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Motivation of Limit

We consider the following function

fx) = —

x3+2x—3

x< —1

e The function f(x) is not defined at x = 1 since the denominator equals to

0.

¢ Although we have no idea about the value of f (1), we still wish investigate

the value of f(x) when x is closed to 1.

X f(x) X f(x)
0.99 |2493578 | 1.01 | 2.502537
0.999 | 249975 | 1.001 | 2.50025
0.9999 | 2.499975 | 1.0001 | 2.500025
0.99999 | 2.499998 | 1.00001 | 2.500003

/

2.5

0

e We observe from the above table that f(x) is closed to 2.5 when x is
closed to 1. This leads to the concept called “limits”.
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Definition of Limit
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Example 1

L =7 =(=1) (%47

I A
Let f(x) = );—_11, find the value of lim,,_,; f(x) using the graph of f(x).

©Solution:

The following figure shows the graph of y = f(x). (Remark: f(1) is NOT

defined!)

y=fk)

1

> X

X f(x)
0.9 1.9
0.99 1.99
0999 | 1.999
1 ??
1.0001 | 2.0001
1.001 | 2.001
1.01 2.01

From the graph and the table, we conjecture that lim,._,; f(x) = 2.
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Limit of continuous function (Useful Fact)

If a given function f(x) is continuous’ (no “break” and no “jump”), then

lim £ (x) = f(c).

f(c)

n e ————— —

Example of continuous function:

X

y =¢, y =x", y = e¥, y = cosx, y = /x.

' We will give a precise definition of “continuous function” in later Chapter.
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Example 2
Find the value of

lim(5x — 3), lim cos(x?)
xX—4 X—2

©Solution:
One can plot the graphs and observe that both functions are continuous.
So using the above fact, we get

lirrlll(Sx —3)=54)-3=17,
x—

lim cos(x?) = cos(2?) = cos4 ~ —0.6669.

xX—2

MA21200 Calculus and Basic Linear Algebra
Lecture Note 6: Limits



Example 3 (The limit may not exist)

We define the function f(x) as

_(x+1 if x<0
f(x)_{z if x>0

What is lim, o f(x)?

©Solution

f(x)tendsto 1

when x tends to 0
fromtheleft ~ "

f(x) tends to 2
when x tends to 0
from the right

V4 > X

Hence, lim,_, f (x) does not exist (since L cannot be found).
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Example 4 (The limit is not real number)
We let g(x) = x—lz for x + 0, what is lim,_,5 g(x)?

©Solution:

y=g(x)

v
=

0

One can see that g(x) tends to vary large values when x — 0. So lim,._,, g(x)
cannot be real number and therefore does not exist (We may write

limy_o g(x) = 0.)
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Example 5
Does the limit lim,._,, sin G) exist?

©Solution:

1

. . . . . (1
Since sin (x) oscillates between —1 and 1 when x — 0, thus lim,._,, sin (;)

does not exist.
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Some insights about limits

e The computation of lim,._,. f (x) does not require the value of f(c) (It just
needs the value of f(x) near x). Therefore, lim,._,. f (x) may exist even
though f(c) is not defined (see Example 1).

e If the given function is continuous, one can obtain the limit lim,._,. f (x) by
substituting x = c into f(x) directly.

e The limit of a function may not exist (as a real number) at some points.
Some possible reasons are /28 VL\W"‘Fs
i. f(x)isnot“continuous” at that point (see Example 3),
ii. f(x) tends to infinity when x tends to a particular point (see Example
4).
iii. f(x) continues to oscillate when x tends to this point. (see Example 5)
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So far, we compute the limits or check the existence of limits by drawing graphs

or by computing the values of f(x) near x = ¢ and estimating the limit by
investigating the trend.

Two Questions

e How to check the existence of limit mathematically (instead of drawing
graph)?
» One-side limit: Left-hand limit and Right-hand limit.

e How to compute the limits for more complicated functions?

