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6 Taylor’s Theorem

Taylor’s Theorem for functions of one variable

Recall that if a function f(x) of one variable is differentiable up to order N in the interval

a—l<x<a+1l where [ >0, then for any h€ R such that a— [l <a+h<a+1[, we

have
2 N—1

h h
flath)=fa)+ @+ f @)+ -+

fND(a) + Ry (h)

N
where the remainder term Ry (h) = %f(’v) (a + 6h) forsome 0< 68 < 1.

Alternatively, by putting x = a + h, we have the equivalent form:

/ I (N-1)
f0 = f@+L 2w -0+ P e ar ot P - v
where the remainder term Ry(x) = [Pla+6(x-a)] (x —a)V forsome 0<6 < 1.

N!
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If a = 0, we have Maclaurin’s Theorem:
2 N-1

h h
f)=fO)+f0)+f (O)+.“+(N—1)!

fND(0) + Ry (h)

N
where Ry(h) = %f(N)(Hh) forsome 0 <6 < 1.

OR

’O ”O
Fo0 = o) + 025 1 L0

£ (6x)

N!

N-1
2y SO

2! (N — 1)! x4 Ry (x),

xN forsome 0 <60 < 1.

where Ry(x) =
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Example 29

Express the Maclaurin series of cosx (up to x*) and ﬁ (up to y*). Hence, find the

1
Cos Xx

Maclaurin series of (up to x*%).

Solution
Let f(x) =cosx = f'(x) =—sinx, f"(x) = —cosx, f®(x) =sinx, f®(x) = cosx.
Then f(0) =cos0=1, f'(0) =—sin0=0, f"(0)=-1, f®©0) =0, F®(0) = 1.

Maclaurin series of cos x:

o @ @, fO0) PO  xt
COSX = T x + X x< + 3 x> + 2 xX*+ = 1—E+Z—---
let gO) === = g'(¥) = - ") = ®y) = By) = —.
IV =15 T IV a2 9 ) T @y 87V (1+y)4’ 9 = s

1

1 /
Then g(0) = = 1, g'(0) = — (170)2

=-1, g"(0) = 2, g®(0) = -6, g™ (0) = 24.
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. . 1
Maclaurin series of T

+y
1 g g"0) , g®0) , g*0)
I — 0 2 3 4 4 ...
T A e T T A T A TR
=1—-y+y*—y>+y*—--
Hence, the Maclaurin series of is
COS X
1 B 1 B 1

cosx x2 x4 B x2 x4

x? x* x? x* 2 x?  x* 3
_ _<_Z+Z_”'>+(_E+E""> _(_EJFZ_...) i

x2 x4~ X4
=1—(—-=+=—|+ + oo

21 a1 T (202
xZ

5
=1 — — 4 ceoe 4
+2+24x + -+ (up to x*)
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Taylor’s Theorem for functions of two variables

Taylor’s Theorem can be generalized to a function of two variables f(x,y) with continuous

partial derivatives of all orders up to N inside the rectangle with vertices (a —p,b — q),
(a—p,b+q), (a+p,b—q), (a+p,b+q) where p,q>0.
At the point (a+ h,b+ k), where a—p<a+h<a+p, b—q<b+k<b+gqg, we

have

f(a+hb+k)=f(ab)+ % |hf(a,b) + kf,(a,b)]

1 .
+ 2 [h2 fee (@, b) + 2k iy (,b) + K2 £y (@, b)]

1
+ 37 [ frexx (@, D) + 3R%k finy (@, b) + 31k fryy (@, D) + K[y (a, b)]

+ -+ Ry (R, )
N-1

_ z l(haa—x + kaa—y)rf(a, b) + Ry(h, k)

!
r=0

where the remainder term Ry(h, k) is given by

Page 7



Semester A, 2023 -24 MA2001 Multi-variable Calcuds and Linear Algebrov Chapter 2B
N

1 9, 0
RN(h,k)=m(ha+k5) f(a+9h,b+6k)
1§ pigen-i 0 6h, b + Ok
_M,O(i) axiayN‘i(a+ b+ 6k)
Ll

=l

1 NI gNf
_ hikN=i—L a4+ 0h b+ 0k
N Zi! (N —0)! Axigyn—i @+ O b+ 6k)

N hikN—i aNf

— . . Oh,b + Ok
Z; TN = D)1 xigyn—i (& T R b + k)
1=

forsome 0 <0 < 1.

L 1=0

If Ry(h,k) > 0 as N — oo, we have the Taylor Series representation of f(a + h,b + k).
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Alternatively, by putting x =a + h and y = b + k, we have the equivalent form:
1
fCoy) =flab)+4 |(x — a)fi(a, b) + (v — b)fy (a, b)]

1
+o |(x — @) fix(a,b) + 2(x — A)(y — b) fyy (@, b) + (¥ — b)*f,,(a, b)]

+ o+ Ry(x,y)
N—11 5 P r
:;F<(x—a)a+(y—b)$> f(a,b)+RN(x,y)

1 ) o1V
where RN(x,y)=m[(x—a)a+(y—b)£] fla+6(x—a),b+0(y—>b)]

N
. oV
> (M-t @0 - w0+ 00 - b)

1=0

1
TN

N . .
N G- y-pn't aVf
N i'(N —i)!  dxigyN—t (a+6(x—a)b+6(y—b))

i=0
forsome 0 <6 < 1.

If Ry(x,y) - 0 as N — oo, we have the Taylor Series representation of f(x,y).
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The equation of the tangent plane to the surface z = f(x,y) at the point P(a,b,c) where
c=f(a,Db) is
z=f(ab) + [(x —a)f(a,b) + (y — b)fy(a: b)] -

Example 30

Find the tangent plane to the surface z = xcosy — ye* at (x,y,z) = (0,0,0).
Solution

Let f(x,y) = xcosy — ye”*.

