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EE2104 Introduction to Electromagnetics
Assignment 3 Solution

In the figure below, suppose that we have three concentric infinitely long cylinders. They are
centered around the origin and extends along the z direction. The innermost cylinder has a radius of
a=0.01 m and it carries a surface charge density of 4 = 5 nC/m? The middle one has a radius of b =
0.02 m and it carries a surface charge density of B = —8 nC/m? The outermost cylinder has a radius
of ¢ =0.03 m and it carries a surface charge density of C =20 nC/m?.

Using Gauss’s law, find D at point (x, y, z) = (0.02 m, 0.02 m, 0).

A
Solution:
Based on the structure in the figure, we know that the charges are / \
distributed symmetrically to the origin. So, D points along the radial / \ AR >
01 0f03
direction and its magnitude only depends on the distance between the 5 nC/r? \j
. .. ~ -8 nC/
point and the origin. We can have D(p, ¢,z) = D(p) = D(p) @, . 20
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We can construct a Gaussian Surface as shown in the figure above.
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From Gauss’s law, we have §. D(p,¢,2) - dS =¢. D(p)-dS =Q,
where Q is the total charge enclosed by the Gaussian surface.
455 D(p)-dS = ftopD(p) -dS + fbommD(p) -dS + fsideD(p) -dS

We have ftopD(p) -dS = fmpD(p) -dS =0

On the side surface, D is always parallel with dS and |D(p)| = D(p) is constant.

Then we have §. D(p) - dS = D(p) [, dS =D(p) X 21Py X h = 0.04v2mhD(p),

ide

where h is the thickness of the Gaussian surface.

The charge Q = Q1 + Q2 = p,; 51 + p,5>
=5x1072x 2r X 0.01h — 8 x 1079 x 21 X 0.02h=—0.22 X 10~°1h(C)

Then we can get 0.04v/2whD(p) = —0.22wh x 10~°
D(p) = —3.89x 1079C/m?=—3.89 nC /m?

The direction of D(p) is parallel to the vector pointing from origin to P.

So D at point (0.02 m, 0.02 m, 0) is (—2.75@a, — 2.75&\},)nC/m2
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2. Consider a hollow spherical structure with inner radius a and outer radius b. The figure below
shows the cross-section of the structure. In the spherical coordinate system, the charge density

of the structure fora < p<bis

h

p v
Pv = Pvo E
where p,0 (C/m?) is a constant.
Find the electric field E. Then, sketch its magnitude as a /
function of the radial coordinate p.

Solution:

To match the geometry of the structure, let us choose an

imaginary sphere of radius p, centered at the origin as the gaussian surface S.

Thus, the differential surface on S is dS = dS @, , where it points radially away from the origin.

By symmetry, the D-field points along @, and |D| = D is independent of (6, ¢).
So, we have D(p,6,9) =D(p) @, .

From Gauss’s law, we have gﬁs D(p,0,9) -dS = Q. , Where Q. is the enclos

Thus,

f D(p) ap' (dS ap) = Qenc
S

f D(p) (ap ’ ap)ds = Qenc
S

$ D) dS = Qene

S

mmjds=%m

D(p) (47T:02) = Qenc

Qenc
ATt p?

D(p) =
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Therefore,

(1) for 0 < p<a, Qune = 0, D(p)=f;—np§=0, E =0.

2)fora< p<b,
( P

p T 2T p M 2T P
Qenc = f f f p, p*sinf dpdf do = f f f Py 7 PPSinG dpdb de
aJo Jo aJo Jo b

P p T 2T P, P T 2
=%0J fojo p3sin9dpd9d§0=%oj p3dpf sinf d9f de
a

a 0 0
_ Py pt—at 5o _ Pyt(pt —a*)
" b 4 h b
So, we have
D(p) = Qene _ P’ — D
P = 42 4%b
E= pvo(p4 - a4)
40%be,
(3) for p>D,

b rm 27 b rm 27 D
Qenc = f f f p, p2sind dpdf dop = f f f Py 7 P7SING dpdf do
atoJo 7 ato o "D

P b ,m 21 P, b T o
- LOJ f J P sind dpdf do = LOJ pgdpj sinf dGJ de
b Jo Jo Jo b Ja 0 0

= @bl} — a4 . 2 . 271- = p—VOTI(bLl _ a4)
b 4 b
So, we have
D(p) = Qene _ Poob* —a")
P = g 2 4%b
L P —a")
© 4p2bs,
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In the end, we have

E(p68,9) =0, for0 < p < a

A gt
E(p,9,<p)=%ﬁp, fora< p<b

va (b4 - a4) ~

E(p,6,p) = 17be, a,, forp>b
So, the magnitude of the electric field E as a function of p can be plotted as:
|E| A (p,.g (b4_a4))/(4p2 b(c‘o )
| >p
0 a b
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3. In a dielectric material, the electric flux density is 1.5 times the polarization. Find the dielectric
constant of the material.

Solution:

Assuming that the dielectric constant (also called relative permittivity) of the material is &,, we have

the relations as follows.

i: The electric flux density D = gy, E

ii: The polarization P = g4y .E = &y(e, — 1)E
Moreover, D = 1.5P is given.
Thus, gy&,.E = 1.5¢4(e, — 1)E

& =15 —1)

& =3
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4. Consider a solid wire consisting of two conductive materials. The core has radius a and conductivity
o1. The jacket has conductivity o». Its inner radius is a and outer radius is b. Show that the ratio of the
current densities in the two materials is independent of a and b.

Solution:

=

Consider the conductive wire ended at x=0 and x=L
When the end at x=0 is grounded and a voltage V is applied at x=L, current flows from x=L to x=0.

Assuming the current densities are J1 and J, in the core and jackent,

We have J; =ciEq and J, =E,

Considering Vg = — f; E - dL is path independent,

We can get Vy5 = V4,5, and the electric fields should satisfy Eq = E,

Thus, L L
01

02
Ji_o
J2 o2

So, the ratio of the current densities in the two materials is independent of a and b.
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