> Properties of Limits 45[/& 22 !
» A few algebraic tricks (when “Properties of Limits” cannot be applied
directly)
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Existence of limits

According to the discussions in Example 1 — Example 4, we have the following
observations.

e The limits lim,._,. f (x) = L exists (as a number) if f(x) tends to L when x
tendstoc fromtheleft and from the right. (See Example 1 and 2).
e The limits lim,._,. f (x) does not exist if either
v" f(x) tends to different limits when x tends to ¢ from the left and
from the right (Example 3) or
v f(x) tends to very large number when x tends to ¢ from the left and
from the right (Example 4)or
v f(x) does not tends to any number when x tends to c either from the
left or from the right.

on-by

Therefore, the existence of limit can’be examined by investigating the limits of

f (x) from ene direction-onlyfteftorright). Aifferent directions.
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lim_f(x)

x—c~ I x—c

I . . .
(INft-hand limit) |,/ (right-hand limit)

lim f(x)

> X

G
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Relationship between one-sided limit and existence of limits

lim f(x) i / Jim, /(0 lim f(x) i

xX—Cc™
1
|
|
|

lim f(x) does not exist lim f(x) exists and lim f(x) = L.
X—C X—>C X—C
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Example 6
. . 1 . . 1
Given a function f(x) = ~, determine whether the limit lim,._,, — exists.

©Solution:

We consider the left hand limit and right hand limit. Note that when x — 0, the

: .1
denominator becomes very small and the fraction - becomes very large. So we

expect that [ ! !
1 " Sy
. L 1o y =- i
lim — = +oo x
x—0t X —
%<0 -
17 |
lim — = —o0 ¥ I 1
x->0" X \
i | L]

: . 1, . 1 | L 1, :
Since lim,_, o+ ~F lim,_,o- = hence the limit lim,._, - does not exist.
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/y X ki
Example 7 ) r 2
J

3 .
Consider the function f(x) = {xo l;{i ;_& 1,

check whether the limits
lim,_; f(x) exist.
©Solution:
One can check the existence by computing lim,_,4- f(x) and lim,._,,+ f (x):
xli_)r{grf(x) = xll;nllﬁi =13 =1.
x#1=>f(x)=x3
Similarly, we have lim,_- f(x) = 1.

Since lim,._;+ f(x) = lim,_,4- f(x), we conclude that lim,_,; f (x) exists and

lim f(x) = 1.

x—1

[Buf vvm[c fKalL -(9(1):- 0,]
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Example 8

x3 ifx<1
Consider the function f(x) =4 1 . , check whether the limits
23 lf x>1

lim,_; f(x) exist.
©Solution:

One can check the existence by computing lim,_,4- f(x) and lim,._,,+ f (x):

lim f(x) = limx3® =13=1.
x—1" x—1"

x<1=f(x)=x3

li = lim — =1.
xg{l"' f(x) xg?"' x3
x>1::>f(x):xi3

Since lim,._;+ f(x) = lim,_,4- f(x), we conclude that lim,_,; f (x) exists and

lim f(x) = 1.

x—1
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Example 9
We let f(x) = —. Does the limits lim,._,o f (x) exist?

©Solution:

x if x=0

Recall that x| = { Again, we consider the left hand limit and

—-x if x<0°
right hand limit:
x| X
lim — = hm— = 11m 1=1,
x-0t Xx x-0tx “w x-o0t
—— x%0
x>0
=|x|=x
| x| . =X
lim — = lim — = lim (—1) = —1.
x-0" X x>0 X x—->0"
N———
x>0
=>|x|=—x
Si li Ix * li l | li X |d t t
ince lim, _, o+ — » im, _,g- —, so lim,_, oes not exist.
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2 —
Example 10 ; ; +—>
7 7 U

Let [x] be the greatest integer less or equal to x (e.g. [7.2] = 7,[7.9] =
7,17] = 7). Determine whether the limits lim,_ 3 [x] exist.

©Solution:
We consider the left-hand limits and the right-hand limits again.
When x approaches to 3 from the left, x = 2.xx... so that [x] = 2. Then

lim [x] = lim 2 = 2.
X—37 xX—3"

When x approaches to 3 from the right, x — 3.xx... so that [x] = 3. Then

lim [x] = lim 3 = 3.
x—3% x—-3%

Since lim,,_,3-[x] # lim,_3+[x], we conclude that lim,_3[x] does not exist.

Note: The values of f(x) near x = 3 is enough to compute the limits.
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Example 11

We consider the function

2cosx ifx=0
—cosx Iif x<O0°

Feo =1

Determine whether the limits lim,._,¢ f (x) exists. How about the limits

lhnxﬁff(x)?

