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MA3001                    Semester B, 2018-19 

 

Solution to Problem Set 4:  Systems of Linear differential Equations 

 

1. 1 1 2' 'x x x x x    ,  

2 2 3' ' ''  x x x x x    ,  

3 3 3 2 1 " ' "' '' 'x x x x x x x x x x           . 

 The differential equation becomes . 

 The equation is in the form 
du

Au
dt

 , where 

1

2

3

x

u x

x

 
 


 
 
 

, 

0 1 0

0 0 1

1 1 1

A

 
 


 
  

. 

 Trying 
tu e v , where 0v  .  

 Solve |𝐴 − 𝜆𝐼3| = 0 . 

 |
−𝜆 1 0
0 −𝜆 1
1 1 −1 − 𝜆

| = 0  ⇒   −𝜆 |
−𝜆 1
1 −1 − 𝜆

| − |
0 1
1 −1 − 𝜆

| = 0  

        ⇒  −𝜆[−𝜆(−1 − 𝜆) − 1] − (0 − 1) = 0 

        ⇒  −𝜆3 − 𝜆2 + 𝜆 + 1 = 0 

        ⇒  −𝜆2(𝜆 + 1) + (𝜆 + 1) = 0 

        ⇒  (1 − 𝜆2)(𝜆 + 1) = 0 

          ⇒  (1 − 𝜆)(1 + 𝜆)(𝜆 + 1) = 0 

        ⇒   𝜆 = 1, −1,−1 
  

 For 1  , consider 
3 1 3 22

1 1 0 0 1 1 0 0 1 1 0 0 1 1 0 0

0 1 1 0 ~ 0 1 1 0 ~ 0 1 1 0 ~ 0 1 1 0

1 1 2 0 1 1 2 0 0 2 2 0 0 0 0 0
r r r r 

         
      

         
              

 

So 2 3 1 2 3,v v v v v   . Let 3 1v  , then 1 2 3 1v v v   . It follows that  𝑢1⃗⃗⃗⃗ =

1

1

1

te

 
 
 
 
 

 is a solution 

to 
du

Au
dt

 . 

 For 1   , consider 
3 1

1 1 0 0 1 1 0 0

0 1 1 0 ~ 0 1 1 0

1 1 0 0 0 0 0 0
r r

  
  
  

  
  

 

So 2 3 1 2 3,v v v v v     . Let 3 1v  , then 1 3 21, 1v v v    . It follows that 

1

1

1

te

 
 

 
 
 

is a 

solution to 
du

Au
dt

 . We need to find another linearly independent solution. 

 

1 1

2 2

3 3

' 0 1 0

' 0 0 1

' 1 1 1

x x

x x

x x

    
    


    
        
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Find a vector 𝑤⃗⃗  such that (𝐴 − (−1)𝐼3)𝑤⃗⃗ = (
1
−1
1
). 

(
1 1 0
0 1 1
1 1 0

 |
1
−1
1
)
𝑅3−𝑅1
→    (

1 1 0
0 1 1
0 0 0

 |
1
−1
0
)    

 {
𝑤1 + 𝑤2            = 1 
             𝑤2 +𝑤3 = −1

 

Take 𝑤1 = 0, then 𝑤2 = 1 and 𝑤3 = −2.   𝑤⃗⃗ = (
0
1
−2
) 

 𝑢2⃗⃗⃗⃗ = 𝑒
−𝑡 [(

0
1
−2
) + 𝑡 (

1
−1
1
)] = 𝑒−𝑡 (

𝑡
1 − 𝑡
−2 + 𝑡

)  is another linearly independent solution. 

  

 Hence the general solution is  𝑢⃗ = 1 2 3

1 1

1 1 1

1 1 2

t t t

t

c e c e c e t

t

 

     
     

   
     
           

. 

  As a result, the general solution to ''' '' ' 0x x x x    is 1 2 3

t t tx c e c e c te     

 

2. 

