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MA1201 Calculus and Basic Linear Algebra Il

Chapter 2

Integration Technique
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In this Chapter, we shall discuss some important technique in evaluating integrals:

e Method of Substitution (pp. 3 - 37)

e Integration by parts & Reduction Formula (pp. 38 - 89)

e Integration of rational functions — Method of partial fractions (pp.90 - 110)
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Method of substitution

The principle of this method is to “transform” some complicated integrals into some
simpler integrals by introducing a new variable y.

32 j—ld =In|y|+C
A d _ .3 = In
f 311 X y=x>+1 y y y
(Difficult to integrate) (Easy to integrate)

Procedure of transformation

let y = x3 + 1, then——3x = dx— : dy.

fx3+1 r\jx3+1 3x2 y) r\j dy

Change Express the
dx to dy — jxg + 1d3’ integrand in terms

of y
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Example 1

Compute the integral
sz cos(x® + 1) dx

©Solution:

IDEA: Since the function cos(x3 + 1) is hard to integrate, it may be easier for
us to compute if we “transform” this function into cosy.

Step 1: Choose a substitution
We let y = x3 + 1.

Step 2: Transform the integral (x — y) and compute the transformed integral
The derivative can be computed as

dy 5
5—336 = dx—ydy,



1
sz cos(x3 + 1) dx = sz cos(x3 + 1) (ﬁ dy)

= W e
——

rCos(x?’ +1)dy
[ 1.
cosydy = §smy+ C

"3

substitue y=x3+1

~

Checking:

= §sin(x3 + 1)+ C.

ld(sin(x* +1))d(x* + 1) = x* cos(x® + 1)

d(l in( 3+1))_
dx \3 > BE

©Reminder:

Remember to transform the answer into function of x after integration!

d(x3+ 1)
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Example 2

Compute the integral

fo\/xz + 3 dx

©Solution:

IDEA: Since the function Vx2 + 3 is hard to integrate, it may be easier for us
to compute if we “transform” this function into ./v.
Step 1: Choose a substitution
We let y = x?2 + 3.

Step 2: Transform the integral (x — y) and compute the transformed integral

dy—Z = dx = 1d
dx_x x_Zx Y
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Then the integral becomes

[T Y RO e

y=X 243

T2 L fo-vrmar =3[0t -ev+o (v ay

1 > 3 1
Moo o

a+1

[ x®dx="g+C 1 _y%+1 y%+1 y%+1
= Slg———63— 197 +C
S+1  3+1 S+1
y=x%+3

113

76 5 3
7(x2 +3)§—§(x2 +3)2+3(x*+3)2+C.
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Remark of Example 2 (On the choice of substitution)

One may try to transform the integral by using the substitution y = vx2 + 3. The
computation is more tedious aIthough one can obtain the answer:

Note that

= (20 = ==,

vVx? +3
jxsx/xz + 3dx = jxsx/xz +37dy= Jx‘*(x2 + 3)dy

7 5
y~ 6y
= f(y2 —3)*y*dy = f(y6 —6y" +9y*)dy == ———+3y° +C

1 7 6 5 3
=7(x2 +3)2—§(x2+3)2 +3(x*+3)2+ C.

Therefore, one should choose some simple (but effective) substitution in order to
minimize the computation cost. Remember, “simple is the best”.
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Method of substitution for definite integral

The procedure is similar to that of indefinite integral except the determination of
upper limits and lower limits of transformed integral since the original range of
integration is for the variable x only. One needs to determine the range of
integration of new variable y when using the method of substitution.

Example 3 (Definite integral)

Evaluate the integral

©Solution
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Step 1: Choose your substitution
1 . (1 . :
Welet y = " (so that sin (;) can turninto siny)

Step 2: Transform the integral (x — y) and compute the integral

dy d /1 d | L, 1 o
dx_dx<x)_ax - ——x2=>dx——xdy

1 Determine the upper limit
When x =4, then y =—; When x =1, then y = 1< o o
4 and lower limit of the new

2 T2 (—xde)

J4 in ()

integral
e :
dx = f
1

1 1
Z = 1

= —f sinydy = —[—cosy]‘lL = cosz—cos 1.
1



Page 11 of 125

Example 4

Evaluate

In 2 er
—dx
jo veX* +1
Step 1: Choose your substitution

Choose y = e* + 1 (Question: Why not e* or ve* + 1??)

Step 2: Transform the integral (x — y) and compute the integral

dy d dy
aza(ex+1)=ex = dX:—x.

e
When x =In2, y=em2+1=3; Whenx=0, y=e+1=2.



Then the integral becomes

In2 e 3 Zxdy 3€x
x—f j —dy
0 V8x+ \/;e 2 \/;

y=e*+1 jgy 1

3

N
(5 f)dy [ (-)e

[
o oy

a —_
[ x®dx= a+1
[t

=
Nl W
=
N =
(\S)
i

N W
N =

y = — = —
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Example 5
Compute the integral

f tan x dx.
©Solution:

sin x

dx.

One has to rewrite the integrand as [ tanx dx = fcosx

Step 1: Choose your substitution
We choose the substitution y = cosx (so that the denominator becomes y only).

Step 2: Transform the integral and compute it

Note that Z—z = —sin x, then the integral becomes
jsinxd _fsinx( 1 d)— Jld_ lnly| + C
COS X * = cosx \—sinx Y) = y y ="y

= —In|cosx| + C (or In|secx| + C)



Example 6

Evaluate

J x+1 .
X2 4+2x+7 X
©Solution:

Step 1: Choose your substitution: We let y = x + 2x + 7.

Step 2: Transform the integral (x — y) and compute the integral

dy dy
E—2x+2=>dy—(2x+2)dx=>dx—2x+2.

2x+2
=2(x+1)

j x+1 p _j x+1 dy n J 1 g
r2x+7 T v 2x+72x+2 )22+ 2x+ )

y=x%4+2x+7

1 1
=§ln|y|+C = Eln|x2+2x+7|+C.
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1J1d
2 yy
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Harder Examples

In some situations, one may not able to transform the integral into the desired form
using simple substitution. In this case, one has to either use algebra trick to turn the
integral into another form so that the simple substitution still works or use other
“more advanced” substitutions.

Example 7 (Related to Example 6)

J 2x — 5 p
x2 —6x+ 10 X

Since this integral looks like the one in Example 6, one may try the substitution y =

Compute the integral

x? — 6x + 10 so that %= 2x — 6. But we get

2x — 5 2x —5 dy 2x — 5
[ o= | (- [ 25,
x? —6x+ 10 x?—6x+10\2x — 6 (2x — 6)y

And we cannot move on since there is no cancellation between (2x —5) and (2x — 6).
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To settle this technical problem, one can modify the integral so that the “cancellation”
works.

©Solution:

extra term

j 2x — 5 p _j( 2x — 6 )+ 1 \d
—6x+10 " " ) |\x2—6x+10) " x2—6x+ 10|

f 2x — 6 dx 4 j 1 g
—6x+10 T )2 —6x+10 " (*)
st : 2xX—6
For the 1% integral [ —————dx, we let
=x2—6x+10=>ﬂ=2x—6=>dx= d
Y dx 2x — 6 Y

j 2x — 6 q _j 2x — 6 ( 1 d)—jld ) s
2 —6x 1107~ ) @ —exs10\zx =) = ) 5@ =lnlyl
= In|x? — 6x + 10| + C.



Page 17 of 125

Next, we proceed to compute the second integral. One can use similar trick as in
Example 15 (p. 27) of Chapter 1 to compute this integral.

1
x2—-6x+

1 1
dx = dx =tan"1(x —3) + ('
jx2—6x+10 * j(x—3)2+1 ¥ =tan(x = 3) +

Note:

For the 2" integral | " dx, note that

The last equality follows from the fact that

1 1 1
dx = tan™! C:j dx = —tan~?! b) + C.
_[1+x2 x =tan"t'x + T+ (ax + b)2 x = —tan (ax + b) +

Summing up, we have

j T e Injx? — 6x 4 10| + tan~1(x — 3) +
27— 6x + 10 x = In|x X an” " (x — 3) :
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Example 8

Compute the integral

f 3x + 11 g
2x2 + 8x+ 13

©Solution:

We try the substitution y = 2x° + 8x + 13. Then we have Z—y = 4x + 8.