©Solution:
For lim,._, f (x), we consider the left-hand limits and right-hand limits:

lim f(x) = lim 2cosx = 2cos(0) = 2,
x—-07 x—-0%

0
lim f(x) = lim —cosx = —cos0 = —1.
x—0" x—0~

Since lim,._, o+ f(x) # lim,_,o- f(x), so the limits lim,_,, f (x) does not exist.
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For lim__ = f(x), we can again consider the left-hand limits and right-hand
4

limits:

T
lim f(x) = lim 2cosx = 2cos— =2,
ot t 4

X—>~ X——

4 4

11r7rT1_ f(x) = 11r7rtl_ 2cosx =2 cos, = 2.

X—>— X

4 4

Since llmx_%+ f(x) = llmx_%— f (x), hence the limits llmx_)%f(x) exists

Remark:

. . T q q .
Since f(x) = 2 cos x when x is closed to " and 2 cos x is a continuous function, hence

it is always true that
lir7rT1+ fx) = lir%l_ f(x) = lim f(x).

x_>Z x—>Z X—>Z

Acually, we do not need to consider the right-hand limit and left-hand limit when
computing the limits lim__ = f (x).
4
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Computation of Limits
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Example 12

2

. - " : 4+
Find the limits llmx_,z(x?» sin x) and llmxﬁo(x 1:;: x)

©Solution:

For the first limits, using the properties of limits, we have
2 (, 2 { 2 % 2
lim{x3 sin x)z (lim x§) (lim sin x) = (lim x) (lim sin x) = 23sin2
X—2 X—2 X—2 X2 X—2
~ 1.4434.

For the second limits, note that lim,_,o(1 + x2) = 1 # 0. Using the properties
of limits again, we get ([(_)

. 4 . 4 .
4 lim(x* + cosx limx®* + lim cos x
X +cosx_x_>0( )_x_>0 x>0 _0+1

x-0 1+ x2 lim(1 + x2) A lim 1 + lim x2 14+0
x—0 / x—0 x—0
2.9
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Some algebraic tricks in computing limits

Suppose we would like to compute the following limits,

x4+ x-2 - V/x2+100—10 ~ sin#6
lim , lim ; lim
x->1 x2%2—x x>0 x2 6-0 0

One can see that the properties of limits cannot be applied since the limit of

denominators (x? — x, x?, 8) tends to 0 and the properties of limits require the
limit of denominator to be nonzero.

In order to compute the limit, one has to “transform” the limits into another
form so that the above problem does not happen.

N—

 There are two major methods:

e Cancelling/ Creating a common factor

e Using inequalities method (sandwich theorem)

/\
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Method 1: Cancelling/ Creating a common factor

e The method tries to cancel all factors with zero limits in the denominator.
One way is to factorize both numerator and denominator of the expression
and cancel some common factors.

Example 13 (Direct Factorization)

o, g (¢) wm‘wé

Compute \(
(
. x%43x  x’+x-—6 l o 4
lim ————, lim > . - =
x—0 X x-2 x4 —4 D)
©Solution
1°" limit

(Step 1: Factorize numerator and denominator and make cancelation)

x?43x _ x(x+3) _
x x

x + 3.

For x #+ 0, we have
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(Step 2: Compute limits)

o ox*+3x _ _
Iim————=lim(x+3)=limx+1lim3 =0+ 3 = 3.

x—0 X x—0 x—0 x—0
Note: Recall that the computation of limits only require the value of f(x)
near x = 0 but not f(0). So we can cancel the factor x in the calculation.
2" limit
(Step 1: Factorize numerator and denominator and make cancelation)

x?4x-6 _ (x+3)(x—2) _ x+3
x2—-4  (x+2)(x-2) x+2’

For x + 2, we have

(Step 2: Compute limits)

Since lim,_,, (x + 2) = 4 # 0, then )
y x‘+x—6 ’ x+3 Vimx+3) 5
xon xZ — 4 _xl—rg.x+2 a lirr%(x+2) T4
X—
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Z/grk'-\. ¢

Example 14 (& )
. nq r'/
Compute the limits / ( [@ /Wﬂmao/>
y x3+1 v O
o X2 —x—2 — E

©Solution
Since lim,,_,_; (x> — x — 2) = 0 so we cannot use properties of limits directly.