1 1 1 1

2 2 3 2 2

3 33 2 3

' ' 1 0 0

' ' 0 1 1

' 0 1 1'

x x x x

x x x x x

x xx x x

     
     

         
           

. 

  Equation is in the form 
du

Au
dt

 , where 

1

2

3

x

u x

x

 
 


 
 
 

, 

1 0 0

0 1 1

0 1 1

A

 
 

 
 
 
 

. 

  Trying , where 0v  .  

  Solve |𝐴 − 𝜆𝐼3| = 0 

  |
1 − 𝜆 0 0
0 1 − 𝜆 −1
0 1 1 − 𝜆

| = 0  ⇒  (1 − 𝜆) |
1 − 𝜆 −1
1 1 − 𝜆

| = 0  

         ⇒  (1 − 𝜆)[(1 − 𝜆)2 + 1] = 0 

         ⇒   𝜆 = 1   or   (𝜆 − 1)2 + 1 = 0 

         ⇒   𝜆 = 1 , 1 ± 𝑖  

  For 1  , consider 

0 0 0 0

0 0 1 0

0 1 0 0

 
 

 



 

  So 2 3 0v v  . Let 1 1v  . It follows that 

1

0

0

te

 
 
 
 
 

 is a solution to 
du

Au
dt

 . 

  For 1 i   , consider 
3 2

0 0 0 0 0 0 0 0 0

0 1 0 ~ 0 1 0 ~ 0 1 0

0 1 0 0 1 0 0 0 0 0
r ir

i i i

i i i

i i


     
    

     
         

 

tu e v
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So 2 3 3 1

1
, 0v v iv v

i
    . Let 3 1v  , then 2v i . It follows that  1

0

1

i t
e i



 
 
 
 
 

is a complex solution 

to 
du

Au
dt

 .  

  Now, 
   1

0 0 0 0 0

cos sin 0 1 sin cos

1 1 0 cos sin

i t t t te i e t i t i e t ie t

t t



          
          

               
                    

 

We know that if      z t x t y t i  is a complex-valued solution to 
du

Au
dt

 , then both 

   ,x t y t  are real-valued solution to 
du

Au
dt

 , that is, 

0 0

sin , cos

cos sin

t te t e t

t t

   
   

   
   
   

 are real-valued 

solution to 
du

Au
dt

 . 

  So the solution of the initial-valued problem is   1 2 3

1 0 0

0 sin cos

0 cos sin

t t tu t c e c e t c e t

t t

     
     

   
     
     
     

. 

  Setting 0t  ,  
1

1 2 3 3 1 2 3

2

1 1 0 0

1 0 0 sin0 cos0 1

1 0 cos0 sin0

c

u c c c c c c c

c

         
         

         
         
         
         

 

   

1

cos sin

cos sin

tu t e t t

t t

 
 

 
 
  

 

 

3. Consider  5

1 1 1 1 1

2 2 2 2 2

det 3 3 3 3 3

4 4 4 4 4

5 5 5 5 5

A I





 









  





 

=⏟
𝑅1+𝑅2+𝑅3+𝑅4+𝑅5

|
|

15 − 𝜆 15 − 𝜆 15 − 𝜆
2 2 − 𝜆 2
3 3 3 − 𝜆

     
15 − 𝜆 15 − 𝜆
2 2
3 3

    
4          4          4
5          5          5

         
   4 − 𝜆    4
    5    5 − 𝜆

|
| =⏟
𝐶2−𝐶1
𝐶3−𝐶1
𝐶4−𝐶1
𝐶5−𝐶1

|
|

15 − 𝜆 0    0
2 −𝜆    0
3 0 −𝜆

       
0      0
0      0
0      0

   
  4       0    0
  5       0    0

   
    −𝜆   0
    0 −𝜆

|
| 

= (15 − 𝜆)(−𝜆)4 
 det(𝐴 − 𝜆𝐼5) = 0 ⇒ 𝜆 = 0, 0, 0, 0, 15 

For 𝜆 = 0, solving (𝐴 − 𝜆𝐼5)𝑣 = 0⃗  . 
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1 1 1 1 1 0 1 1 1 1 1 0