X

Following the idea of Example 7, the integral is then rewritten as

3x+11

J 3x + 11 d:(3x£6)+5f 3x + 6 d+f 5 .
2x2 +8x+ 13~ 222 +8x+13 " | 2xz+8x+ 13

substitute y=2x2+8x+13

_f 3x + 6 ( 1 )dﬁ+f 5 ;
~ ) 2x2+8x+13\4x+8/“ " ) 2x2+8x+ 13"

I Oy S
1)y 2(x+2)2+5
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_3 5 1 .
—Zn|y|+§f2 X

e(x+2)2+1
2
=(x+2)
\E 1

3
o Zln|2x2+8x+13| +J > dx
K z3c+—2\/i>] +1
57 5

3 1 2 242
=Zln|2x2+8x+13|+ —tan~! \Ex+— + C

2
2_

2

3 5 2 22
=—In|2x%? +8x + 13|+ |=tan"!| |=x+— |+ C.
z 2 N
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Example 9 (Very Tricky, you just need to know the result)

Compute the integral

f secx dx.

©Solution:

To compute this integral, we multiply both numerator and denominator by a factor of
(secx + tanx), i.e.,

dx.

secx (secx + tanx) sec? x + secx tanx
secxdx = dx =
secx + tanx secx + tanx

d :
We then let y = secx + tanx. Then ﬁ = secx tanx + sec? x and the integral

becomes

dx =

jsec2x+secxtanx fsec2x+secxtanx( 1

d
secx + tanx secx + tanx sec x tan x + sec? x) Y
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1
= | =dy=In|y|+C
J5

= In|secx + tan x| + C.

Remark of Example 9

Using similar trick, one can show that
j cscxdx = —In|cscx + cotx| + C.

(Hint: Multiply both numerator and denominator of the integrand by (cscx + cotx).)
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Computing integral involving trigonometric functions: [ sin™ x cos™ x dx

Example 10 (m = odd) Compute the integral
J sin® x dx.

©IDEA:
Although one can compute this integral by using product-to-sum formula, it
would be quite tedious since we need to use this formula for 4 times.

©Solution:

We let y = cosx. Then Z—z = —sinx and the integral becomes
1
in xdx = | sin®x(— d)z—j'4 d=—J1— 2 %)? d
fsmxx fsm ( L sin* x dy (1 —cos“x)*dy
2 3 5
=—j(l—yz)zdy=—f(1—2y2+y4)dy=—y+ g —y5 +C

2cos3x cos’x

—cosx + - +C
COS X 3 5




Example 11 (n = odd) Compute the integral
f cos3 x sin? x dx

©Solution:

. d :
Let y = sinx, then d—z = cosx and the integral becomes

1
COS X

jcos3xsin2xdx = jcosstinzx( dy) =jcoszxsin2xdy

= f(l — sin® x) sin® x dy = jyz(l —y?)dy = j(yz —yHdy

3 5 .3 .5
y° oy sin®x sin” x
= -——FtC(C= — +C
3 5 3 5
Remark: (m,n = even) Use double-angle formulae:
" 1 —cos2x 5 1+ cos2x
sin® x = , COS“x =

2 2
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Trigonometric substitution

Sometimes, using method of substitution with simple substitution may not be
successful. As an example, we consider the following integral

1
J zdx, x>0
(14 x2)2

As a starting point, one may try to use the substitution y = 1 + x2 to simplify the

. 1
integrand as —.
y2

: d 1 : : :
Since é =2x > dx = ;dy, then the integral is then transformed into

1 1 1 1
j de:j Edyzfj 3 dy.
(1+ x?)2 2x(1 + x?)2 y2,/y —1

It appears that the integral is still hard to integrate after transformation.

One has to try other substitution that can simplify the integral significantly.
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Recall that the main purpose of doing substitution is to transform the denominator
(which is the sum of two terms originally) into a single term which is good for

algebraic manipulation.

An alternative approach (perhaps the most popular one) is to transform the variable
X into some trigonometric functions (say x = sinf, cosf, tan@, secf etc.,) so
that the terms in the denominator can be combined using trigonometric identities.

: d .
In this example, we take x = tanf (= ﬁ = sec? 0) and the integral becomes

1 1 1+tan? =sec? 6 sec2 @
j 3dx=j = (sec” 6 do) = f 38d8
(1+x?)2 (1 + tan?0)2 >eC

secfO=
cos @

1
= do 6df =sin+C =+ =———+ C.
fsec@ Jcos Sin 0 + m+

IB;
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The following identities may be useful for trigonometric substitution:
1 —cos?0 =sin? 6
1 —sin?6 = cos? @
1+ tan® 0 = sec? 6
sec’d —1 =tan?60
1+ cot?8 = csc? 6

csc?0 —1 = cot?6
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Example 12

Compute the integral

j\/S—dex, —V3<x<+3

Note:
Simple substitution such as y = 3 — x* does not work in this

d 1 :
context. Note that % = —2x = dx = —Zdy and the integral

becomes
1

3—y

1

[Va=stax= [ V3= (o) ay = —5

Jydy

©Solution:
We take x =+/3sin6 (sothat x2 = 3sin?6), then Z—z = /3 cos @ and the integral

becomes



j 3—x2dx=f\/3—35in29(\/§c059d9)
= j3C0529d9 = 3f(cos 0)(cos 0)do

r%[cos(é? + 60) + cos(6 — 6)]d6

3
rc0526?d6? +§jld9

_ (1 | 29)+39+c—3 n26 426 4 C
= ZSID 2 —45111 2

x=+/3sin 6
= @=sin~ 1=

X
V33

- . . X 3 . X
= 7 5in (2 sin~1 —) +—sin"1—+ C.
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Remark or Example 12:

Alternatively, one can transform the final answer into the function of x in as follows:

sin(A+B)

=sin Acos B+cos AsinB 3
,-h-‘

3 . 3 _ 3
Zsm29+59+C = 1251n9C059+§9+C

3(x)\/3—x2 +3 X L
== —sin™t —
2\V3/ 3 2 V3
_ xV3—x?

3gin~1 X
= +251n \/§+C (better)




Page 30 of 125

Example 13

Compute the integral

1
dx
jx3\/x2 -1

©Solution:

Let x = secO (sothat x> —1 =sec?0 — 1 = tan? 8), then Z—; = secftan6 and

the integral becomes

1 1
dx =j
x3vVx2 —1 sec30+Vsec26 —1

(secOtan 6 db)

do

(secOtan 0 d@) = j

f sec3ftanb sec? 0

— fcos2 0do = f%[cos(@ + 6) + cos(6 — 6)]do

1
= Ef[cos 260 + 1]d6o
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1 (sin 20

1 1
=5 5 +9)+C—Zsm29+59+C

1 1
=Z(ZSiHQCOSQ)+§0+C

1 {vx2 -1 (1)+1 iyt
=5 ” ) tosecx

3 x2—1+1 iyt
=— 5sec x + .
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Example 14 (A bit tricky)

Compute the integral

1

dx
Vx2 +4x+7

Note:

One has to “combine” the terms x? and 4x into a single square using
completing square technique.

©Solution

Using the completing square technique, we have

1 1 1
dx = dx:J
VxZ +4x+7 JxZ +4x +4) +3 JOx+2)2+3

dx
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We then adopt the trigonometric substitution and let x + 2 = V3tan@ (so that
(x +2)>+3=3tan’*0 +3 =3(tan?6 + 1) = 3sec? ).

Then x =+/3tanf — 2 and ﬂ = /3 sec? 0. The integral is transformed into

j\/(x+2)2+3 x—j —3SQC2 (V3sec? 6 do)

= jsec@d@ = In|secH + tan@| + C

= In \/1+tan29+tan9‘+C

1 1+(x+2)2+x+2 +C
= 1n
V3 V3

In

+ +C=ln‘\/x2+4x+7+x+2 +C.

x24+4x+7 x+2
3 V3
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How to choose the suitable substitution?

So far, we have two different types of substitution (standard one and the
trigonometric one). One may ask a question that which substitution we should take
when using the method substitution. In fact, there is no clear guideline on the choice

the substitution. Here’s my suggestion for beginners:

e |t is always better to start with a standard, straight-forward substitution (see
Example 1 —6) such that the computation process is easier.

e In the unlucky case when the standard substitution does not work. One can try
to use some algebraic trick (see Example 7 —8) to transform the integral or try
to adopt trigonometric substitution (see Example 12-14).



As an illustration, we consider the following two integrals

1 p x> J
f(1+x2>2 * f<x2—1>3 g

Computation of the first integral

For the first integral, one can first try the substitution
y =1+ x2.
dy 1 .
Then v 2x = dx = Z—dy and the integral becomes

1

f (1 +1x2)2 (1+x2)2 <2xdy) 1j y J*

which is difficult to integrate.
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In this case, one can try other substitutions. Here, we use trigonometric substitution
and let x =tan® (sothat 1+ x% =1+ tan®8 = sec?0).

d .
Then £ = sec? 0 and the integral becomes

(sec?0df) = r dg = J cos? 6 do

] sec20

1 Iy — 1
j (1 + x?)? * = j (1 + tan? 0)?
= %J[COS(Q + 0) + cos(0 — 0)]dO = %Jr(COS 20 + 1)d6

X fan

1 0
=-=sin20 +=+C=:-= C.
4sm +2+ 2(1+x2)+ 5 +

Computation of the second integral

For the second integral, we may try the substitution

y =x%—1.