In fact, for x # —1, we have

x£—1
x*+1 (x+ D(xPeex + 1) 710 e x + 1
x2—x—-2  (x=2)(x+1) B x—2
Now lim,__;(x — 2) = —3 # 0, so by properties of limits, we get
x4+ CoxPepx 41 Jmxfx 4l (1) 4 (—1) 41
lim — = lim = _ = = — 7
x->-1X%4—x—2 x--1 Xx—2 7/ xhrzll(x —2) (-1) -2

. )
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W"‘Oﬁj /
Example 15 Ug(Lﬂ [%) Mﬁ/ixetgz
Compute /
tan x — sin x v 0
lir% sindx = —
x— —_
O
©Solution:

Since sin® x — 0 as x — 0, so the property of limits cannot be applied. Note
that for x # 0, we have

sSin x .
tanx—sinx_cosx—smx_Cosx—l_ 1 —cosx B 1 —cosx
sin3x  sin3x  sin?x  sin?xcosx (1 —cos?x)cosx
1 —cosx 1

B (1 —cosx)(1+ cosx)cosx - (1 + cosx)cosx

Since (1 + cosx) cosx — 2 # 0 as x — 0, by the property of limits, we have

I tanx—sinx_l_ 1 _ 1 _1
X0 simdx | x50 (14 cosx)cosx (1+cos0)cosO 2

MA21200 Calculus and Basic Linear Algebra
Lecture Note 6: Limits



Example 16 (Rationalization)

Compute waive "
- Vx2+100-10
X—

©Solution:

It is infeasible for us to factorize the numerator and make cancellation (the
existence of square root). Instead, we transform the expression by “creating” a
new factor.

Note that for x # 0,
Vx2+100—-10 _ Vx2+100—10 (\/xz + 100 + 10)

x? x? Vx2 + 100 + 10
(a—b)(a+b)
=a=b* . x2 4100 — 102 ? 1

X
x2(VxZ + 100 + 10)  x2(VxZ + 100 + 10)  VxZ + 100 + 10
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Since lim,_,, Vx2 + 100 + 10 = 20 # 0, using properties of limits, we get

 Wx2+100-10 1 1
lim - = lim = —
X0 x x-04/x2 + 100+ 10 20
Example 17 (Lf—] "\6?/'1/86/ /VWL ooLoE )

Compute the limit ( /
x?—1 14 0

1m J— —_—

x>1yx +3 —2 0

©Solution

We multiply both numerator and denominator by a common factor:
. x?—1 ’ x?—1 (\/x+3+2)
1m = 11im
x21lyx +3—-2 x21yx+3—=2\Vx+3+2
@-b)la (x2 —1D)(Vx + 3 +2) y (x—1)8c+1)(\/x+3+2)
= 11im

=5 b = lim

x—>1 X+ 3 — 22 x—>1 x—1
=lim(x+D(Vx+3+2) =1+ D(V1+3+2) =8
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Example 18 (Application of Product-to Sum Formula)

Compute the limit

I I
_ sin 5x — sinx _ sin 2x O
lim , lim — : =
x-0cos(2x + 1) — cos(2x — 1) x—0sin 7x — sin 3x 0
©Solution:
IDEA:

Note that the denominator of both expressions when x — 0, the property of limits can
be applied. In order to do some algebra, one has to transform the expression into the
product of the functions using product-to-sum formula.

For the first limits, we have

I sin 2x I sin 2x
im — _ = lim —
x-0sin7x —sin3x  x=0, (7x -5 Sx) sin (7x . Bx)

sin A—sin B=2 cos(A;B) sin(#)
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’ sin 2x ’ 1 1 _ 1
T X502c0s5xsin2x  x902c0S5x 2 oS 5(00) 2

Consider the second limit, we have
sin 5x — sinx
lim
x-0cos(2x +1) —cos(2x — 1)
sin A—sin B= 2cos( )sm( )

A
7 Y

. 7 cos (sz-l— ) (Sx — x)

=0 o ’(Zx + 1)+ (2x — 1) [(Zx +1)— (2x—1)
2 2

COSA—cosB=-2 sm(A;B) sm(A;B)

cos(3x) sin(2x) _ Cos3x 1
= |1 — = — |1 = —

x-0  sin(2x)sin1 x~0 sin1 sin1
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Method 2: Using inequality method (sandwich theorem)

This method consists of two steps:
We wish to compute lim,_,. f(x),
Step 1: Find two functions g(x) and h(x) such that

g(x) < f(x) < h(x)

Step 2: Suppose lim,._,. g(x) = lim,_,. h(x) = L, then from the above
inequality, we have

L=Ilimg(x) <limf(x) <limh(x) =1L
X—C X—C X—C
Using this inequality, one can conjecture that

lim f(x) = L.

