <« Dividend

56 =8x7+0 )5

< Remainder (=0)
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Similarly, when a polynomial p(x) is divided by a polynomial d(x) of lower degree, we have

the result
p(x) = q(x) d(x) + r(x),
I.e.
pled) r(x)
e e

where the quotient g(x) and remainder r(x) can be found using long division.

qg(x) <« Quotient
Divisor — d(x)) p(x) < Dividend

-) g(x)d(x)
r(x) <« Remainder

r(x) = p(x) — q(x)d(x)

Note that:

> degree of q(x) = degree of p(x) — degree of d(x);
» 0 < degree of r(x) < degree of d(x).
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An alternative method called synthetic division can also be used to divide polynomials if the

divisor is of the form x — c¢. Consider the follov;iaexamples:
o it cannot be used i e divisor has de\g. =5

(linear term &

toeff of X is 1)
Example 4

Find the quotient and remainder when the polynomial 4x3 + 5x2 — x + 7 is divided by

x + 2-
Solution 4x2 _3x + 5 < Quotient
Method 1: By long division: Divisor > x4+ 214x3 +5x2 — x + 7 < Dividend
5 4x° +8x2
~3x% - x

5 —3x% —6x

L 4x3 +5x —x+7=(0@4x*-3x+5)(x+2)-3 S5x+17
- Sx+10

The quotient is 4x? — 3x + 5 and the remainderis —3.
—3 <« Remainder
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Method 2: By synthetic division:

4x% +5x% —x + 7 = q(x) (x =[(=2)) + r(x).

a- -3-7 5 3 <« Remainder
0 1
Coefficient of x* of quotient 0 Coefficient of x° of quotient

Coefficient of x* of quotient

. The quotientis 4x%? — 3x + 5 and the remainderis —3.
4x3 +5x% —x+7 = (4x? = 3x + 5)(x — (-2)) — 3
= (4x* = 3x+5)(x +2) — 3.
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Example 5

Find the quotient and remainder when the polynomial 2x3 + x2 + 8 is divided by 2x — 3.
Solution

Method 1: By long division,

x2 +2x+3 <« Quotient

Divisor » 2x-—3 2x3 + x2 + 8 <« Dividend

2x° —3x7
4x?
4x° — 6x
6x+8
6x—9

17 < Remainder
L 2x3+x?+8=(x*+2x+3)2x —3) + 17

The quotient is x? + 2x + 3 and the remainderis 17.
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Method 2: By synthetic division, Jot o the rm X-C

2x°+x2+8=q(x)-2x—=3)+rkx) =2 q(x) —E) + 7(x)

27 4" el 17

. 2x3 + x2 + 8 = (2x2 +4x+6)(x—§)+17= (x2 +2x + 3)(2x — 3) + 17
That is, the quotient is x% + 2x + 3 and the remainderis 17.

Note that when a polynomial p(x) of degree n is divided by a linear divisor ax — b (a # 0),

the degree of the quotient g(x) is n — 1 and the degree of the remainder r is0(i.e. r isa

constant).
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Remainder Theorem

When a polynomial f(x) isdivided by ax — b (where a # 0), the remainderis f (g)

1 Proof: :
0

' We have f(x) = q(x) - (ax —b) + r. Putting x = - into this expression, we obtain :
i |
i 2 — 2 . 2 A — :
: / (a) — 4 (a) la (a) bl TP=T :
o e S S S N S S S S !

Example 6

By using the Remainder Theorem, T

(a) find the remainder when f(x) = 4x3 + 5x% — x + 7 is divided by x + 2. (Example 4)
(b) find the remainder when f(x) = 2x3 + x* + 8 is divided by 2x — 3. (Example 5)
Solution

(@) a =1, b = —2. By the Remainder Theorem, the remainder is

(2)=4) +s(@ - @)+7-
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(b) a =2, b = 3. By the Remainder Theorem, the remainder is

(@)= + @ ro-v

Zeros of polynomial functions ;NS

The values of x for which the polynomial function f(x) = 0 are called the zeros. They are
also called the roots (or solutions) of the equation f(x) = 0. The real roots are the
x-coordinates of the points where the graph of y = f(x) meets the x-axis,(and these points

are called the x-intercepts. real numbers

The following theorem is useful in finding the linear factors of a polynomial function:

Factor Theorem s

The linear term ax — b (where a # 0) is a factor of a polynomial f(x) if and only if

b

f(_) = 1. —F(x):(gx_b)(...>

a
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Example 7

Determine whether 2x —1 and x + 1 are factors of f(x) = 2x3+ 3x% —8x + 3. Then
factorize f(x) = 2x3 + 3x% — 8x + 3.

Solution

F3)=2() +3() -8(5)+3=0
.. By the Factor Theorem, 2x — 1 is a factor of f(x).
f (_Tl) =f(-1) =2(-1)*+3(-1)>-8(-1)+3=12+0

.. By the Factor Theorem, x + 1 is NOT a factor of f(x). 21253
2x—l>2x3 1352 —8x + 3
Since 2x — 1 is a factor of f(x) = 2x3 + 3x% —8x + 3, we use 532
X —X
long division to divide f(x) by 2x — 1. )
4x° —8x
o f(x) =2x3+3x2—8x+3
f(x) 452 0

= (2x — 1)(x* + 2x — 3) ot g —6x+3

fseaero i 2x-|
= 2x —D)(x+3)(x—1) o Wl vl

253+ 3>~ 8+ —6x+3
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Example 8

Factorize f(x) = 2x® —8x* — 2x% + 8.

Solution (x?”  GeY

SRS 4 7

Since the polynomial f(x) = 2@-— 8@— 2x% + 8 only consists of even powers of x, we let
u = x* and the function becomes g(u) = 2u3 — 8u? — 2u + 8. This polynomial is simpler

and has lower degree than f(x), so it should be easier to factorize.

Consider the constant term (which is 8) in g(u).

Factors of 8 are +1, +2, +4 and +8.

We use the “trial and error” method to find some roots first.

g@) =2(1)3-8(1)2-2(1)+8=0 v = (u—(1) isafactor of g(u).
g(2)=212)2-8(2)*—-2(12)+8=-12(#0)
g(-1)=2(-1)°>-8(-1)?=-2(-1)+8=0 v = (u+1) isafactorof g(u).
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Since (u—1) and (u+1) are factors of g(u), then g(u) must be divisible by

(u—1D(u+1)=u*-1.

By long division, g(u) = 2u® —8u? —2u + 8 : : . 2u— 8
= (u? —1)(2u — 8) u —1>2u —8u?—2u + 8

a™-b" =(a-b) (atb) =2w—-Du+1)(u-—-4) 2 —
—8u* + 8
— 8u? + 8

Replacing u = x2, we get f(x) =2(x? — 1)(x? + 1)(x? — 4)
=2(x—D(x+1D(x—-2)(x+2)(x*>+1).

Note: The quadratic term x? + 1 cannot be further factorized.

X*+| =0 hos no red solutions

(or discrimineal < o>
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