2 2 2 2 2 0 0 0 0 0 0 0

~3 3 3 3 3 0 0 0 0 0 0 0

4 4 4 4 4 0 0 0 0 0 0 0

5 5 5 5 5 0 0 0 0 0 0 0

   
   
   
   
   
   
   
   

   

  𝑥1 + 𝑥2 + 𝑥3 + 𝑥4 + 𝑥5 = 0 

 Let 𝑥1 = 𝑝,  𝑥2 = 𝑞,  𝑥3 = 𝑟,  𝑥4 = 𝑠. Then 𝑥5 = −𝑝 − 𝑞 − 𝑟 − 𝑠. 

  𝑣 = 𝑝

(

 
 

1
0
0
0
−1)

 
 
+ 𝑞

(

 
 

0
1
0
0
−1)

 
 
+ 𝑟

(

 
 

0
0
1
0
−1)

 
 
+ 𝑠

(

 
 

0
0
0
1
−1)

 
 

. 

   

Hence, 

(

 
 

1
0
0
0
−1)

 
 

,  

(

 
 

0
1
0
0
−1)

 
 

,  

(

 
 

0
0
1
0
−1)

 
 

,  

(

 
 

0
0
0
1
−1)

 
 

  are four independent eigenvectors of A corresponding 

to eigenvalue 0.  

 

 Thus, 𝑒0𝑡

(

 
 

1
0
0
0
−1)

 
 

,  𝑒0𝑡

(

 
 

0
1
0
0
−1)

 
 

,  𝑒0𝑡

(

 
 

0
0
1
0
−1)

 
 

,  𝑒0𝑡

(

 
 

0
0
0
1
−1)

 
 

  are independent solutions of 
du

Au
dt

 . 

Moreover, observe that 

1

2

3

4

5

 
 
 
 
 
 
 
 

 is an eigenvector of A corresponding to eigenvalue 15 since 

 

1 1 1 1 1 1 1 1

2 2 2 2 2 2 2 2

1 2 3 4 5 153 3 3 3 3 3 3 3

4 4 4 4 4 4 4 4

5 5 5 5 5 5 5 5

      
      
      
           
      
      
      
      

. So 
15

1

2

3

4

5

te

 
 
 
 
 
 
 
 

 is an independent solution of 

du
Au

dt
 . 

 Hence, the general solution to  the system 
du

Au
dt

  is  

  
15

1 2 3 4 5

1 0 0 0 1

0 1 0 0 2

0 0 1 0 3

0 0 0 1 4

1 1 1 1 5

tu c c c c c e

         
         
         
             
         
         
                     

. 
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4. (a) {

𝑑𝑥

𝑑𝑡
− 3𝑥 − 6𝑦 = 0

𝑑𝑥

𝑑𝑡
+
𝑑𝑦

𝑑𝑡
− 3𝑦 = 0

  ⇒   {

𝑑𝑥

𝑑𝑡
− 3𝑥 − 6𝑦 = 0

(3𝑥 + 6𝑦) +
𝑑𝑦

𝑑𝑡
− 3𝑦 = 0

  ⇒   {

𝑑𝑥

𝑑𝑡
− 3𝑥 − 6𝑦 = 0

𝑑𝑦

𝑑𝑡
+ 3𝑥 + 3𝑦 = 0

  

⇒  {

𝑑𝑥

𝑑𝑡
= 3𝑥 + 6𝑦

𝑑𝑦

𝑑𝑡
= −3𝑥 − 3𝑦

  ⇒  
𝑑

𝑑𝑡
[
𝑥(𝑡)
𝑦(𝑡)

] = (
3 6
−3 −3

) [
𝑥(𝑡)
𝑦(𝑡)

] 

 

(b) 
3

1

1

it
i

e
 

 
 

 is a solution of 
du

Au
dt

 .  