X—C

Formally, this result is known as sandwich theorem (or squeeze theorem).
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Example 19
Compute the limit
_ 1
lim x cos (—)
x—0 X

Note: Since the limits lim,._,, cos (;) does not exist, the property of limits

cannot be applied directly.

©Solution:
Note that —1 < cos (i) < 1, then we have
1
—X < X COS (—) < Xx.
X

Since lim,._,o(—x) = lim,_,o x = 0, then the sandwich theorem suggests that

1
lim x cos (—) = 0.
x—0 X
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Example 20 (Useful Fact)

Show that

I sinf
91—% 7

©Solution:

(Step 1: Find g(0) and h(0) such that g(0) < Sige < h(9))

To do this, we first consider the case when 8 = 0. We consider the following
diagram: (The circle has radius (2&8858) 1)

r=1

0 B
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It is easy to see that

Area of AOAB < Areaof sector 0AB < Area of AOCB

=%OA><OB><sin 6 =%(12)0 =%CB><0B
1 . 1 1
=7 sin @ —59 =3 tan @
=We® for O=zim,r=1
= area  of Pull cirele
/]

C
< < R;.ka:,%'a > ‘fﬂk V]
0 7 g 0' 1=Res(8) B
This implies
L inf < f<-tanfo1<——<— A28 06k foro=0
_ — — = = :
2o 2 2 sinf coso =g = for8=z
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For the case when 8 < 0, we write 8 = —¢ where ¢ > 0. Then replacing 8 by ¢ in the
above inequalities, we have

1> sin S 5
Ccos @.
¢
Substitute ¢ = —6 and note that cos(—8) = cos 8, sin(—0) = —sin 6§, we have
sin(—0) sin 6
1 >_—0>COS(—9) :>1>T>c050 for 6 <O.
Combining the two cases, we deduce the following inequalities
sin 6
i > > cosf
h(6) 9(0)

(Step 2: Use Sandwich theorem)

Sincelimg_,1 =1 and limg_y cos @ = cos 0 = 1, then by sandwich theorem, we get

sin 6

. ﬂ
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Example 21
sin 6

Using the fact that limg_,, = 1, compute
I sin 2x p sin(x — 1)
xlir(l) 3x an xl—rg x% —4x + 3
©Solution:
y sin2x y 2x (sin2x\ y 2 sin 2 take §=2x2
=0 3x _x133>3x( 2x )_xli%3 2x 3
sin(x —1) sin(x — 1)

I; —
xo1 X% — 4x + 3 x-1(x —1)(x — 3)

~{[sin(x — 1) 1 \\take O=x-1 1
= lim ( ) = 1 X T —

x—1 x—1

= Sl —

7 G20

ﬁ'—h@
S
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Example 22

Compute the limits
~ (sin 3x)?
lim — :
x—0 X* COSX

©Solution:
Note that cos x tends to 1 as x = 0 and it does not give us any trouble in

computing the limits. So we just need to concentrate on (sin 3x)? and x?.

sin @
—_— — 1
o)

Using the fact that limg_,,

- (sin3x)? sin 3x\ /sin 3x 1
i s~ 1| (5 (5) (&50)
X COS X

x-0 X2 Ccosx  x-0 X
) sin 3x\ /sin 3x 1 takeﬂg:gx
x>0 3x 3x / \cosx
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Example 23
Compute the limit

Sin(% + h) — sin%

Hm h

©Solution:
We try to combine the two sine functions in the numerator using sum-to-

product formula:

X + X —
sin4 —sin B = 2 cos ysin Zy
T T T T
—+ h+ - —+ h—=
sin(z + h) — sin— 2 cos 2 4 sin4 4
. 4 4 .. 2 2
lim = lim
h—-0 h h-0 h
T h\ . (h
 2cos(7+y)sin(z) r hsin(h/2) @ n 1
= lim =11mcos<—+—)—=cos—=—.
h—0 h h—0 4 2/ h/2 4 2
—>cos% -1
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Example 24
Compute the limits

cosx —1

lim
x—0 X

©Solution

In order to apply the given result, we first express the numerator in terms of
sin x. There are two different ways to do this:

1*" method (taught in old AL syllabus)

Using compound angle formula (cos(4 + B) = cos A cos B — sin A sin B), we
have

X X x x X X
COSX = COS (§+§) = COSZE— sinzz = (1 — sin? E) — sinzz
— 1 - 2sin?=
>
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o X o X
cos x — 1 1—251n27—1 sm27

lim = lim = lim —2 = ...
x—0 X x—0 X x—0 X
- - X
)] ey
=31C1£I(1)— TSIH(E) = —1x0=0.

2" method: Using sum-to-product formula

Note that 1 = cos 0, then we have

- cosx—1 - cosx —cos0
lim = lim
x—0 X x—0 X
COSA—cosB
. A+B . A-B
—— . x+0 . x—0 . o X
S 2 SI—5 —2sin 5— sin=— —2 sin? 5
= lim = lim
x—0 X x—-0 X
T . (X ] _X
sin (7) X takfe;\@ >
=lim—Tsin(—) = —1x0=0.
x—-0 7 2
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Limit at infinity

Previously, we look at the limits of a function when x tends to some real
number c. In many applications, one may be interested in investigating the
limits of a function when x tends to infinity (co or —o0).
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Example 25

Compute

lim —, lim cos x

X000 X X — 00

©Solution:

: 1
(a) The denominator becomes very large when x — oo so that - becomes

. 1 v
small (close to 0). Hence lim,._, », - = 0. /

(b) One can observe from the figure that the

function still oscillates when x is large. |
So lim,._,,, cos x does not exist. /\ /\ /\ A y = c0sx
S— 7] &

VR VARY
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How to compute limits at infinity?

Even f(x) is nice (continuous), one cannot compute the limits lim,_,,, f(x) =

L by direct substitution since we cannot perform any algebraic operation on
the oo, —oo. For example narve ol yf[‘f) , %A: 22 /y/h 4014 C ’/
o oxt—-x—-1V 002 — o0 — 1
lim = =777
x—-00 2x% + x + 3 2002 + 00 4 3

cannot calculate anymore

The following facts are useful in computing the limit to infinity
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Example 26 (Using properties of limits)

Compute
!
o 3x%+x*—3x%+6 og I
lim c = D
X— 00 x6—2x—1 8%
©Solution:
-0 -0 -0
3x6 +x*—3x%2+6 T 3 6
’ 3x6+x4—3x2+6_1_ 0 _ 3+x2_x4+x6_3
roo 2x6 —2x — 1 ame 2x6—2x—1 x50 ,_2_1 2
6 .5 L6
X X .26;_}
:6 -0

Note: One cannot calculate the limits by using properties of limits directly.

: 6 1 1 4 1 2 :
- 3x6 + x* — 3x% + 6 Am 3x° + ;Lrl.}ox J11_)r£10 3x“ + ;1_)12106
xoo  2x6 —2x —1 lim 2x6 — lim 2x — lim 1

X— 00 X—0C0 X—0C0

It is because the limits of each term does not exist as a number.
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Example 27

Compute the limits

lim (Vx + 1 —+/x), lim [x + 2vVx —Vx

X—00 X—00

©Solution:

lim (\/x +1~— \/§)

X — 00 va

: A
(ETIEDETIVD  (wh)ab)=d)
BT Rri4v

oxgl-x +1

= lim = lim = (.
ooyx +1++/x e Vx+14++x
denominator— oo
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' PN (\/x+2\/§—\/§)(\/x+2\/9_c+\/3_c)
im _[x x —+/x = lim

= = Vit 20z + V3
_ (x +2vVx) —x . 2/x
x_’°°\/x+2\/_+\/_ x> x4+ 2vx +Vx
2Vx
= lim VX
x_’°°\/x+2\/_+\/_
\/E
= lim

x—>00\/7 \/ﬁ+1
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Example 28 (Using Sandwich Theorem)

Compute

COS X

lim >
X—00 x

©Solution:

Note: Although lim,._,, cos x does not exist, note that the numerator is

bounded (varies from —1 to 1) and the denominator tends to very large

number (as x — ), hence, we expect that lim,._,, Czsx = 0.