Then f, =cosy —ye” and f, = —xsiny — e”.

Substitute x =0 and y =0 into f, f, and f,:

f(0,00=0-0=0, f,00,0)=(cos0)—0=1, f,(0,0)=0—-e%=-1

.. The tangent plane to the surface at (0,0,0) is
4 :f(0,0) + [(x—O)fx(0,0) + (y_O)fy(OJO)] =0+x-1 Ty (_1) =Xx—Yy
le. Zz=x—Yy. []
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Successive terms given by Taylor’s Theorem give the tangent plane approximation to the
surface z = f(x,y) (by taking the first two terms of the series), a quadratic surface
approximation (by taking the first three terms of the series), a cubic surface approximation

(by taking the first four terms of the series) etc., all meeting z = f(x,y) at the point (a, b).

Example 31

Find the tangent plane and quadratic surface approximations given by Taylor’s Theorem at the

1
point (1,0) forthecone f(x,y) = (x? + y?)z. Hence estimate f(0.9,0.1).
Solution

1 21 X
fx =§(x2+y2) 2 2x =

1
(x? + y?)2

1 1 y
fyzz(x2+y2)2-2y: T
(x% +y?)2
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o7 2 2 -1 0 2 2 -1 2 2 -1 0
foo = 5= 102 +y72| = x| G2 4 Y272 + (2 4y E - ()

1 3 1 —x? 4+ (x% +y* 2
— 5 _E(xz n yz)_i _ Zx] 4 (xz + yz)_f _ ( 33’ ) _ y _
9] 1 _1 _3 —Xy
foy = oGy 2] = [(x +y)7E] = x[-s G 4y 2y =
’ (x? + y2)2

fyy = ai[ﬂxz + yz)_%] = J"ai[(xz + yz)‘%] + (2 +yD)72 -aa—y(y)

=y [-3a 2 |y I ; .
(22 + y2)2 (22 +y2)2

which exist everywhere except at the origin (0, 0).

Thenevaluate f, fi, f, fax, fxy, fyy atthepoint (1,0).

1 1
f(1,00)=>01%24+0%z2=1, f(1,0)= =1, f,(1,0) = =0,
(124+02)2 (12+02)2
02 —(1)(0 12
fr(1,0) =——=0, fi,,0)=—"=0, £,(1,0) = =1
(12+02)2 (12+02)2 (12+02)2
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The tangent plane approximation to the surface z = f(x,y) atthe point (1,0) is:

p1(x,y) = f(1,0) +— [(x - Dfr(1,00+ (v — O)fy(l O)]
=1+[(x—1)><1+y><0]
=x

The quadratic surface approximation to the surface z = f(x,y) atthe point (1,0) is:

p2(x,y) = f(1,0) + = [(x —1Df(1,0) + (y = 0)£,(1,0)]
1
+Z [(x - 1)2fxx(1: O) + Z(X - 1)()’ — O)fxy(]-: 0) + (y _ O)nyy(l; 0)]

1
= 1+[(x—1)><1+y><0]+5[(x—1)2><O+2(x—1)y><0+y2><1]
1
_ 2.2
x+2y

Hence, using the tangent plane, £(0.9,0.1) = p,(0.9,0.1) = 0.9
and using the quadratic surface, £(0.9,0.1) = p,(0.9,0.1) = 0.9 + % X 0.12 = 0.905 .
Note: The truevalueis f(0.9,0.1) = 0.9055 (to 4 significant figures).
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.

/f_

Quadratic surface

approximation

L 8

Linear and quadratic approximations to the cone

1
z=(x"+1") near (x.)=(L0)

Chapter 2B
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Example 32

Chapter 2B

z3 — 2xz +y = 0 determines an implicit function z = z(x,y) of x and y about the point

(1,1). Use the Taylor’s Theorem to expand z = z(x,y) about the point (1,1,1) up to the

linear terms.
Solution

Partially differentiate both sides of z3 —2xz+ vy =0 w.rt. x:

3,2 0z 5 5 0z 1 0=0 0z 27
S — — —_— = = — =
‘ 0x ‘ xax dx 3z%2-—2x
Thus,
0z 2(1)
oxly=1 3(1)% — 2(1)
z=1

Partially differentiate both sides of z3 —2xz+y =0 w.rt. y:

3262 262+1_O:>02_ 1
z dy xay B dy 2x — 3z2
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Thus,

0z B 1 _ 4
dyl*=1 ~ 2(1) — 3(1)?
z=1
Hence,
0z 0z
=2z(1,1 —| = —1 —| . —1
20y) = 20D + |Gl (= D4 |y O - D)+

z=1 z=1

=1+ 2(x —_1)—1(y—1)+---

Page 16



Semester A, 2023 -24 MA2001 Multi-variable Calcuds and Linear Algebrov Chapter 2B

Example 33 (Taylor series of a function in 3 variables)

Let f(x) be asmooth function, thatis, f(x) has continuous derivatives up to any order.

Then the Taylor series of f(x) about the point a up to order 2 is

£ = @)+ 2 -y + 2

Hence, or otherwise, find the Taylor series of

(X~ a)? + -

g(x,y,z) =cos(x +y+2z) — cosxcosycosz
about the point (0,%,%) up to order 2.
Solution

cos(x + y+ z) = cosxcos(y + z) — sinx sin(y + z)

cosx (cosycosz — sinysinz) — sinx (sin y cos z + cos y sin z)

COSX COSYCOSZ — cosxsinysSinz — sinxsiny coszZ — Sinx cosy sin z

g(x,y,z) =cos(x +y+z) —cosxcosycosz
= —cosxsinysinz —sinxsinycosz —sinxcosysinz - (*)
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We know that the Maclaurin series of cosx and sinx are

—sin0 —cos 0 x?
cosx=c050+( T )x+( X )x2+---=1—7+--° (up to order 2)
and
_ _ cos 0 (—sin0)
sinx = sin0 + T x + o1 x“+-+=x—"-- (uptoorder2).