 
 3

1 1 cos3 sin3 sin3 cos3cos3 sin3 sin3 cos3
cos3 sin3

1 1 cos3 sin3cos3 sin3

it
i i t t t tt t i t t

e t i t i
t tt i t

             
            

            
    

         
 3

1 1 cos3 sin3 sin3 cos3cos3 sin3 sin3 cos3
cos3 sin3

1 1 cos3 sin3cos3 sin3

it
i i t t t tt t i t t

e t i t i
t tt i t

             
            

            

. 

 

Observe that the real part 
cos3 sin 3

cos3

t t

t

 
 

 
 and the imaginary part 

sin 3 cos3

sin 3

t t

t

 
 

 
 of 

3
1

1

it
i

e
 

 
 

 are also independent solutions of 
du

Au
dt

 . 

Thus, the general solution of 
du

Au
dt

  is   1 2

cos3 sin3 sin3 cos3

cos3 sin3

t t t t
u t c c

t t

    
    

    
. 

 

It is given that  
 
 

0 0
0

0 1

x
u

y

   
    

  
. Then 

𝑢⃗ (0) = [
𝑥(0)

𝑦(0)
] = (

0
1
) = 𝑐1 (

cos 3𝑡 − sin 3𝑡
− cos 3𝑡

)|
𝑡=0
+ 𝑐2 (

sin 3𝑡 + cos 3𝑡
− sin 3𝑡

)|
𝑡=0

 

= 𝑐1 (
1
−1
) + 𝑐2 (

1
0
) 

⇒ (
0
1
) = (

1 1
−1 0

) (
𝑐1
𝑐2
)   ⇒  …   ⇒ (

𝑐1
𝑐2
) = (

−1
1
) 

 

So  
 
 

 
 
 

cos3 sin3 sin3 cos3 2sin3

cos3 sin3 cos3 sin3

x t x tt t t t t
u t u t

y t y tt t t t

         
              

          
 

 

5.      2
3 3

det 3 5 3 8 12 6 2
1 5


     



 
          

 
 

 A has eigenvalues 2 and 6. 

 

 For 𝜆 = 2, solving (𝐴 − 𝜆𝐼2)𝑣 = 0⃗ ,  i.e. (
1 3
1 3

 | 
0
0
)
𝑅2−𝑅1
→    (

1 3
0 0

 | 
0
0
)   

  𝑣1 + 3𝑣2 = 0.  Let  𝑣2 = 𝑠, then 𝑣1 = −3𝑠.   

 The eigenvectors of 𝐴 corresponding to 𝜆 = 2 are 𝑣 = 𝑠(−3
1
),  𝑠 ≠ 0. 

  𝑣 = (−3
1
) is an eigenvector of 𝐴 corresponding to 𝜆 = 2.   

  𝑢1⃗⃗⃗⃗ = 𝑒
2𝑡(−3

1
) is a solution to 

𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ . 
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 For 𝜆 = 6, solving (𝐴 − 𝜆𝐼2)𝑣 = 0⃗ ,  i.e. (
−3 3
1 −1

 | 
0
0
)
3𝑅2+𝑅1
→     (

−3 3
0 0

 | 
0
0
)   

  −3𝑣1 + 3𝑣2 = 0.  Let  𝑣2 = 𝑠, then 𝑣1 = 𝑠.   

 The eigenvectors of 𝐴 corresponding to 𝜆 = 6 are 𝑣 = 𝑠(1
1
),  𝑠 ≠ 0. 

  𝑣 = (1
1
) is an eigenvector of 𝐴 corresponding to 𝜆 = 6.   

  𝑢2⃗⃗⃗⃗ = 𝑒
6𝑡(1

1
) is a solution to 

𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ . 