1
Note that —1 < cosx < 1, sowe have ——= < .
x2 x2 X

: . 1 . 1 :
Since lim,_, o —== lim, == 0, we use Sandwich theorem and conclude

that

COS X
lim — = 0
xX—oo X

MA21200 Calculus and Basic Linear Algebra
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Example 29
Show that for any real number x # 0

n

n—oo

n

©Solution:

X

lim (1+E) = e”.

y
Using the fact that lim,,_,, (1 + %) = e, we have

FaC)
i (143) = jim

X

1 1
= lim 1+ﬁ = | lim 1+ﬁ
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Extra Example 1 (Another application of sandwich theorem)

Let f(x) be a function such that the value of f(x) is always a single-digit
positive prime number for every x € R. Compute the limits

6 1 cin2 —
limx + sin x. 7‘9@) éiz/ ’5/%??
2 (0

©Solution

One cannot compute the limits by considering

. 6 . . 2
6 1 cin2 lim x® + lim sin“ x
” x° +sin“x 14 o

=0 @ lmf@)

Since the limits lim,._,¢ f (x) may not exist and we do not know the value of

lim, _ f (x) even it exists.

Because of this, one has to “eliminate” f(x) by using some inequality
technique, so we will compute the limits using sandwich theorem.
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Since f(x) is a single-digit positive prime number (i.e. f(x) = 2,3,5,7), so we
must have 2 < f(x) < 10. Then we have (note that x® + sin® x = 0)
x® + sin? x <x6 + sin® x <x6 + sin® x
10 - f(x) - 2

Taking limits on both sides, we have

01 x® + sin? x <1 x® + sin? x <1 x® + sin? x 0
= 11m S 11Mm S 11mM =
x—0 10 x—0 f(x) x—0 2

Therefore by sandwich theorem, we conclude that
x5+ sin?
lim

0 f(0)

X
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.
=21
Extra Example 2 5 “’(Z?Q ) —> 0

Compute the limits ‘/

2Xx
lim éin 2X COS [—]

X—OT T

where [y] denote the greatest integer less than or equal to y.
©Solution:

. .. . 2x . . . 2x
Again, the limits lim,._,; cos [7] does not exist (since lim,._, ;- cos ?] =

cos 1 and lim,_, _+ cos [2?91 = cos 2)

Using the fact that —1 < cosy < 1, we have —sin 2x < sin 2x cos lz?x] < sin 2x.
= 0 = —sin 2w = lim(—sin 2x) < lim sin 2x cos [—] = lim sin 2x = sin 2w = 0.
X—>TT X—TT T X—TT

By sandwich theorem, we conclude that

2x
lim sin 2x cos [—] =0
X—OT T
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Final Remark about the use of sandwich theorem

e The main purpose of sandwich theorem is to “eliminate” some terms
which the limits does not exist. One may consider sandwich theorem when
he encounters the following limits:

1 2X
lim x cos (—) , lim sin 2x cos [—] , limx f(x)
x—0 X X—T T x—0 ——
- ~— No idea
llmlt: not llmllt not about f(x)
exist exist

e However, one should NOT use sandwich theorem and should stick to the
properties of limits if the limits of every terms exist, say

lim x sinx, lim e* cos|[x].
X—=TT W S——r X—-2TT ~~ ~————
- -0 —2T —cos6

e Also, the use of sandwich theorem requires some inequality techniques.
One should not rely too much on this theorem if he/she is not skillful in
inequalities.
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More Examples on Classical Limits
Extra Example 3

Compute the limits

sin 3x sin 5x

lim
x—0Ssin 2x sin 4x
©Solution:
Note that
_ _ sin 3x\ /sin 5x
. sin3xsin5x ( X )( X )
lim — . = lim — .
x-0Ssin 2x sin4x  x—o0 (Sln Zx) (sm 4x)
X X
sin 3x\ /sin 5x 1im5”919:1
: 3X5(3x )( 5x )9—>0ﬁ 15
- 2 X 4 (sin Zx) (sin 4x) - g’
2x 4x
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Extra Example 4