The Taylor series of cosy and siny at y =§ are

T (‘Si“%)( ﬂ)+(‘C°S%)( ”)2+... _( ”)+...

COSYy = CcOS— + — =

2 1! 2 2! 2 2
and
T (cos%) T (— sin%) TT™ 2 1 TT™ 2
siny = sing +>—= (y - 3) + == (y-3) +-=1-3(r-3) +
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Putting these into (*), we obtain the Taylor series of g(x,y,z) about the point (Ogg)

g(x,y,z) = —cosxsinysinz — sin x siny cos z — sin x cos y sin z
x? 1 T\ 2 ' 1 T\ 2
=_<1_7+...)_1_§(y_§) b [1-2 (=2 4]

2

_(x_...):l_l(y_g) +...:[_(Z_g)+...:

=) :_(y_g)+...”1_%(z_g)2+...:

--[1-7 209 26D |- D6 -]+ -

=—1+x72+%(y—g)2+%(z—g)z+x(z—g)+x(y—g)+-~

(up to order 2)

[]
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Remark:
T

We can also derive the Taylor series of g(x,y,z) about (O,%,E) by using the formula

g(x,y,2) =g(0,g,g)

rilo-06(033)+ (- D)o (03.5)+ (-3 s (033
o000 03D+~ 055+ (-3

2
+2(x—0) (y —g) Yy (Ogg) +2(x = 0) 2 _g) Yuz (Ogg)

+2(r=3)(2=3) 9 (05.3)
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A bound for the error involved in approximating a function near a point (a,b) may be

obtained by summing over the estimates of the moduli of the termsin Ry (x, y).

Example 34

(@) Use the Taylor’s formula to find a linear approximation of f(x,y) = cosxcosy near
the origin.

(b)  Estimate the error in the approximation if |x| < 0.1 and |y| < 0.1.

Solution

(a) By the Taylor’s Theorem, we have

f(x,y) = £(0,0) + [x £,(0,0) + v £,(0,0)]

1
+§ [Xz fxx(gx; 93’) + nyfxy(ex' Hy) + y2 fyy(ex’ 9)/)],
where 0 <6 < 1.

Then the linear approximation of f(x,y) = cosx cosy near the origin is

p1(x,y) = f(0,0) + [x £,(0,0) +y £,(0,0)].
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f(x,y) = cosxcosy, f(0,0) =cosxcosyl|x=0 =1
y=0
f,(x,y) = —sinx cosy, £,(0,0) = —sinxcosy|x=0 =0
y=0
fy(x,¥) = —cosxsiny, fy(0,0) = —cosxsiny|x=0 =0
y=0

Thus, p;(x,y) = 1.

If (x,y) iscloseto (0,0), f(x,y) =cosxcosy = p;(x,y) = 1.

(b) The error in the approximation is

E(x,y) = f(x,y) — £(0,0) — [x £(0,0) + ¥ £,(0,0)]

1
= E [xz fxx(ex: Qy) + nyfxy(ex: Qy) + y2 fyy(ex’ Qy)]

forsome 0 <6 < 1.

fux(x,y) = —cosxcosy, fy,(x,y) = —cosxcosy,

Chapter 2B

fry(x,y) = sinxsiny
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1
|E(x,y)| = 7 %% fx (0, 0Y) + 2xy [y (0%, 0y) + ¥ f,,, (6, 6y)|

1
< 2 (122 fux (0%, 09| + |26y fry (0, 09)| + |2 £ (0, 67)])

v la+b| <|a|l+|b| forall a,b €R

1
= E(lxlz | frex (6, 8Y)| + le”yllfxy(gx; 93’)| + |y|2 |fyy(0x; 93’)')
1
= E(le2 |— cos Ox cos By| + 2|x||y||sin O8x sin 8y| + |y|%|— cos Ox cos Oy])

1
= E(lxlzlcos Ox||cos Oy| + 2|x||y||sin 8x]||sin Oy| + |y|?|cos Ox]||cos By|)

1 2 2

< (a2 +2xllyl + Iy
|cos Bx|<1
|sin 6x|<1

< 1[(0.1)2 +2(0.1)(0.1) + (0.1)?]
|x|\;0.1 2
ly|<0.1

= 0.02
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Example 35

(@) Use Taylor’s formula to find a quadratic approximation of f(x,y) = e*siny at the
origin.

(b) Show that in the approximation, the error |E(x,vy)| < 1.474 x 1073 if |x| < 0.1,
ly| < 0.1 and e%! =~ 1.1052.

(c)  Find an approximation of e~%%%sin 0.06 with an error less than 1.474 x 1073.

Solution

(a) By Taylor’s Theorem, we have

f(x,y) = £(0,0) + [x £,(0,0) +y £,(0,0)]

1., 2
+z [x fxx(0,0) + nyfxy(or 0) +y fyy(O; O)]

1
* 3! 2% o (6, 6) + 3x%Y frxy (0%, 0Y) + 3xy° fryy (0%, 0y) + y° (6, 6y)]

where 0 <6 < 1.
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Then the quadratic approximation of f(x,y) = e*siny at the origin is

p2(x,y) = £(0,0) + [x £,(0,0) + y £, (0,0)]

1
+5 [%? £ex(0,0) + 2xy£,,,(0,0) + ¥ £,,,(0,0)].

f(x,y) = e*siny, £(0,0) = e*siny|x=0 =0
y=0

fx(x;}’) =e* Siny: fx(O; O) = e”* Sin:V|x:0 =0
y=0

fy(x,y) = e*cosy, f,y(0,0) = e* cos ylng =1
y:

fxx(x;y) = e”* Sinyr fxx(O; 0) = e* Sin_Y|x:(()) =0
y:

frey(x,y) = e*cosy, fry(0,0) = e* cosylng =1
y:

fyy(x,}/) — —exsiny, fyy(o; O) = —e” Sin}7|x=8 =0
y:

Thus, p,(x,y) =y + xy.
If (x,y) iscloseto (0,0), f(x,y) =e*siny = p,(x,y) =y + xy.
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(b) The error in the approximation is

E(ny) = f(ny) _pZ(ny)

1
=z |23 frxx (0, 09) + 3%2Y fr2 (6%, 0Y) + 3xY? fryy, (0%, 0Y) + ¥ £,y (6, 6Y)]

forsome 0 <0 < 1.

frxx(X,y) = e*siny, fxxy(xr y) = e*cosy,

ECe, )| = f(x,y) — p2(x, ¥)l

xfoxx(Hx; 0y) + 3XZfoxy (0x,8y) + 3xy2fxyy(9x; 0y) + y3fyyy(9x; 9)’)'

IA
|l = | =

113 | frax (0, 0| + 311211 frxy O, 63)| + 3lx111?|fyy (6%, 67)

+ |3’|3|fyyy(9x' 93’)”
(~ la+ b| <|a| +|b| forall a,b € R (triangle inequality))
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=~ [1xI2|e® sin 6| + 31xI21yl[e? cos by + 3IxllyI2|—e® sin6y]
+ lyI3| e cos By]

= % [1x|3[e%|Isin Oy| + 3|x|?|y||e?*||cos Oy| + 3|x||y|?|eb*||sin Oy|
+ |y13|e®*|Icos Oy|

Since 0< 8 <1 and —0.1 <x<0.1, wehave —0.1 < 6x < 0.1 = |0x| <0.1.

Then [sinfy| <1, |cos@y| <1, [e%|=eb < el <0,

1
|E(x,y)| < A [(0.1)3e%! + 3(0.1)3e%! + 3(0.1)3e%! + (0.1)3e°1]

~0.008¢1

6
0.008 x 1.1052

6
~ 1.474 x 1073
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(c) From (b), with an error less than 1.474 x 1073, the value

e~%095in 0.06 = f(—0.09, 0.06)

can be approximated by

p2(—0.09,0.06) = (y + xy)|x=-0.09
1=0.06

= 0.06 + (—0.09)(0.06)
= 0.0546
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Estimation of Small Changes

For (x,y) near (a,b), we may expect
fx,y) = f(a,b) + (x —a) fi(a,b) + (y — b) f,(a,b)
= f(xy) = flab) = (x—a) fy(a,b) + (y = D) fy(a,b)
Writing f(x,y) — f(a,b) = 6f, x —a = 6x, y — b = 8y, we have

af of
Of = a&x +E5y,

which gives the approximate change in f due to small changes dx and 6y in x and y,

respectively. (This result will be used in Section 8 (Directional derivative and gradient).)
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7 Maxima and Minima

A function f(x,y) has a local maximum at a point (a,b) if for all points (x,y) close to

(a,b), we have f(x,y) < f(a,b).The point (a,b) is called a local maximum point.

A function f(x,y) has a local minimum at a point (a,b) if for all points (x,y) close to

(a,b), we have f(x,y) = f(a,b).The point (a,b) is called a local minimum point.

In a region, the global or absolute maximum (minimum) of a function is either the greatest

(least) of the local maxima (minima) or it occurs on the boundary of the region.

Local maximum Local minimum
—a

< Local maximum

3.0,
2.5
2.0
1.5
1.0
0.5

z=f(xy) = (« +3y*)el
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For a local maximum or minimum at (a, b), the curves lying in the two planes x = a and

y = b must also have a maximum or minimum at (a, b). Hence we must have

of _9f _
a(a,b) —@(a,b) =0].

If this condition holds, we say that (a, b) is a stationary point.

It is possible to have a stationary point which is neither a local maximum nor a local minimum.
If along one path through (a, b) the pointis a local minimum, while along a different path it is
a local maximum, we say that the point is a saddle point. In other words, the stationary point

(a,b) is a saddle point of f if in every open region containing (a, b), there exist a point

(x0,¥0) with f(x0,y0) > f(a,b) andapoint (xq,y;) with f(x1,y,) < f(a,b).
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Theorem (Second Partial Derivative Test)

Suppose that f(x,y) and its first and second partial derivatives are continuous throughout a

disk centered at (a,b) and that

fx(a: b) — fy(arb) = O '

Thatis, (a,b) is a stationary point of f.

o If |fix(a,b) >0| and |fix(a,b) f,y(a,b) — f5(a,b) > 0|, then f(x,y) has a local

minimum at (a, b).

o If |fx(a,b)<0| and fxx(a,b)fyy(a,b)—fxzy(a,b)>0 , then f(x,y) has a local

maximum at (a, b).

o If |fix(a,b) fyy(a,b) — fxzy(a, b) < 0, then f(x,y) hasasaddle pointat (a,b).

o If |fix(a,b) fy,(a,b) — fxzy(a, b) = 0|, the test is inconclusive. We must find some other

way to determine the nature of f(x,y) at (a,b).
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lllustrations
(i)  Consider the function f(x,y) = x* + 2yZ2.

To find the stationary point(s):
f(y) =2x, f,(x,y) =4y

fx(x::)’)=0 2x =0 x=20
Set{ = { = { 1
f(x,y) =0 4y =0 y=0

o (x,y) = (0,0) isthe only stationary point.

f(x,y)=x*+2y?

To determine the nature of the stationary point(s):
fxx(xr:Y) =2, fyy(xr:Y) = 4, fxy(x:y) =0
Since f,,(0,0) =2 >0 and f,(0,0) fyy(O, 0) — foy(O, 0) =8>0,

f has alocal minimum at (0, 0), and the value of f at this pointis f(0,0) = 0.