 

 So the complementary solution to 
du

Au f
dt

  is:  

   
2 6

12 6

1 2 2 6
2

3 1 3

1 1

t t

t t
c

t t

ce e
u t c e c e t C

ce e

       
         

      
,   

where  
2 6

1

2 6
2

3
,

t t

t t

ce e
t C

ce e

   
     

  
. The matrix  

2 6

2 6

3 t t

t t

e e
t

e e

 
   

 
 is called a 

fundamental matrix of the homogeneous system 
du

Au
dt

 . 

 

Let  𝑢𝑝⃗⃗ ⃗⃗ = ℎ1(𝑡)𝑒
2𝑡 (
−3
1
) + ℎ2(𝑡)𝑒

6𝑡 (
1
1
).  

Then  ℎ1′(𝑡)𝑒
2𝑡 (
−3
1
) + ℎ2′(𝑡)𝑒

6𝑡 (
1
1
) = ( 8

4𝑒3𝑡
) ⋯⋯ (∗), 

i.e. (−3𝑒
2𝑡 𝑒6𝑡

𝑒2𝑡 𝑒6𝑡
) (

ℎ1
′ (𝑡)

ℎ2
′ (𝑡)
) = ( 8

4𝑒3𝑡
). 

  (
ℎ1
′ (𝑡)

ℎ2
′ (𝑡)

) = (−3𝑒
2𝑡 𝑒6𝑡

𝑒2𝑡 𝑒6𝑡
)
−1

(
8

4𝑒3𝑡
) =

1

|
−3𝑒2𝑡 𝑒6𝑡

𝑒2𝑡 𝑒6𝑡
|
( 𝑒

6𝑡 −𝑒6𝑡

−𝑒2𝑡 −3𝑒2𝑡
) (

8

4𝑒3𝑡
) 

=
1

−3𝑒8𝑡 − 𝑒8𝑡
(
8𝑒6𝑡 − 4𝑒9𝑡

−8𝑒2𝑡 − 12𝑒5𝑡
) = (

−2𝑒−2𝑡 + 𝑒𝑡

2𝑒−6𝑡 + 3𝑒−3𝑡
) 

 

Alternative way to find ℎ1′(𝑡), ℎ2′(𝑡): 

From (∗), we have {
−3𝑒2𝑡ℎ1′(𝑡) + 𝑒

6𝑡ℎ2′(𝑡) = 8 ⋯⋯ (1)

𝑒2𝑡ℎ1′(𝑡) + 𝑒
6𝑡ℎ2′(𝑡) = 4𝑒

3𝑡  ⋯⋯(2)
 

3 × (2) + (1) gives  4𝑒6𝑡ℎ2′(𝑡) = 12𝑒
3𝑡 + 8    ℎ2′(𝑡) = 3𝑒

−3𝑡 + 2𝑒−6𝑡. 

 (2) − (1) gives  4𝑒2𝑡ℎ1′(𝑡) = 4𝑒
3𝑡 − 8    ℎ1′(𝑡) = 𝑒

𝑡 − 2𝑒−2𝑡. 

 

⇒ (
ℎ1(𝑡)

ℎ2(𝑡)
) = (

∫(−2𝑒−2𝑡 + 𝑒𝑡)𝑑𝑡

∫(2𝑒−6𝑡 + 3𝑒−3𝑡)𝑑𝑡
) = (

𝑒−2𝑡 + 𝑒𝑡

−
1
3 𝑒

−6𝑡 − 𝑒−3𝑡
) 

  𝑢𝑝⃗⃗ ⃗⃗ = (𝑒
−2𝑡 + 𝑒𝑡)𝑒2𝑡 (

−3
1
) + (−

1

3
𝑒−6𝑡 − 𝑒−3𝑡) 𝑒6𝑡 (

1
1
) = (

−
10
3 − 4𝑒

3𝑡

2
3

). 
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 Alternatively,  

𝑢𝑝⃗⃗ ⃗⃗ = (
−3𝑒2𝑡 𝑒6𝑡

𝑒2𝑡 𝑒6𝑡
) (
ℎ1(𝑡)