(a) Show that
tan x

lim
x-0 X
(b) Hence, compute the limits
~ sin(2tan 3x)
lim :

x—0 X

©Solution:

(a) Using the identity tanx = %, we get

~ tanx ~sinx ~ /Sinx 1 1
lim = lim =hm< )( )=1><< )=1.
x->0 X x->0XCOSX x-0\ X COS X cos 0
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(b) Notethat2tan3x — 2tan 0 = 0 when x — 0, thus

~ sin(2tan3x) . sin(2tan3x) (2 tan Bx)
lim = lim
x—0 X x-0 2Z2tan3x X
~ sin(2tan3x) tan 3x
= lim 6) =1xXx6Xx1=06.
x-0 2tan3x 3x

~—_————

-1as limsmezl —-1as limtan9=1

6-0 0O 6-0 0
O X 2 fun (3%)

Extra Example 5

Compute the limit

fanx — tana

lim
x—a X—a

where a is real number such that cosa # 0 (so that tan a is defined).
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©Solution:

Note that
sinx sina
tanx — tana — Sinx cosa — sina cos x
lim = |im £88X €0Sa _ i
x—-a X —a x—a X —a x-»a (x—a)cosxcosa

By compound angle formula

sin(A — B) = sin A cos B — sin B cos A.

_ sin(x — a) 1 sin(x — a) 1

= |lim = lim

x-a (X —a)cosxcosa CoOSax—a X —a COS X

-1 as limsm0=1
6-0 0
and x—a—0
1 1 1 ,

= X 1 X = ———(or =sec”a).

cosa cosa cos?a
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More Examples on Limits to infinity
Extra Example 6

Compute the limits
_ 1 1\"
lim (1 +—+ —2)
n—oo n n
©Solution:

27
The expression looks like the form (1 + 7—17) and one may consider to

. T 1\* : :
compute the limits using lim,_, », (1 + ;) = e. So firstly, we should rewrite
the expression a bit.

Note that

_ 1 13\" _ n+ 1\" _ 1
llm(1+—+—) = lim (1+ ) = lim | 1+
n—oo n nZ n—oo nZ n—oo nZ

n+1
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n_z(n_ﬂ)

n+1\ n

= lim |1+
n—oo

n2
n+1

—00
2 ~

. n
As lim —
n—=o ni+1

n
ST
-1

lim

n—-00

n+1

n?21n
n+1
1
nZ
n+1

B no_ :
= lim,,,,o —5 = 0 and lim,,_, ,

n+1

— = lim, (1 + %) =1,

X 2
Using the result lim,,._, o, (1 + i) = e (with x = %), we have

-1
n+i
] n21n
n+1
_ 1 1\" _ 1 |
lim (1+—+—2) = lim || 1+ 5 —e" =e.
Nn—o00 n n n—oo n
n+1
L - d
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Extra Example 7

(a) Compute the limits

. COSX . sinx
lim — and lim —
X—00 x X—00 x
(b) Hence, compute the limits
x3 + 2 cosx

;l—rgo 2x3 + x —sinx
©Solution
Note that both limits lim,._, ., cos x and lim,._,, sin x do not exist, one should
“eliminate” cos x (in the first limit) and sin x (in the second limit using
sandwich theorem).
(a) Notethat —1 < cosx < 1, so that

1 cosx 1 _
—— < <— (Sincex —» o0,50x > 0)
X
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Taking limits on both sides, we have

_ . COoSXx 1
lim ——3 =< lim T < lim —
X— 00 X X—oo X X—00 X
=0 =0
. COS X . . . .

So lim,_, 5 = 0 by sandwich theorem. Similarly, one can find that
. sinx
lll’l’lx_>oo ? = 0.

(b) By dividing both numerator and denominator by x3, we get

-0

COS X
. x3+2cosx _ 1+2(x3) 140 1
lim — = lim —— = = —
x—00 2x3 + x — sinx x—>ooz_|_1 simx 24+0+0 2

-0 -0
2.
N »@/w 33 COs(R)

)

MA21200 Calculus and Basic Linear Algebra
Lecture Note 6: Limits

63