Then % =2x = dx = %dy and the integral becomes



.f(xz-1)3dx'_~[(x2-1)3( dy .f(xz--l)3

y=X 21
ﬁ”zy”lj(y+1yii__1fy2+2y+1
= =5 =

1jld +j —2d +1f —3d
2] 5 y y fay+o |y Cdy

1 —-2+1 1 —-3+1
= Slnly| += +—<y >+c

dy

—2+1 2\-3+1

—11|2 1] ! ! +C
2 x2—1 4(x2—1)?

Since the simple substitution is OK for this situation, there is no need to use
trigonometric substitution which may complicate the matter.
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Integration by parts

This method is first motivated from the product rule in differentiation: Let u = u(x)
and v = v(x) be two differentiable functions in x, then

d du N dv )
— - 19— — *
dx uv 1% dx u dx .

We integrate the equation (*) with respect to x, we get

fd(uv)d _j dud _l_( dvd
dx * = vdxx Judxx

= jd(uv) = fvdu+f udv

:uv:fvdu+Judv
Recall that [1dy =y + C
and we take y = uv = judvzuv—jvdu
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One can use the similar integral to obtain the integration by parts formula for
definite integral. We integrate the equation (*) both sides with respect to x (from
a to b):

bd(uv) b du b dv
j dsz v—dx+j u—dx
g, dx . dx ., dx

b b b
= J d(uv) = j vdu + j udv
a a a

b b
= y(b)v(b) — u(a)v(al = j vdu + j udv

=uv|? or [uv]?

b b
= j udv =uv|3—f vdu.
a a

The two formulae in the boxes are called integration by parts formulae.
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How do the formulae work?

In order to appreciate this formula, we consider the following integral:

Jlnxdx

Using the integration by parts formula with u = Inx and dv = dx

(or v = [ dx = x), we have

d 1 1
= — —1] = — d(l =—d
JInxdx =xInx— [x d(Inx) -Inx =—=d(nx) = —dx
u dv v u

=xlnx — er(%dx)

= xlnx—f 1dx

=xlhx—x+C.
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Consider another integral:

J x sin x dx.

Using integration by parts with u = x and dv = sinx dx

(sothat v = fsinxdx = —cosx), we have

jacﬂsinxdx=j3£ dg—cosx2=3c(—cosx)J—J\(—cosxldacﬂ

u dv u v uv v u

= —XCOSX +jcosxdx

= —xcosx + sinx + C.
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Insights about integration by parts

e Similar to the method of substitution, integration by parts aims to transform a
given integral into another integral (with some extra terms) in order to simplify
the calculation:

jxsinxdx =—xcosx+fcosxdx

L. - (- -

hard to compute easier

e The principle of this method is to “eliminate” some ugly terms (say Inx, x, ...,
etc.,) through differentiation (since they will be put in the differential operator
after the transform).

—— (o) ——
u v v
4 |

Inx is put inside the e .
In x is being “eliminated
operator d(?7?).

1
Inxdx =xlnx—f3cﬂ d (In x) =x1nx—jx(;dx)

after differentiation
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How to use integration by parts properly?

The most crucial part of using integration by parts is how to allocate the functions
into u(x) and dv. The following guideline (according to my past experience)
suggests one of the ways:

Step 1: Pick u(x)

e Recall that the function u(x) will be put inside the differential operator and is
then differentiated after the use of the formula.

du
judvzuv—jvduzuv—}v(—)dx
dx

e Since we wish to simplify the integral as much as possible, we should choose
u(x) insuch a way that u(x) can be either “eliminated completely” or
“transformed into convenient form” through differentiation during the transform.



The following shows the priority about the choice of u(x)

Highest Priority

Lowest Priority

Step 2: Find v(x)

fi(x) =sin"'x, cos™'x or tan"lx

f2(x) = Inx

f3(x) = xn, n = 1;2;3;4’;

(n must be positive integer!!)

fa(x) = sinx,cosx
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dfi(x) 1 -1 o 1
dx  vVi—x2’ v1-=x2 1+x2
————— ————— ——
sin"lx cos™1lx tan~1x
df(0) 1
dx X
df3(x) 1
=N
dx
dfai(x) .
= COSXx Oor —SIinx
dx —— ———
sin x Ccos X

After u(x) isidentified, the remaining part in the integrand (say f(x)dx) will be

dv. The function v(x) can be computed by

dv = f(x)dx = Jdvzjf(x)dx = vzjf(x)dx.
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Example 15

Compute the integral

j x*1n x dx.

IDEA:

One has to eliminate one of the functions x* and lnx using integration
by parts. Although both x* and Inx can be “eliminated” through
differentiation, we shall choose u(x) = Inx since it has a higher priority.
(It is because we are able to integrate x*)

©Solution:

5
We pick u = u(x) =Inx. Then dv =x*dx = v = [x*dx = x?
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Using integration by parts, we have

55
jx lnxdx-j@(x‘*dx) —jlnxd<?>

dv - ’
[udv

5 5

X X
= ?lnx —j?d(lnxz

‘—/ "
uv [vdu

_xsl fo(ld)
= Inx = (dx

_x, 1] A A
— 5 M5 XY= T o
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Example 16

Compute the integral

J xtan~1 x dx.

IDEA:

Since there is an inverse trigonometric function in the integrand, one has
to eliminate tan™! x first.

©Solution:
2
We pick u = u(x) =tan"'x and dv =xdx = v = [ xdx = x?

From integration by parts, we have

X2
jxtan‘1 xdx = jgan‘l x (xdx) = f tan 1 xd <7>

u dv

—

[udv



Page 48 of 125

x> x>
=§tavn‘1x—j7d(tan‘1 xz
uv [vdu
x> x> 1 x> 1 x>
=7tan x—j (1+x)dx—7tan x_§J1+x2dx

dx

— — —

X2 1
= —tan~ x——jldx+zj dx

2 2 x?+1
_xX tanlx — = + . tan~tx + C
= tan x-S +otan T x :
Remark of (*)

The purpose of doing such decomposition is to eliminate the x? in the
numerator.
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Example 17

Compute

fxze?’xdx

. 1
Pick u = x* and dv = e**dx = v = [ e *dx = e~

©Solution:

From integration by parts, we have

j e3Xdx = fx (e3xdx) = fxzd (§)

N

[udv
x283x eSx x263x eSx xzeBx 2
— . - 2} — _ - — - 3x
=—3 f 2 d(xz 2 f 2 (2xdx) 2 3Jxe dx

uv [ vdu



Page 50 of 125

To continue the computation, we apply integration by parts again on the 2" integral.

1
Take u =x and dv = e**dx = v = [e>*dx =_e%".

x%e3% 2
sze3xdx = —§jxe3xdx
xZeBx ZJ d eBx xz 3x
—T3 3)**\3)7 73
[udv
x%e3x 2 2
— 3 _§x63x+§fe?,xdx
B x%e3* 2xe3% N 2 L i
T3 9 ' 27°

2| xe

3x

3

| uv

eSx

3 ax

[vdu
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Example 18 (Integration by parts for definite integral)

Compute the integral

NE

j x sinx dx
0

©Solution:

We take u(x) = x. Then dv = sinxdx = v = [sinxdx = — cosx.

From integration by parts, we have

YA YA T

2 2 2
j xsinxdx=f x(smxdx) —f xd(— cosx)
0 0

u dv 20 y _
[udv

TL'

xcosx j (—cosx)dx = 0+ [sinx]

cos——( 0 cos O) smi—sm 0

= 1.

SINE

N|=|(|—|
!:l[
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Harder Examples

In this section, we will present some advanced (not straight forward) applications of

integration by parts.