Clearly, f(x,y) =0 for all x and y, hence (0,0) is a global minimum point and the
global minimum value of f is f(0,0) = 0.
The graph of f(x,y) = x% + 2y? is shown on the right.
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(i)  Consider the function f(x,y) = 2x — x? — 2y°2.
To find the stationary point(s):
fx(ny) = 2 — 2x, fy(xry) = _4y

fx(x;J’)=0 2 —2x =0 x =1
fy(x,y) =0 = { —4y =0 = {y=0

o (x,y) = (1,0) is the only stationary point.

Set {

To determine the nature of the stationary point(s):

A
‘ f(x,y)=2x—x>-2y?

fxx(xr:Y) = —2, fyy(x;Y) = —4, fxy(X, y) =0

Since fix(1,0) = =2 < 0 and £, (1,0) £,,(1,0) — £2,(1,0) = 8 > 0,

f has alocal maximum at (1,0), and the value of f at this pointis f(1,0) = 1.

In addition, for all x,y € R,

flx,y) —f(1,0) =2x —x%2 —-2y? —-1=—-(x—1)2 - 2y%2 < 0.
Thus, f(x,y) < f(1,0) for all x,y € R and therefore (1,0) is a global maximum

point and the global maximum value of f is f(1,0) = 1.
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(iii) Consider the function f(x,y) = x? — 2y2.

To find the stationary point(s):
fx(x'y) = 2x, fy(xry) = _4y

fx(X,}I)=O 2x =0 x=0
>et {fy<x,y)=o = {—4y=0 = {;v=0

- (x,y) = (0,0) isthe only stationary point.

To determine the nature of the stationary point(s):

fxx(xJ’) =2, fyy(x;y) = —4, fxy(X,y) =0
Since f,,(0,0) £,,(0,0) — £5,(0,0) = =8 < 0, then f has a saddle point at (0, 0).

(0,0) being a saddle point can also be observed by noting that f(x,y) can be either
positive or negative depending on the relative magnitudes of |x| and |y]|.

If y=0 and x # 0,then f(x,0)— f(0,0) =x%>0 = f(x,0) > f(0,0).

If x=0 and y # 0,then f(0,y) — f(0,0) = =2y2 <0 = f(0,y) < f(0,0).

Thus, (0,0) is a saddle point.
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The graph of f(x,y) = x? — 2y? is shown below:

4 f(x,y)=x"-2y°

yl
y
f>0 f>0if [x>+2]y]

-~
X

\\ f <0 if |x<+2yl
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(iv) Consider the function f(x,y) = x* + y*.

Then f, = 4x> and f, = 4y°.

fr(x,y) =0 4x3 =0 x=0
et {f ey =0 = L4y?=0 = ly=0

- (x,y) = (0,0) isthe only stationary point.
frx (X, y) = 12x2, fyy(x;Y) = 12)’2; fxy(x,y) =0
fxx(0,0) £,,,(0,0) — £5,(0,0) = 0, the test is inconclusive.

However, f(x,y) =x*+y* > 0= f(0,0) forall x,y € R, so clearly (0,0) is a local

minimum point. In fact, (0,0) is also a global minimum point.
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Example 36

Find and classify the stationary points of the function f(x,y) = x3 + 6xy + 3yZ.
Solution

fr =3x*+ 6y, f, =6x+6y
et {fx=3x2+6y=0 . {x2+2y:0 R {y2+2y:0 . {y(y+2)=0
fy=6x+6y =0 X =-y X =—y X = -y

y=0 y = -2
:{x:—y:O or {x:—y:Z

" (0,0) and (2,—2) are the stationary points.

fox =6%, fyy =6, foy=6=fr Let AXY)=frafyy — (fiy) =36x—36.
For (0,0), we have A(0,0) = —36 < 0.

". [ has asaddle point at (0,0).

For (2,—2),wehave f,,(2,—2) =12> 0 and A(2,—2) =36 > 0.

". f hasalocal minimum at (2, —2).
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Example 37

Determine the nature of the stationary points of f(x,y) = x> + y3 — 3(x + y).
Solution
fr =3x*=3, f, =3y* =3

fr=3x*2=3=0 {x2:1 {x=i1
SEt{fy=3y2—3=0 T lyt=1 T ly=41

Hence there are 4 stationary points:
(1,1), (-1,-1), (1,-1), (-1,1).
fax = 6X, fyy = 6y, fxy = fyx =0

Stationary Point foex fyy Sy fexlyy — (fxy)z Conclusion
(1,1) 6 (>0) 6 0 36 (> 0) Local minimum
(—1,-1) —6 (< 0) —6 0 36 (> 0) Local maximum
(1,-1) 6 —6 0 —-36 (<0) Saddle point
(—1,1) —6 6 0 —36 (< 0) Saddle point
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Example 38

Consider a point P(xg,¥o) and a straight line y = ax + b. The value [y, — (axy + b)]? is
called the square of the vertical displacement of the data point P(xy,y,) from the line
y =ax +b.
Determine the straight line y = ax + b such that the sum S of the squares of the vertical
displacements of the data points P;(1,3.1), P,(2,6.1), P;(3,9.2) fromtheline y=ax+b
is the smallest.
In other words, determine the values of a and b such that S is the smallest where
S=@B1—a-b)>+(6.1—-2a—-b)*>+(9.2—3a—b)? - (%)
Solution
S(a,b) =31 —a—b)?+ (6.1 —2a—b)*+(9.2—-3a— b)?
Partially differentiate both sides of (*) w.rt. a:

9S
~~=-2(31-a-b)~4(6.1-2a~b) - 6(9.2 —3a~b)
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Partially differentiate both sides of (*) w.r.t. b:

0S
— =-231—-a—-b)—2(6.1-2a—b)—2(9.2—3a—b)

db
N aS
Set 5—0 and g—O.
(0S
——=—2B1-a—-b)—-4(61-2a—b)-6(92—-3a—b)=0
4
S
\%=—2(3.1—a—b)—2(6.1—2a—b)—2(9.2—3a—b)=0

{28a + 12b = 85.8
12a + 6b = 36.8

_ 85.8-2x36.8

a= . = 3.05
= b — 36.8-12X3.05 _ 1
6 30

S has a stationary point when a = 3.05, b = %.
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Next, we determine whether this stationary point is a local minimum.
Saa =28, Spp =6, S, =12.
1 1 1
Thus, Saq (3.05,2) = 28, Sy (3.05,55) = 6, Sap (3.05,5-) = 12.
Since
L L 1Y _g¢2 1) - _ 192 _
A(3.05,5) = Saq (3.05,2) Spp (3.05,2) — 52, (3.05,-) = 28 x 6 — 122 = 24 > 0

and

1
Saa (3.05,5:) = 28 > 0,
it follows that S(a, b) has alocal minimum value at a = 3.05, b = %.
Observe that S(a,b) = (3.1—a—b)?+ (6.1 —2a —b)?*+ (9.2 —3a — b)? is a degree 2
polynomial in a, b and (3.05,%) is the only local minimum point, thus S(a, b) actually

has the global minimum value

S (3.05, %) - (3.1 _3.05— 3—10)2 + [6.1 — 2(3.05) — %]2 + [9.2 — 3(3.05) — %]2 =L

600
at (3.05, %)

This fact can be shown as follows:
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Due to the Taylor’s expansion theorem and notice that S(a, b) is a degree 2 polynomial in a

and b, we have

S(a,b) — 5(3 05, %)

S, (3.05,%) (a—3.05) + S, (3.05, 3—10) (b - 3—10)]

=0 =0

1

S, (305 )(a—305)2+25ab(305 )(a—305)(b——)+5bb(3055)(b—5)2

=28 =12 =6

+1
2

- % 28(a — 3.05)% + 2(12)(a — 3.05) (b — —) +6 (b — 5)2]
[ — 3.05
2 (305 5-2)( B,
Observe that (ig 162) a 2X2 real symmetric matrix which has eigenvalues
17 + /265 (> 0). Then there exists a 2 X 2 orthogonal matrix P and the diagonal matrix
D = (17 +265 0 ) such that
0 17 — V265
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28 12\ _ (17 + V265 0 -1 _ 17 + V265 0 T

( )=P - pT.
126 0 17 — V265 p—1TpT 0 17 — V265

e (5 02) =r () = G- (2

5) (a——305>

= pT 1.
b__

30 3 30

—3.05
1\,28 12n(“
_ L 1

Then

30
_ 1Y, (17 + V265 0 (473
=(a—3.05 b——]P P

30 0 17 — V265 b-35

—3.05\1"
_|pr ¢ 1 (17+\/265 0 )
b—% 0 17 — /265

01 ) (17+x/T65 0 )(yl)

<a—-&05>]
pT 1
b=35

0 17 —v/265/ V)2
= (17 +V265) y? + (17 —V265) y2

=0
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It follows that

—3.05
1y 1 1\,28 12\(%
_ == _ _ 1 >
S(a,b) 5(3.05,30) 2[(a 3.05 b 30)(12 6) b= > 0.
1

Therefore, S(a,b) has the global minimum value S (3.05, %) =— at (3.05, %)
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Example 39 (Global maximum/Global minimum)

Find the global (absolute) maximum and global minimum values of the function
floy)=x*+y*—x—y+1

in the disk defined by x? + y? < 1.

Solution

Since f(x,y) =x?+4+y?—x—y+1 is a continuous function defined on a bounded closed

disk x2 +y% <1, f(x,y) can attain global maximum and global minimum at stationary

points or at those points where f(x,y) do not have partial derivatives or at the points on the

boundary.

We first consider f(x,y) =x2+y2—x—y+1 on x*+y* =1, where x>2+y%2=1is
the boundary of x? + y2 < 1.
By expressing x? + y2 = 1 in parametric form, we let

x =cost, y=sint, where 0 <t < 2m.
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Consider g(t) = f(cost,sint) = cos*t + sin*t —cost —sint +1 = 2 — cost — sint,

where 0 <t < 2m.Then g'(t) = sint — cost.

. 5
Set g'(t) =0 = sint—cost=0 = tant=1 = t=% orTﬂ.

g'(t) =cost +sint

\ nom NI V2
g (Z)_COSZ-I_SIHZ_ > + > =v2>0

”(Sn)_ 5n+_5n_ V2 \/E_
g 4—COS4 51n4— z 5 =

—/2<0

g0 =g2m)=2-1=1

R

o)D) (e

: 5 5
g(t) attains the greatest value g(f) =242 at t=7n and the smallest value

(D) =2-Viatt=T

4 4
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51T 57 V2 . 5T V2
When t =—, wehave x =cos—=——, y=sin—=——,
4 4 2 4 2
T T 2 w2
When tZZ' we have X =Cos_=—, y=sin, =

Hence, on the boundary curve x? +y% =1, the function f(x,y) =x?+y*—x—y+1

has a maximum value f(_\/_i’_\/?i) =2++/2 at (—Q —\/—E);

2

and a minimum value f (\/;,\/;) =2—+2 at (\/—E \/—E)

2’2

Next, we find the maximum and minimum values of f(x,y) inside the disk x* + y* <1, i.e.

when x2+ 92 < 1. Then compare their f values with f(—g,—\/z—z)=2+\/§ and

F(E 2

i ) = 2 —+/2 to obtain the global maximum and global minimum.
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Consider f(x,y) =x?>+y? —x—y+ 1 inside x* + y* = 1:

0

Lo = 2 5 (—,—) is a stationary point.
of _ _ 1 2’2
—=2y—1=0 V=3

A(l 1)— (1 1) (1 1) z(1 1)—2><2 02 =4 >0
2’2 = Jax 2’2 Jyy 2’2 fy 2°2) B

11
fix(3:7) = 2> 0

it follows that f(x,y) =x*+y?—x—y+1 has a local minimum at G,%) and the

and

. . 11 1
minimum value is f (E’E) =3

Compare f(%,%) =§ and f(\/—i,\/—i) =2 —+/2.