ℎ2(𝑡)
) = (−3𝑒

2𝑡 𝑒6𝑡

𝑒2𝑡 𝑒6𝑡
) (

𝑒−2𝑡 + 𝑒𝑡

−
1
3 𝑒

−6𝑡 − 𝑒−3𝑡
) = ⋯ = (

− 
10
3  − 4𝑒

3𝑡

2
3

) 

  

 Hence, the general solution of the original system is  

𝑢⃗ = 𝐶1𝑒
2𝑡 (
−3
1
) + 𝐶2𝑒

6𝑡 (
1
1
) + (

−
10
3 − 4𝑒

3𝑡

2
3

) = (
−3𝐶1𝑒

2𝑡 + 𝐶2𝑒
6𝑡 −

10

3
− 4𝑒3𝑡

𝐶1𝑒
2𝑡 + 𝐶2𝑒

6𝑡 +
2

3

) 

 

6. Try 𝑢⃗ = 𝑒𝜆𝑡𝑣 , where 𝑣 ≠ 0⃗ . 

 Solve |𝐴 − 𝜆𝐼2| = 0, i.e.  

|
1 − 𝜆 −10
−1 4 − 𝜆

| = 0    (1 − 𝜆)(4 − 𝜆) − 10 = 0    𝜆2 − 5𝜆 − 6 = 0    

    (𝜆 − 6)(𝜆 + 1) = 0     𝜆 = −1, 6  are the eigenvalues of 𝐴. 

 

 For 𝜆 = −1,  solving (𝐴 − 𝜆𝐼2)𝑣 = 0⃗ ,  i.e. (
2 −10
−1 5

 | 
0
0
)
2𝑅2+𝑅1
→     (

2 −10
0 0

 | 
0
0
)   

  2𝑣1 − 10𝑣2 = 0.  Let  𝑣2 = 𝑠, then 𝑣1 = 5𝑠.   

 The eigenvectors of 𝐴 corresponding to 𝜆 = −1 are 𝑣 = 𝑠(5
1
),  𝑠 ≠ 0. 

  𝑣 = (5
1
) is an eigenvector of 𝐴 corresponding to 𝜆 = −1.   

  𝑢1⃗⃗⃗⃗ = 𝑒
−𝑡(5

1
) is a solution to 

𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ . 

 

 For 𝜆 = 6,  solving (𝐴 − 𝜆𝐼2)𝑣 = 0⃗ ,  i.e. (
−5 −10
−1 −2

 | 
0
0
)
5𝑅2−𝑅1
→     (

−5 −10
0 0

 | 
0
0
)   

  −5𝑣1 − 10𝑣2 = 0.  Let  𝑣2 = 𝑠, then 𝑣1 = −2𝑠.   

 The eigenvectors of 𝐴 corresponding to 𝜆 = 6 are 𝑣 = 𝑠(−2
1
),  𝑠 ≠ 0. 

  𝑣 = (−2
1
) is an eigenvector of 𝐴 corresponding to 𝜆 = 6.   

  𝑢2⃗⃗⃗⃗ = 𝑒
6𝑡(−2

1
) is a solution to 

𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ . 

 

 Hence, the complementary solution to 
𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ + 𝑓  is 

𝑢𝑐⃗⃗⃗⃗ = 𝐶1𝑒
−𝑡(5

1
) + 𝐶2𝑒

6𝑡(−2
1
). 

 

 For the particular solution to 
𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ + 𝑓 , we let  

𝑢𝑝⃗⃗ ⃗⃗ = ℎ1(𝑡)𝑒
−𝑡(5

1
) + ℎ2(𝑡)𝑒

6𝑡(−2
1
). 