Difficult situation #1: The function in the integrand cannot be “eliminated” by
differentiation.
Example 19

Compute the integral
j e3* sin x dx

IDEA:

Unfortunately, both e3* and sinx cannot be eliminated through
differentiation. However, sin x can be “transformed” into cos x after
differentiation. Hence, we still use integration by parts to transform the
integral into another form.
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©Solution:

We try to transform the integral by using integration by parts. Take u = sinx and

1
dv = e>*dx = v = [ e**dx = S e°*, then we have

1
Je3x sinx dx = jsmx(e?’xdx) = fsinxd(§e3x)

dv v
[udv

= ;e3x sinx — j%e:;xd(sinx)

L 1 3x

—§e smx—gfe cosx dx

To continue, we use the integration by parts again by taking u = cosx and dv =

1
e>*dx = v = [ e’*dx = %%, then we have

1, 1f p e3%
=ze*sinx -2 | cosx 3

—

[ udv



1 1 eBx eSx
= —e3*sinx — = [cosx <—> — J—d(cosx)

3 3 3 3
= 163’“ sin x —163" COS X —lj e3* sin x dx
3 9 9

Summing up, we have
. 1 . 1 1 .
f e3* sinx dx = §e3x sin x —563" COS X —§f e3* sin x dx

10

1 1
:?fe:”xsinxdx = —

3

X o 3
e SINx ——e
9

X cosx

1
= | e3*sinxdx = —e3*sinx ——e3*cosx + C.
f 10 10
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Example 20

Compute the integral

J sec3 x dx

IDEA:

Different from the integral [ sin®x dx that you have seen in Lecture
Note 1 (Review example 3 p. 49), there is no “product-to-sum” formula
for the trigonometric function secf. Again, we shall transform the
integral using integration by parts.

e However, one should NOT use the integration by parts directly as follows:

sec3 x dx = xsec3® x — jxd(sec?’ x) = xsec3x — 3[ x sec3xtanxdx
S———— ot
u dv extra!
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To avoid this problem, one has to ensure that both u(x) and v(x) are
trigonometric functions. Note that fsec2 x dx = tan x, one can use integration by
parts in the following ways:

Let u = secx and dv =sec’xdx = v = [sec®?xdx = tanx.

jsec3xdx = Jsecx(seczxdx) = jsecxd(tanx)
—— y 2

u dv

[udv
= secxtanx — f tan x d(sec x)

——secx=secxtanx
dx
~~

= secxtanx — f tan x (sec x tan x dx)

= secx tanx — f secxtanzxdx

1+tan? x=sec? x

= secx tanx — f secx (sec?x — 1)dx



=secxtanx+fsecxdx—jsec3xdx

[secxdx

=In|sec x+tan x|+C
’-h-‘

= secx tanx + In|secx + tan x| — j sec3 x dx
Summing up, we get

jsec3xdx = secx tanx + In|secx + tan x| — j sec3 x dx

= 2 j sec3 x dx = secx tan x + In|sec x + tan x|

1
= fsec?’xdx = E(secxtanx + In|secx + tanx|) + C.

e Don’t forget to add an arbitrary constant C to an indefinite integral.
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Difficult situation #2: The integrand involved the complicated function.
Example 21

Compute the integral

jxln(Z\/} + 1)dx

©IDEA:

Due to the existence of logarithmic function Inx, one may prefer to use
integration by parts with u = In(2+/x + 1). However, the process is tedious.

xz
j ln(Z\/E +1) (xdx) = j In(2vx + 1) d <7>
u dv

= (24 1) - [ d(n(2vz + 1)
_x NS .
=~ In(2vx +1) | 2(\5(2\/}“))0&
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©Solution:

One has to use the method of substitution first to simplify the integral. (Transform
the function In(2vx + 1) into Iny.

1 1
We let y = 2/x + 1. Then Z—i’ = %(in + 1) = x 2 and the integral becomes

jxln(zﬁ +1)dx = jxln(Z\/J_c +1) (% dy> = ng In(2vx + 1) dy

X 2
—1)\3
=f(yT) Iny dy

—1j SInyd Sj 2] d+gjl d 1}1 d
—g | Y Y@y mg |y ydyTg [ ynyday—g|myay

Each of these four integrals can be computed using the technique used in Example
15. (Left as exercise.) For your reference, the final answer is given by
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jxln(Zﬁ + 1)dx

1[y*4
—§Ilny—— ———ln —1ny—— ——ylny yl+C

(*Remember to put y = 2+/x + 1. | skip this step to save space.)
Example 22

Compute the integral
1
2 ex ex
X.
1 x3
©IDEA:

Similar to Example 21, one needs to simplify the integral using the method of
1
substitution to transform the function ex into “standard” exponent function

e”.



©Solution

1 d 1 :
We let y = =. Then =2 = —— and the integral becomes
X dx X
1
when x=2, y=5 ;
1 _ _7 1 1 1
2(3} when xﬂ:l, y=1 5 ex , 2 1,1
— dx = — (—x*dy) =—| ex (—) dy
1 X 1 X 1 X
b 4 dv=eYdy
Jq FGdx== [ f)dx 4 s>v=[eYdy=eY .1
= yeXdy = j yd(e”)
1 2 1
2 u dv 2
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Method of substitution v.s. integration by parts

Summing up, the method of substitution and integration by parts aim to transform
the integral in two different ways:

Method of substitution

1
Transform the functions (say ex, sinvx, cos(lnx), etc.,) into “standard functions”

(say e”, siny, cosy) using the substitution (say y = i, Vx, Inx)

Integration by parts

Transform the functions (say sin"! x, Inx) into simple function using differentiation
1 1

3).

— cin—1 au _
(take u(x) =sin™" x, Inx and T

e This method may not work well for the functions such as In(2+vx + 1) etc. One
needs to transform these functions into standard one Iny using the method of
substitution. (See Example 21 and 22)



Example 23
Compute the integral
J x> cos(3 — x3) dx
©Solution:
We first simplify the integral using the method of substitution again.

We let y = 3 — x3. Then Z—z = —3x? and the integral becomes

1
5 .3 _ 5 .3
jx cos(3 — x°) dx jx cos(3 — x?) (—3x2 dy)

3

x -y

3 &

1 1
3 [G-newsyay=—31[ 3=y cosyay
u dv
dv=cosydy
= v=[ cosydy=siny

- 1 :
= -2 [G-»deiny
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= —%[(3 —y) siny—fsinyd(3 —3’)]

d
@(3—37)=_1 1
= — 3 [(3 —y)siny — f siny (—dy)]

1 1
— _5(3_y)siny—§jsinydy

1 1
= —5(3—y)siny+§cosy+6

1 ., . 1
— —§x3 sin(3 — x3) +§cos(3 —x3) + C.
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There is sin™! x.
Eliminate it using

Example 24

integration by parts first!

Compute the integral

xsin~tx

o

Thereis 1 — x? inthe

denominator. Transform it using

the method of substitution first!

©Solution
Method 1: Use integration by parts

Let u(x) = sin"!x, then dv =
Then the integral becomes
xsin~!x X
dx = | sin"!x (— dx) = j sin"txd(—y/1—x2
J V1 — x? 0 \/]_—'xz ( )

dv i [udv

— —(Sin_l X)w/ 1—x2 — j — 1 - de(Sin_1 X)

N
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= —(sin"!x) 1—x2+j\/1——x2(\/%dX)

= —sin"'xVv1l—x2+ [1ldx = —sin"txV1—x2+x +C.
Method 2: Using substitution
Welet x =sinf sothat 1 —x? =1 —sin?0 = cos?8 (NOT y=1—x2 orx =

d :
cos@!!). Then £ = cos 6 and the integral becomes

j xsin~!x p sin @ [sin~1(sin 8)] (cos 6 d6) j 0 <in 6 do
X = cos = sin
V1 — x2 V1 —sin2 6

= f@(sin@d@) =j€d(— cosf) = —60 cosf — j(— cos6)db

=—0cos@+sin9+C=—(sin‘lx)(\/l—x2)+ X + C.

sin(sin—1 )
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Reduction Formula

How to integrate the following integrals
jxloexdx, fcosgxdx, j(lnx)zodx?
For example, we wish to compute the first integral,
J x10e*dx,

e One can use integration by parts to transform the integral into simpler one

0

(Eliminate x1° in the integrand through differentiation).

e |t cannot be done in one shot (See Example 17)!
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One can use integration by parts 10 times to find out the answer, i.e.,

fxloexdx = f

J x10de* = x10e* — f eXdx10 = x10e* — IOfxgex dx

= x10e¥ — 10 Jf x°de* = x1%%* — 10 (xgex — f exdxg)

= x10e¥ — 10x°e +90Jx86xdx

x10eX — 10x°%e* + 90fx8dex = x1%% — 10x°%e* + 90 (xSex — J exde)

x10e* —10x%e* + 90x8e* — 720]x7exdx

= .-+ (OK, | give up)
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e For these “massive” integrals, it requires repeated use of integration by parts.