2 2
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Since f(%,%) —< 2—2= f(— —), we conclude that f(x,y) =x*+y*—x—vy+1

has an absolute minimum at (%%) and the absolute minimum value is f (l %) = %

2 2 : V2. 2
Also, f(x,y) =x“+y“—x—y+ 1 has an absolute maximum at (—— ——) and the
absolute maximum value is f (—\/?— —£) =2++/2.
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8 Directional Derivative and Gradient

For the scalar function z = f(x,y), the partial derivatives f,(x,y) and f,(x,y) measure

the rates of change of z = f(x,y) inthe x and y directions, respectively. We would like to

know the rate of change in any direction.

hz=f(x,y)

Consider a point P which lies on some level curve AB and a (variable) point Q on a nearby

level curve CD. I C

0
Q:
Qs

Page 51



Semester A, 2023 -24 MA2001 Multi-variable Calcuds and Linear Algebrov Chapter 2B

The rate of change of f in the direction PQ, also known as the directional derivative of

f(x,y) inthedirection PQ, is given by

af o P =@
ds 65508s 8550 PQ '
ﬂ

Geometrically, it is clear that " will be a maximum in the direction normal to the level curve

at P (since f(P) — f(Q) isconstantand PQ is least in that direction).

The directional derivative of f(x,y) in the direction PQ, i.e. Z—i, is also denoted as D3f,

where ¥ is the unit vector in the direction PQ.

If the direction PQ isinclined an angle a tothe x-axis, we have

0

oy

P ox

0x = 6scosa, Oy =Ossina
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From Taylor’s Theorem (page 29),

of ., of
o) —6 — .
f = x+6y y
6f _ Of of
Then v acosa+asma
As 6s — 0,
df af of
= Dzf = —xcosa+@sma ce (%),

where ¥ = (cosa) T+ (sina) J is the unit vector in the direction PQ.

d
By considering —Z as a function of a, it is easy to show that 2L " has a maximum value of

[(a_f)z + (a_f)zf when a = tan™! (gi:)
0x dy = > ).

We define the vector differential operator, denoted by V (read as “del”), as
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The gradient of f, denoted by grad f, is defined as the vector

of . afe
d =x — J|
grad f l+ay
of -, 0f >
IntermsofVlfwewrlteal+—y]—( +]a)f then
grad f = Vf|.

. . . . . d

The gradient grad f (or Vf) is a vector whose magnitude is the maximum value of d—]sc (or
e e . ., d . :

Dz f) and its direction is that in which d—]; attains its maximum value.

Hence, Vf gives us the magnitude and direction (normal to the level curve at P) of the

greatest rate of change of f.

Also, from (%), if U is a unit vector in direction PQ, then v = (cosa) T+ (sina) J and the

directional derivative of f in the direction of v is

Dyf = (grad f) - v =Vf - ¥
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Summary of directional derivative and gradient for functions of two independent variables

Let U = u i+ u,J beaunitvectorin RZ.

The directional derivative of f(x,y) at (xg,y,) inthe direction of % is the number

_ f(xo + suy,yo + suz) — f(x0,¥0)
Dy f (x0,¥0) = £1_Y>18 S

provided the limit exists. This is the rate of change of f(x,y) at (xg,¥o) in the direction of

—

u.

N

To compute D3;f (xg,Y0), We may also use the

Surface S: Tangent line to curve C at (xg,Y0)

z=f(xy)
formula

of af
Ix (x0, ¥0) + s 3y (0, Yo) | e yo)

- |

f(xo + suq, yo + suy) — f(x0,¥0)

|

|

|

:

Dﬁf(xo;)’o) = U :

~
~
P T
~—

The slope of curve C at P'(xy,7y,) is the //

(xo + suy,yo + suy)

directional derivative D3 f (x, Yo)-
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The gradient of f(x,y), denoted by grad f, is the vector

of , of .
gradf—Vf—al+@]

which gives the magnitude and direction of the greatest rate of change of f ata point.

In terms of the gradient vector Vf, the directional derivative of f(x,y) at (xq,y) in the

direction of the unit vector © = u; T+ u, j can be computed as

Dyf (x0,¥0) = Vf(x0,¥0) " U
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The above discussion can be generalized to functions in 3 or more independent variables.

For example, the directional derivative of f(x,y,z) at (xg, Vo, Zp) in the direction of a unit

vector U = uyl+ u,j + usk in R3 is defined as

o f(xg + suy,yo + suy, zg + suz) — f(x, Yo, Zo)
Dﬁf(xo, yO;ZO) — E_{% S

provided the limit exists.
The directional derivative of f(x,y,z) in the direction of u, that is D3;f(x,y,z), can be

computed by using the formula

. df daf of
Dﬁf(x;}’;z) — Vfu =ula_+uzay+ SaZ ’
where
of I %
Vf=—1i+—7+—k
f 0x ay 0z
is the gradient of f. Here, V=1 aa_x +7 % +k % is the vector differential operator.
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fo(ay an)\
Now, we would like to show that the gradient Vf(ay,...,a,) = : +0 of f

fr (@1, ) @)

at (aq,...,a,) pointsin the direction in which f increases most rapidly.

U1
Let v = ( : > be a unit vector, i.e. || = 1. Then by Cauchy-Schwarz inequality, we have
v‘n

1Dsf(ay, ..., an)| = |Vf(ay, .., an) - V| < |Vf(ay, ...,a)| V] = |Vf(ay, ..., an)l.