This causes a huge computational cost.
e Question: Is there any shortcut?

e Answer: Reduction Formula

Reduction Formula is an integration technique which tries to compute the integrals
which the expressions involving powers of elementary functions (e.g. cos™ x,

(ax? + bx + )", (Inx)™ etc.).
e Let I, = [cos™xdx, [(ax?+ bx+ c)"dx, [(Inx)"dx, we first use some
technique (usually integration by parts) to derive the equation (called

recurrence relation or reduction formula) governing L,,.
e Then we compute our target integral using that recurrence relation derived in

the first step.
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Consider the integral fx4exdx as an example, we compute this integral as follows:

Step 1: Derive the reduction formula

Welet [, = fx”exdx, where n is any non-negative integer. We use the
integration by parts (with u(x) = x™ and dv = e*dx) and obtain

dv=e*dx
=>v—fexdx eX
I, = ﬁexdx j ”d(ex) Jexd(x")
u dv

= x"e* — j e*(nx™" Hdx = x"e* — nj x"leXdx = x"e* —nl,_,.
Hence, we obtain a reduction formula for I,:

I, =x"e* —nl,_4
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Step 2: Use reduction formula to compute the target integral
Note that the target integral is just I, = [ x*e*dx, using the formula with n = 4
obtained in Step 1, we then have
I, = xteX — 4l Substitute n = 3:
13 = x3ex — 3]2
= x%*e* — 4(x3e* — 31,)
— 4 ,x 3,x
—Xxe€ ax“e” + 121, Substitute n = 2:

= x*e* — 4x3e* + 12(x%e* — 21,) — I, = x*e* = 21,

= x*e* — 4x3e* + 12x%e* — 241, Substitute n = 1:

/ I, = xe* — 1,

= x%e* — 4x3e* + 12x%e* — 24(xe* — 1,)

= x%e* — 4x3e* + 12x%e* — 24xe* + 24jx°exdx

g

[ eXdx

= x%e* — 4x3e* + 12x%e* — 24xe* + 24e* + C.
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Example 25
Derive the reduction formula of I,, = ff(ln x)"dx and find ff(ln x)3dx.

©Solution:

Step 1: Derive the reduction formula

Using Integration by parts with u = (Inx)™ and dv=dx = v = [dx = x, we

have d d(Inx)" d(In x)
— (Inx)"* =

e e dx d(Inx) dx
I, =j (Inx)*dx = [x(Inx)"]$ —f xd(ln x)™
1 T dv

= / = n(nx)™™ (%)
—e— jlex [n(ln x)"1 (%)] dx

e
=e— nj (Inx)"tdx =e—nl,_;.
1
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Therefore, we obtain the following reduction formula for I,

L, =e—nl,_4

Step 2: Use reduction formula to compute the target integral

Note that I3 = ff(ln x)3dx, using the reduction formula with n = 3, we then have
e n=3

J (lnX)de = 13 = 6_312

1

2
e — 3(8 - 211) — _28 + 611

3

1

3

e
—2e+6(e—11,) = 4e — 6l, = 4e — 6f (Inx)°dx
1

e
=4e—6j ldx = 4e — 6|x]{ =4e —6e+ 6 = 6 — 2e.
1
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Remark of reduction formula techniques

e As seen in the above 2 examples, the reduction formula can greatly reduce the
computation cost (at least no need to write so many steps). For definite integrals,
the reduction formula provides a nice computation formula which is “computer-
friendly”. Take Example 25 as an example, one can use the recurrent formula
obtained in Step 1 and computer software (say excel, Matlab etc.,) to compute
the integral likes

e
f (In x)>°dx.
1

e Since the reduction formula is derived by using integration by parts formula, one
would like to ask what is the suitable choice of u(x). Recall that the main
purpose of reduction is to “reduce” the power n in the integral. Therefore in
most of the cases, your u(x) should be chosen to be (??)™ (for example, x™
for [ x"e*dx or (Inx)™ in Example 25.
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Example 26

(a) Derive the reduction formula for the integral

1 1
L, = dx, n>1
n ]0(1+x2)" X

(b) Hence, compute the integral

1 1
jo CET DB
©Solution of (a)

and dv=dx > v=[dx =1x,

Using the integration by parts with u(x) = (1rxD)n

we have

1 1 X 1 1 1
= = [, - |, 4 ar=p)
" jo a+ar s la+anl, ), T \a+

—

u =(1+x2)~"
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1 1
_ —(n+1) _
jo x(—n(1 + x2)~"* D (2x)dx) = — + an a +x2)"+1 dx

Zn

—

=i+2n- Lt dx—f dx]
mn ), (1 +x2)n+t o (14 x2)n+t
1 1
=onten jo a0 fo (1 + x2)n*1 dx]
1
= on + 2nl, — 2nl, 4
After some rearrangement, we finally obtain
1 1
I, = on + 2nl, — 2nl, 1 = 2nl,., = > + (2n - 1)I,

n£0 1 2p—1
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©Solution of (b)

Using the reduction formula obtained in (a), the integral can be computed as

L |
dx =1
s A+a2)3 ™ T
2z +2(2)_11—1+31
Co22+1(2) T 2(2) ¢ 16 4°¢

n§1i+§( - +2(1)_11>=1 3

16  4\21¥1(1) 21) ') 4 81
:1+5j1 1 dx=1+E [tan™! x]] =1+3—n.
4 8J, 1+ x? 4 s 4 32
Reminder:

When computing the numerical value of the inverse trigonometric function, take the
value within the principal range.
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Some advanced examples about the derivation of reduction formula

Example 27
(a) Derive the reduction formula for the integral
I, = fx"exzﬂdx.
(b) Hence, compute the integral

2
I = foex ldx.

IDEA:

We will encounter difficulty in deriving (a) if we use integration by parts with u(x) =

n

x™ and dv = e* *1dx. Itis because the function v = [ e* *1dx cannot be

obtained. Here, we need to make some modification so that the integration by parts
can be applied. Note that

L. YTEAg 1 1
fxex“dx = Efeydyzzey+C=Eex+1+C.
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©Solution of (a)

— 2 2 1 2
Here, we take u(x) = x™" ! and dv = xe* tldx = v = [xe* tldx = ~e” +1

Then we have

In =jxnex2+1dx= j S(xex +1dX) f n— ld x +1)

“ d
v
1 1
— Exn—lex2+1 . j56x2+1d(xn—1)
— Z,n—1px%+1 ngljxn—zex2+1dx
n—1




©Solution of (b)

Using the formula with n = 5, we have

1 4
5 x2+1d =I — 4 x2+1 __I
jx e X 5 2x e 513
n=31 1 2
i §x4ex2+1 _9 (Exzexzﬂ _ 511)

1 2 2 2
=Ex4ex +1 _xzex +1 _|_2fxex +1dx

| xeX®+1qy
2
=%ex tlic
-~ 2 2 2
ain. _x4ex +1_x26x +1_|_ex +1-|—C
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Example 28

Derive a reduction formula for

sin™ x dx,

n
I
o
NE

where n = 2,3,4,5, ...

IDEA:
Here one should not use integration by parts with u(x) = sin" x and dv =
dx = v = [ dx = x directly since there will be a “undesired function”

coming out after the transformation, i.e.

T T
3 T

2 = 2
sin” x dx = [x sin™ x]& — J xd(sin™ x)
S—— )
0 u  dv 0
T
- T

2
=——n x sin™!xcosxdx.
2 0

extra



©Solution:

A
Let S, = J2sin™ x dx
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Similar to Example 20, one should use integration by parts in the following way:

n n
2 . n 2 . n_1 .
Sp= | sin"xdx = | sin®™ " x (sinxdx)
0 0 ‘I:L dv
dv=sinxdx
>v=[sinxdx=—cosx .L
2
= j sin™ ! x d(— cos x)
0 u dv
T
7'[ —_
. n—1 2 2 . n—1
= [—sin"“xcosx]; — | —cosxd(sin""" x)
0

T

2
=0+ j cosx [(n — 1) sin™ 2 x cos x dx]
0
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n

2 2 s AN—2
=m—1)| cos®xsin™*xdx

0

sin? x+cos? x=1

5 :
= (n—1) j (1 — sin? x) sin™ % x dx
0

T VA

2 2
=(Mn-1) f sin" 2 xdx — (n—1) J sin™ x dx

0 0

=n-15,,—(n-1S5,
So we have
Sp=m—-1S8,_,—n—-1)S,

n—1
ﬁSn == " Sn_z.
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To compute the exact value of §,,, one can use this formula repeatedly, we get

replace n
n—1 Y2 pn—1/m-3
Sn= n Sn—2 — - (n—ZSn_4)
replace n
by n=4 p_1n—-3/m—5
B n n—Z(n—4S”‘6)
(m—1)x(n—-3)x..x5x3x1 -
— e = nXn—2)X..X6 X4X2 5o if n is even
M—1DXM—3)X..X6 x4x2 -
L nXMm—2)X..X7X5 X3 §1 if n isodd

Since
T

— % .0 — % _T — : _ 2 _
So=| sin"xdx = dx—E, S§;1=| sinxdx =[—cosx]; =1
0 0 0

NE

[

Therefore, we obtain the formula for S, = [ sin™ x dx:
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(mM—1DXxNn—3)%X..X5x%x3x1 =«
nXmn—2)X..X6 X4x2 Xf
MmM—1)XnNn—3)X..X6 X4X2
L nXMm—2)X..X7 x5x3

if n is even
Sn =14

if n is odd

This formula is called Wallis’s formula.

Remark:

[

Using similar method, one can obtain the similar formula for C, = | 05 cos" x dx.

(Left as exercise)

T

2
Cn =j cos x dx = <
0

(mM—1)Xn—-3)%x..x5x%x3x1,m .

nXmn—2)X..X6 X4x2 (5) it n is even
mM—1)Xn—3)X..X6 X4X2
L nXMm—2)X..X7 x5x3

if n is odd
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Example 29
(a) Derive the reduction formula for the following integral
I, = fsec"x dx

(b) Hence, compute the following integral

1
f T

©Solution of (a)

Using similar tactic as in Example 28, we use integration of parts with u(x) =
sec™ % x and dv =sec’xdx = v = [sec?xdx = tanx and obtain

I, = j sec x dx = f§ecn_2 x (sec” x dx) = jgec"_z x d(tan x)

u dv u dv

=sec" % xtanx — f tan x d(sec™ % x)



N —

_ d(sec™ 2 x)d(sec x)
G cae=2 4=
dx(sec x) d(secx) dx

sec % xtanx — f tanx [(n — 2) sec™ 3 x (secx tan x)dx]

sec™?xtanx — (n — 2) J sec™ 2% x tan? x dx

1+tan? x=sec? x
= sec" ?xtanx — (n — 2) j sec % x (sec? x — 1)dx

sec™?xtanx — (n — 2) f secxdx + (n—2) f sec™ % x dx

=sec" ?xtanx — (n—2), + (n — 2)I,,_,.
Summing up, we obtain
I, =sec™?xtanx — (n—2)I, + (n —2)I,,_,

y 1 n-2 +n—2
= I, = sec" “ xtanx
" n-1 n—1

I, .
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©Solution of (b)

As a starting point, one may try the simple substitution y = 1 — x? as the
first trial. The integral is then becomes
1 1

j(l —1x2)3dx= _Ejysmdy

which is complicated to integrate. Hence, we should try trigonometric
substitution as an alternative.

. d :
We let x = sinf. Then £ = cos 6 and the integral becomes

j ¢ —1x2)3dx :j

5 (cos0df) = j

cos® 6
<1 — sin” 0

=cos2 0
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do = jsec59d9.



Using the reduction formula obtained in (a), the above integral is found to be

5 w1 5—2 5—2
jsec 0do =15 = 5_1sec 9tan9+5_113

_1! 30+t 9+31
—4sec an 1l

=1 30t 9+3( 1 3-2 9 ¢ 9+3_21)
= ;sec” ftan 2 \3 1 Sec an —

1 3 3
=Zsec39tan8 +§sec9tan8 +§Jsec9d9

1 3 3
= Zsec30tan8 +§sec9tan8 +§ln|sec9 +tan@| + C

secO= 1 2,tan¢9= ad >
Vl‘xﬂ V1=x%1 X +3 X +31 1+x‘+c
- 4(1—x2)2 " 81—x2 '8 |yi—gzl

Page 89 of 125



Page 90 of 125

Integration of rational function: Method of Partial Fractions

In this section, we shall investigate the integral of the rational function R(x) which is
the quotient of two polynomials:

P(x)

Q(x)

j R(x)dx = dx

where both P(x) and Q(x) are polynomials.

When we integrate the rational function, it is always convenient for us to first split
(decompose) the function into the sum of simpler (rational) functions. This could be
done by method of partial fractions.

j x3 +5x% +2x — 2 p _j 1 d+j 1 p jx_zd
G-—D2x+ D2+ D " x AT ) 1P e ™




Page 91 of 125

A quick review on the method of partial fraction

The whole process is divided into three steps can be summarized by the following
flow chart:

Step 1 Step 2

The function

is proper Factorize the denominator of the

Determine whether a
given rational function proper rational function and choose
the decomposition of the function.

(See Appendix A for details)

The function l,
is improper Step 3

Extra

is proper or improper.

Determine the unknown in the
Perform long division to

roposed decomposition (usin
rewrite the function into the prop P ( &

sumlof a polynomial andla substitution method or

proper rational function comparing coefficients)
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Example 30

Compute the integral

1
j G-+ Dx DX

©Solution:

We first decompose the function using the method partial fraction. Note that the
function is proper (degree of numerator = 0 < degree of denominator = 3) and the
factors in the denominator are linear and distinct, so we propose the following
decomposition:

1 A . B . C
x—3)2x+1D(x—-1) x—3 2x+1 x-—1

By taking the common denominator, we obtain the following equation:
1=A2x+1)(x—-1)+Bx—-3)(x—1)+C(x—3)2x + 1).

Substitute x = 1, we obtain 1 =C(-2)(3) = C = —%.
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Substitute x = —%, we obtain 1 =B (— g) (— g) = B = %.

1

Substitute x = 3, we obtain 1 =4(7)(2) = A = -

Hence, we have
1 1 4 1

G-3)2x+Da—-1) 14@x—-3) 212x+1) 6Gx-1)

Then we can compute the integral as

1
J (x—3)2x+1D(x—-1) dx

_1fld+4f 1 1f1d
14 x—3% ") 41 ) =1

1 2 1
= —In|x — —1In|2 1| —=In|x —1 :
14nlx 3|+21n|x+ | 6nlx | + C
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Example 31

Compute the integrals

1 1
dx, d
jx2+4x—12 X Jx2+4x+12 x

©Solution:

For the first integral, one can rewrite the integral as

1 1
dx = d
jx2+4x—12 * j(x+6)(x—2) *
Then we decompose the function using the method of partial fractions as follows:

1 A B

(x+6)(x—2)=x+6+x_2 = 1=A(x—2)+B(x+6).

Substitute x = 2, weget 1 =8B = B = %.

Substitute x = —6, weget 1 =—-84 = A = —%.

Thus the integral can be computed as
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f 1 e 1J1d+1f1d
x+6)x—-2" " "8)x+67 "8 x—2%

1 1
= —glnlx + 6| +§1n|x - 2|+ C.

For the second integral, note that the denominator cannot be factorized, we can
compute the integral using the technique in Example 15 of Chapter 1 (pp. 27-28) :

1 1 1
dx = dx == d
Jx2+4x+12 * j(x+2)2+8 * 8fl(x+2)2+1 g

8
:%j(%ﬁl%)erldx:% %tan_l(\/—%x+%) +C
8 8
=\/—1§tan (\/—1_x+\/2_)
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Remark of Example 31

e In this example, we see that there are two totally different ways to encounter
A
x2+bx+c

Technique in Example 15 of Chapter 1.

the integral of the form fa dx: Method of partial fractions and

e This depends on whether the denominator can be further factorized into two

linear functions.

e To check whether a given quadratic function ax? + bx + ¢ can be factorized or

not, one can use the discriminant A = b? — 4ac:
vIf A >0, the equation ax? + bx + ¢ = 0 has at least one real root «, B.
Then the function can be factorized into a(x — a)(x — B).
vIf A <0, the equation ax? + bx + ¢ = 0 has no real roots and the given

function cannot be factorized.
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Example 32
Computed the integral

5x3 —12x% 4+ 5x — 4

(2x + 1 (x —1)3 dx.

©Solution

We first decompose the rational function using the method of partial fraction. Since
the factorization of denominator involve repeated factor, we should propose the
following decomposition:

5x3—12x2+5x—4_ A N B N C N D
Rx+Dx-1)3 2x+1 x—1 (x—-12 (x—1%

Multiplying the common denominator on both sides, we then obtain
Alx -1 +B(x—-1)?*Q2x+ 1D +C(x—1)2x+1)+D(2x + 1)
= 5x3 — 12x% + 5x — 4.

Substitute x = —%, we get A(—gf = 5(—%)—12 G)—g—él = A =3.
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Substitute x =1, weget 3D =5—-12+5—-4 = D = -2,
Compare the coefficientof x3: A+2B =5 = B =1.
Compare the constantterm: —A+B—-C+D =—-4 = C =0.

Then we have

5x3—12x2+5x—4_ 3 N 1 N 0 2
Rx+Dx-13 2x4+1 x—-1 (x-12 (x—-1)3

The integral can be computed as

5x3 — 12x?% 4+ 5x — 4 _j 1 d+j 1 p zf 1 ;
x+Dx-1)¢ = )1 T x 1T T ) a3

=[(x—-1)"3dx

3
= Elanx +1]+Injx—1]+(&x-1"2%+C.
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Example 33
Compute the integral

6x%> —3x+7
dx.
(4x + 1)(x? + 4)

©Solution:

We use the method of partial fractions to decompose the rational function. Since
the denominator consists of a quadratic factor x? + 4, so we shall try the following
decomposition:

6x>—3x+7 A +Bx+C
Ax+1D(x2+4) 4x+1 =x2+4

> Ax*+4)+ (@x+1D(Bx+C) =6x*>—3x+7.