Vf(aq,..,an)

In addition, let w =
|Vf(a1,... »an)|

be a unit vector in the direction of Vf (a4, ... ,a,).

Then,

] Vf(alr ...,Cln) _ |Vf(a1, ""an)lz
|Vf(a1, '"Jan)l |Vf(a1, '"ran)l

Duf(aq,...,a,) =Vf(aq,..,a,) - w=Vf(ay..,a,)

— |Vf(a1' "'ran)l
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It follows that the magnitude of D3f(aq,...,a,) is the maximum when ¥ points in the

direction of Vf(ay, ..., a,).

Therefore, at (a4, ...,a,), f increases most rapidly in the direction of Vf(aq,...,a,), and

fx1 (aI) ery an)
the maximum rate of increase is |Vf(a4, ...,a,)|, where Vf(ay,...,a,) = :
fr, (a1, .., ap)
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Example 40

Find the directional derivatives of the following functions in the given directions:
(a) f(x,y) =x%+2xy at (1,2) inthedirectionof ¥ =17+ J;

(b) f(x,y,2) =x2z+y32% —xyz at (0,—1,2) in the direction of & =7 — 2] + 2k.
Solution

(a) The unit vector U inthe directionof v =7+7 is

A S
u = = L+

Bl vz V2

Method 1: Using the formula D:f(xn, Vo) = Vf(Xa, Vo) - U

fle,y) =x*+ 2xy
fo=2x+2y = £.(1,2)=21)+2(2) =6
f,=2x = f,(1,2)=2(1) =2

Daf(1,2) = Vf(1,2) T = 61+ 2D (= F)—m)(f)m)(%):%

Page 60

ﬂ|~



Semester A, 2023 -24 MA2001 Multi-variable Calauduns and Lineor Algebraw

Method 2: Using the definition of directional derivative

. [f(xq +suq,yo + suy) — f(x0,¥0)
D3f (x9,y0) = Ll_f){)l S )

1
where xo =1, yo =2, uy =—= and u, = —, we have

5 7
fFll+=2+=)-7(1,2)
Daf(1,2) = lim (52 5)

0 S

o [(1 +%>2 +2(1 +%) (2 +%)] 12 4 2(1)(2)]
s—0 S
s—0 S

- im(5+3)
8

V2

Chapter 2B
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(b)  The unit vector u inthe directionof v =1— 2]+ 2k is

v o1, 2 2 >

l=—=—-i——j+-k
YT T3 3073

f(x,y,2) =x%z+y3z% — xyz
f,=2xz—vyz = f(0,-1,2)=2

fy =3y?z* —xz = f,(0,—1,2) =12
f,=x2+2y3z—xy = f£,(0,—-1,2) =—4

+ Dzf(0,—-1,2) = V£(0,-1,2) -4
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Example 41

For each of the following functions, find the direction in which the function increases most

rapidly at the given point P, and find the maximum rate of increase.
(a) f(x,y) =x%—6x—y? at P(—1,5);

(b) f(x,y,2z)= ze*’Y at P(2,0,3).

Solution

(a) f(x,y) = x? — 6x —y? increases most rapidly at P(—1,5) in the direction

_(2x—6 _ (-8
B ( —2y ) - (—10)
and the maximum rate of increase is

IVF(=1,5)] = /(=8)2 + (—=10)2 = V164 = 2V41

o5 = (i)

(-1,5) (—1,5)
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(b) f(x,y,2) = ze*"Y increases most rapidly at P(2,0,3) inthe direction

fx 2xyzex "V 0
VF(2,0,3) = | £, = ,2,0%% =<12>

1

2
X
fz (2,0,3) eV (2,0,3)

and the maximum rate of increase is

IVF(2,0,3)| =+/02 4+ 122 + 12 = /145
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Example 42

Find the rate of change of f(x,y,z) =10+ xy + xz+ yz at the point (1,1,1) in the
directionof v =747,
Solution

The unit vector u inthe directionof v =747 is

U=—F=—1+—7
ol v2 V2
fx y+z 2
Vi(1,1,1) =\ fy = (x + Z) = (2)
f2 (1,1,1) X+ (1,1,1) 2

2
Dzf(1,1,1) =Vf(1,1,1) - U = (2) :
2
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Example 43

Suppose that the temperature (in degree Celsius) at the point (x,y,z) is

1
w=f(xy2z)= 180 (7400 — 4x — 9y — 0.03xy) — 2z.

Suppose a hawk hovering at the point P(200,200,5) above the airport suddenly dives at a
speed of 3 km/min in the direction specified by the vector (3,4,—12)". What instantaneous
rate of change of temperature does the bird experience?
Solution
The unit vector in the direction of 37+ 4] — 12k is

3T+47-12k 3, 4, 12
J3% + 42 + (—12)? 137 13 '

The temperature gradient vector

of , of , Of -
Vf(x,y,z)zal+ay]+ k

—
u =

—4—-0.03y, —-9-003x, -
L+ J— 2k

0z 180 180

has the value
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~4-0.03x200  —9-003x200. -

V£(200,200,5) = s [+ s 7—
10, 15,
~ 180" 180’

at the initial position P(200,200,5) of the hawk.
Therefore, the hawk’s initial rate of change of temperature with respect to distance is
D3 £(200,200,5) = Vf(200,200,5) - u

_( 10 , 15 21_5) (39+49 12]_€)
~\"180"' 180’ 13' 7137 T 13

= 1.808 °C/km

. d . : :
Its speed is = =3 km/min, so the instantaneous rate of change of temperature experienced

by the hawk is

dw AW S 1808 x 3 = 5424 °C/mi
it asat Pyt - /min.
Thus, the hawk initially gets warmer by almost 5.5 degrees per minute as it dives toward the

ground. []
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