Substitute x = —i, we get T—EA = 6(—%)2 —3(——)+7 = A=

Compare the coefficientof x%: A+4B =6 = B =1.
Compare the constantterm: 4A+C =7 = C = —1.



Thus we obtain

6x>—3x+7 2 +x—1
(4x + 1) (x2+4) 4x+1 x2+4

The integral can be computed as

6x2—3x+7 p _ZJ
(dx + D(x2+4) "~

dx | j dX *
4x+| _I_ ...... ()

The first term can be computed as

1 1
fax+bdx—aln|ax+b|+c

1
j dx = Zln|4x+1|+C.

4x + 1

The second term can be computed as

jx—ld _f X p f 1 p
Z+a T ) xrra™ XZt+4
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y=x?+4

:Z%ZH 1 10 1

) EJ;‘W‘ZJ%ZH
=11n|y|—1j 21 dx
Y E

1 1 X
= —In|x* 4+ 4| —-tan"' =+ C.

2 2 2

Combing the result, we have

6x° —3x+7
(4x + 1)(x% + 4) 2

dx

1 1 1 _.x
dx=—1n|4x+1|+zln|x + 4| — =tan 5
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Example 34
Compute the integral

1 6x% +9x + 19 p
o+ D2 r6x+13)

©Solution:

We use the method of partial fractions to decompose the rational function. Since
the factorization of the denominator consists of a quadratic factor (which cannot be
factorized further), we shall propose the following decomposition:

6x% 4+ 9x + 19 A s Bx+C
(x+1Dx2+6x+13) x+1 x2+6x+13

> Ax*+6x+13)+ (Bx + C)(x +1) = 6x% +9x + 19.

Substitute x = —1, we have 84 =16 = A = 2.
Compare the coefficient of x?: A+ B=6 = B = 4.

Compare the constantterm: 134+ (C =19 = C = -7.



Hence, we can compute the integral as

1 6x% +9x + 19 1
dx=2j
o (x+1)(x?+6x+13) 0

The first term can be computed as

1
1
jo x+1dx: [In|x + 1|]§ = In 2.

Jl 4x — 7
dx +
x+1

The second term can be computed as

jl 4x — 7 p _jl 4x + 12 p Jl 19 p
o x2t6x+13 0 J x2tex+13 ) X +6x+13
y=x?+6x+13

dy_
>=—=2Xx+6 20

dx
= —d — 19 dx
13yy j(x+3)2+4

o xZte6x+13

19 (!
= 2[Iny]33 dx=2[ln20—ln13]—Tf
0

f (9c+3)2
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19  _ x+37
=2[In20 —1n13] — |—tan ]
2 2 1,

= 2[In20 — In 13] 19t ‘12+19t 13
= 2|ln n > an > an >
Combining the result, we finally get

L 6x%2+9x+ 19 ;
, G+ DGZr6x+13)

19

19
=2In2+2[In20—-In13] ——tan™1 2+ —tan"1 -

2 2
19 19

1600
= ln( )——tan‘12 + —tan~ 1 -

169 2 2

3
2
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Example 35 (Integral of improper rational function)

Compute the integral

13x4+3x3—5x2+x—1
dx

x%+x—2
©Solution:
Note that the integrand is an improper rational function, one has to

decompose the function into a sum of polynomial and a proper rational
function before using the method of partial fractions.

We first perform the long division (dividing the numerator by the denominator) and
rewrite the integrand as

j3x4+3x3—5x2+x—1 (x2+x—-2)Bx2+1)+1
dx = X
X%+ x—2 X%+ x—2
1
= [Gx2+1 f dx ..
I(Bx + )dic+ )@ ix—2 X (*)

polynvomial proper rational function
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The first integral can be computed as

3

j(3x2 + 1dx =3 (x_

3>+x+C=x3+x+C.

We proceed to compute the second integral using the method of partial fraction.
Note that

J 1 q _] _1J 1 . lj‘ 1 J
2tx—27 (x+2)(x—1) 3 x—1YT3) k2™
1 1
=§ln|x—1|—§ln|x+2|+C.
Hence,

3x*+3x3—-5x2+x—1 ; 1 1
j dx =x"4+x+=In|x —1| —=In|x + 2| + C.
x24+x—-2 3 3
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Example 36

Compute the integral

9x3 — 46x% + 102x — 9 p
(Bx + 1)2(x2 — 6x + 10)

©Solution

Note that the denominator involves a repeated factor (3x + 1) and a quadratic

factor (x? — 6x + 10), we shall decompose the rational function by using the
following decomposition:

9x3—46x2+102x—9_ A N B s Cx+ D
(Bx+1)2(x2—6x+10) 3x+1 @Bx+1)2 (x2—6x+10)
= 9x3 — 46x° +102x — 9
=AQBx + 1D (x? —6x +10) + B(x?> — 6x + 10) + (Cx + D)(3x + 1)°.

436 109
= B = B = —4.
9 9

. 1
Substitute x = —5 we get —

So A(3x + 1)(x? — 6x + 10) + (Cx + D)(3x + 1)?
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= 9x3 —46x% +102x — 9 + 4(x? — 6x + 10) = 9x3 — 42x% + 78x + 31
= (9x% — 45x + 93) (x + %) = (3x? — 15x + 31)(3x + 1) by long division

Thus A(x? —6x +10) + (Cx + D)(3x + 1) = 3x? — 15x + 31.

: 1 109 109
Substitute x = —5 we get TA == > A=3;

Compare the coefficientof x%: A+3C =3 = C = 0;
Compare the constantterm: 10A+D =31 = D = 1.

9x3 — 46x% + 102x — 9 p
Gx+ D2(x2 —6x +10)

3 4 1
— dx — d d
f3x+1 X f(3x+1)2 x+jx2—6x+10 x

=lr1|3x+1|+3 dx

4 1
(3x+1)+j(x—3)2+1

=In|3x + 1| + +tan"'(x — 3) + C.

3(3x + 1)
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Appendix A — Various types of decomposition pattern using the method of partial
fraction.

The following table summarizes the proposed decomposition under different type of
factorization of the denominator:

Scenario Proposed decomposition

If @(x) can be factorized into a R(x) = Ay Az Ay
product of distinct linear factor: a;x + by ax + by anx + by
R(x) = P(x)
*) 7 (agx + b)) (agx + by) .. (apx + b,)
If there is some repeated linear factors _ 4 Az An
R(x) ax+b * (ax + b)? e (ax + b)"

in the factorization of Q(x):

for (ax+b)™

B P(x) B
R(x) = (ax + b)*(cx + d)

+

cx +d
L —
for (cx+d)
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If there is quadratic factor (cannot be degree 1
factorized, e.g. x% + 4) in the R(x) = Ax + B N C
factorization of Q(x): X = ax?+bx+c dx+te
R( ) P(x) degfeez
X =
(ax? + bx + c)(dx + e)
If there is some repeated quadratic Ax+B, X+ By
factor which cannot be further R(x) = & Thx+c A(‘;xi;bx +o)*
factorized of g(x): . @ 1ot on
R(X) — X for (ax2+bx+c)™
(ax? + bx + c)*(dx + e) ¢

dx t+e
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Appendix B — Brief Table for Integration

xat1 o1 2. [e*dx =e* +C,
a — I a — ax
1.jx dx a+1 _ J a*dx =—+C, a>0
In|x| ifa=-1 Ina
3.Jrsinxdx=—cosx+C 4. Jcosxdx=sinx+(]

5. Jr tanx dx = In|secx| + C 6.

cotxdx = —In|cscx| + C

7. fseczxdx=tanx+C csc?xdx = —cotx +C

—In|cscx + cotx| + C

9. fsecxdx = In|secx + tanx| + C 10.jcscxdx
fcotxcscxdx— —cscx +C

11. jsecxtanxdx=secx+€ 12.

dx =tan 1x + C dx=sin_1x+C.

1
13. 14.
f1+x2 j\/1
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Review Examples on integration by parts
Review Example 1

Compute the integral
j(Zx + 3)e**dx

©Solution:

Using integration by parts formula with u(x) = 2x + 3 and dv = e**dx

1 .
= v = [e*dx =_e"*, we obtain

1 1
jgx +3)e*dx = (2x +3) (Ze“) - j—e‘*x d(2x +3)
iL v N ——— e’ - v _

4

dv u N~—— S—— du
(% v

d
T (2x+3)=2
=>d(2x+3)=2dx

1 1 1
= L@ et -5 [ edx =g @r et —cethC

2
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Review Example 2

Compute the integral

fx/y?(ln x)?%dx

©Solution:

We use the integration by parts with u = (Inx)? and dv = Vxdx

1 3
= v = [+xdx = [ x2dx = gxi. We then get

2 3 2 3
j\/}(lnx)zdx = f (Inx)? (Vxdx) = §x§(1nx)2 — fgxid(ln x)?
u dv

= zx%(ln x)* — %f x% (2(ln x) (%) dx)

3
—3X nx 3J X«Inxdadx



1
We use the integration by parts (with u(x) =Inx, dv = xzdx
3

1
= 2 = . .
=> V= fodx = §x2) again to compute the second integral:

2 3 4 1 2 3 4 1
—x2(In x)? ——sz Inx dx = =x2(In x)? ——f (Inx) (xzdx)

dv

2 3 412 3 2 3
= —x2(ln x)? —§[§x2 lnx—ngZd(lnx)]

3
2 3 , 83 8 1
=§x2(lnx) —§x2 lnx+§jx2dx
3 8 3 16 3
=-x2(Inx)* —=xZlnx + —=xZ + C.

3 9 27
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Review Example 3

Compute the integral
f x cos?(2x) dx

©IDEA:

It may be better for us to express the term cos? x into sum of trigonometric
substitution using product-to-sum formula to get rid of the “square term”
before we use the integration by parts.

©Solution

Using the product-to-sum formula, we have

cos? 2x
x)(cos 2x)

=(cos 2 1
jx cos?(2x) dx = Jx [E (cos(2x + 2x) + cos(2x — 2x))] dx

—1f 4x d +1f d —1f 4x d +x2
— — — _.... *
5 | Xcosdxdx +- | xdx =< | xcos4xdx + - (%)
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It remains to compute the first integral. Using integration by parts with u(x) = x

1.
and dv = cos4xdx = v = [cosdxdx = Z Sin4x, we have

1 1
j&gosélxdag:ﬁ(zsinélx)—jZsin4xdx
u

R
dv U - v - ~————du
v v
[ sin(ax+b) dx
=—% cos(ax+b)+C 1
= —x sin4x + —cos4x + C.
4 16

From (*), we conclude that
X2

1 1
jxcosz(Zx) dx = gxsinélx +§cos4x +Z+ C.
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Review Example 4

We let f(x) = fl\/ze‘tzdt.

(a) Find f'(x).

(b) Hence, compute the integral

1
| VEf@dx
0
©Solution of (a)

Let G(t) = fe‘tzdt, then by the fundamental theorem of calculus, we have
f(x) =G(Vx) = G(D.
Using the fact that %G(t) = %f e t’dt = e~t°, we have
dG(\/}) d\/)? take t=vx 21 1

d d
! — _ — atn) -(Vx) 75
f(x)—de(\/x) de(l)— ir dr 0 = W) 5% 2
1 1

=—x 2e 7%,
2
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©Solution of (b)

IDEA:

One cannot compute the integral directly since the expression of f(x) is
unavailable. However since f'(x) is known, one can use integration by
parts formula to transform f(x) into f'(x).

Using integration by parts with u(x) = f(x) and dv = V/xdx

3
=> v = [+xdx = %xi, we have

1 1 2 1 2
J Vxf(x)dx = j ]:_(xv) (\/de) = §x%f(x)|% —j §x% df (x)
0 0 u T =~ u1;|1 ~ 0 “’\”"77
OO ORORS| G
3 e/ 373,

=f116_t2dt=0 =0

2 (1 3,1 _1
=——f xZ(—x Ze‘x)dx (from(a))
3), 2




1 1 1
f xe *dx = ——j x (e *dx)

u dv

1
XY 1 =X
(—xe )]} jo(e>

uv|3 v

dx

du
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Review Examples on Integration Technique

Review Example 5

Compute the integral

tan 1(e*
j ( )dx

ex
©Solution:

X

We let y = e*. Then we have % =e* = dx = eixdy. The integral becomes

tan~1(e%) tan"1(e*) /1 tan"1y
f o dx=f e (ex dy) =J )2 dy.

Using integration by parts, we have

dv=y~?dy
tan~1y v=[ y‘ziy=—y‘1
j " dy = Jtanfly(y‘?dy) = —y‘lﬁan‘ly—j—y‘ld(tan‘ly)
u dv uv

[vdu
1

=—y ltan"ly + f ~dy ... (*)

y(1+y?)
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Since there is a quadratic factor in the denominator, we propose the following decomposition:
1 A By+C

=—+
y(l+y?) y y*+1
Substitute y =0, weget 4 =1,

= 1=A@?*+1)+y(By+ ).

so y(By+C)=-y> > By+C=-y > B=-1, C=0.

Hence, we have

f L —fld j Y 4
yA+y) P T )y T ) 1,2

u=1+y2=>2—1;=2y

= Inly| — = [ S du = Infy| = =Inful + C = Infy| — =In|1 + y?| + C
n|y 5 uu n|y znu njy Zn y

Hence from (*), we conclude that

j tan~1(e%) p J tan~ly

ex y2

1
dy = -y ltan "ty + In|y| — Elnll +y%|+C

tan~1(e* 1 tan~1(e*
= — ( )+1n|e"|—§ln|1+ezx|+6=— (e?)

ex

1
+x—§ln|1 + e?*| + C.

ex



Review Example 6

Compute the integral

j x+4

dx
Vx2 4+ 2x + 2
©Solution:

1
2x+2

Welety=x2+2x+2,thenZ—i=2x+2=>dx= dy.
When x =1, y=12+2(1)+2=05; When x =0, y = 2.

Then we split the integral as

j x+ 4 ; j x+1 ; +j 3 dx .. ()
X = X A
0o Vx2 4+ 2x + 2 0o Vx2 4+ 2x + 2 0o Vx2 4+ 2x + 2

For the first integral, we use the proposed substitution and get
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b x+1 y JS x+1 ( 1 d) 1f51d [%r VE_ 3
X = = — —_— = = —_ .
0 Vx?+2x +2 s Valt2xt2\x+2 22\/§y ',



Page 123 of 125

For the second integral, we need to propose another substitution (probably trigonometric
substitution) since the original substitution does not work. The second integral becomes

1 3 1 1
f dx = dx
0 Vx2 + 2x + 2 0o J(x+1)2+1

X

Welet x+1 =tanf = x =tanf — 1. Then Z—9=sec29.

When x =1, 8 =tan"12; When x =0,  =tan 11 = %. Then

1 1 tan"12 1 tan~12
3 dx = f sec? 8 dO = BJ sec O do
0o J(x+1)2+1 n VtanZ 6 + 1 T

_ i T
= 31In|secd + tan 0] |&" 223 In|sec(tan™! 2) + tan(tan™! 2)| — 31n |sec (—) + tan (—)|
Z 4 4

sec 0=V1+tanZ 6
= 31n|V5 + 2| — 31In|v2 + 1].

Thus, we can conclude from (*) that

1 4
j i dx=\/§—\/§+31n|\/§+2|—31n|\/§+1|.
0o Vx2 4+ 2x +2
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Review Example 7

Compute the integral

In(x? + 2x + 10)
J dx.

(2x + 1)?

©Solution: Using integration by parts, we have

jln(x2 + 2x + 10)

(2x + 1)2 dx = jln(x2 + 2x +10) [(2x + 1)~?dx]

u dv

v=—%(2x+1)‘1

1
= = E(Zx + 1)t In(x* + 2x + 10) — J —E(Zx + 1)~ 'dIn(x? + 2x + 10)
1(2 + 1D tIn(x?+2 +10)+1 ox + 2 d
_ __ — o (x
2 X ex 2 ) Gt D+ 2x + 10y )

Since the integrand is a proper rational function and the denominator contains a quadratic
factor, we shall propose the following decomposition:

2x + 2 B A N Bx + C
Qx+1D(x2+2x+10) 2x+1 x2+2x+10




= 2x+2=A(x2+2x+10)+(2x+1)(Bx+C)

Substitute x = —l, weget 1=A4 (37) = A=—
2 4 37"

Compare the coefficientof x%: 0=A+ 2B = B = —32—7

34-

Compare the constantterm: 2 =10A+C = C = po

Hence, we can decompose the integral as
2x + 2 p _4j 1 p +1J —2x + 34
2x+ D2 +2x+10) 7 737) 2x+17 737

_4f1d 1] 2x+2d+1J %6
37 ) x4+ 1 7 37 ) v 2x+107 37 ) 24 2x+ 10T

y=x2+2x+10

1 1
= In|2 1 _—|zq dx
37(2 n|2x + ' j y+3 J(x+1)2+9
= 2 a2+ 1 11||+4] d
= gy X 37 I T 37 x+12 *
(3)“

—21|2 + 1] 11| + 2 +1O|+12t 1(x+1)+c
—37n X 37nx X 37 dan 3

X2+ 2x 410"
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