 Then  ℎ1
′ (𝑡)𝑒−𝑡(5

1
) + ℎ2

′ (𝑡)𝑒6𝑡(−2
1
) = ( 𝑒

𝑡

sin 𝑡
). 
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i.e. (5𝑒
−𝑡 −2𝑒6𝑡

𝑒−𝑡 𝑒6𝑡
) (

ℎ1
′ (𝑡)

ℎ2
′ (𝑡)
) = ( 𝑒

𝑡

sin 𝑡
). 

  (
ℎ1
′ (𝑡)

ℎ2
′ (𝑡)

) = (5𝑒
−𝑡 −2𝑒6𝑡

𝑒−𝑡 𝑒6𝑡
)
−1

(
𝑒𝑡

sin 𝑡
) =

1

|
5𝑒−𝑡 −2𝑒6𝑡

𝑒−𝑡 𝑒6𝑡
|
( 𝑒

6𝑡 2𝑒6𝑡

−𝑒−𝑡 5𝑒−𝑡
) (

𝑒𝑡

sin 𝑡
) 

=
1

5𝑒5𝑡 + 2𝑒5𝑡
(
𝑒7𝑡 + 2𝑒6𝑡 sin 𝑡

−1 + 5𝑒−𝑡 sin 𝑡
) = (

1
7 𝑒

2𝑡 +
2
7 𝑒

𝑡 sin 𝑡

−
1
7 𝑒

−5𝑡 +
5
7 𝑒

−6𝑡 sin 𝑡
) 

 

  ℎ1(𝑡) = ∫ (
1

7
𝑒2𝑡 +

2

7
𝑒𝑡 sin 𝑡) 𝑑𝑡 = ⋯ =

1

14
𝑒2𝑡 +

1

7
𝑒𝑡(sin 𝑡 − cos 𝑡) 

 

    ℎ2(𝑡) = ∫ (−
1

7
𝑒−5𝑡 +

5

7
𝑒−6𝑡 sin 𝑡) 𝑑𝑡 = ⋯ =

1

35
𝑒−5𝑡 +

5

259
𝑒−6𝑡(−6 sin 𝑡 − cos 𝑡)  

  

 Thus,  

𝑢𝑝⃗⃗ ⃗⃗ =  (
5𝑒−𝑡 −2𝑒6𝑡

𝑒−𝑡 𝑒6𝑡
)(

1
14 𝑒

2𝑡 +
1
7 𝑒

𝑡(sin 𝑡 − cos 𝑡)

1
35
𝑒−5𝑡 +

5
259

𝑒−6𝑡(−6 sin 𝑡 − cos 𝑡)
) 

= (

3
10
𝑒𝑡 +

35
37
sin 𝑡 −

25
37
cos 𝑡

1
10 𝑒

𝑡 +
1
37 sin 𝑡 −

6
37 cos 𝑡

) 

 The general solution of 
du

Au f
dt

  is 

𝑢⃗ = 𝐶1𝑒
−𝑡 (
5

1
) + 𝐶2𝑒

6𝑡 (
−2

1
) + (

3
10 𝑒

𝑡 +
35
37 sin 𝑡 −

25
37 cos 𝑡

1
10 𝑒

𝑡 +
1
37 sin 𝑡 −

6
37 cos 𝑡

) 

= (
5𝐶1𝑒

−𝑡 − 2𝐶2𝑒
6𝑡 +

3
10 𝑒

𝑡 +
35
37 sin 𝑡 −

25
37 cos 𝑡

𝐶1𝑒−𝑡 + 𝐶2𝑒6𝑡 +
1
10 𝑒

𝑡 +
1
37 sin 𝑡 −

6
37 cos 𝑡

) 

 

7.        
22

2

5 4
det 5 3 16 2 1 1

4 3
A I


     



 
           

 
.  

Hence the eigenvalue is  1   with multiplicity 2. 

For 1  , we have 

1 1 1

1 2
1

2 2 2

4 4 0 4 4 0 1 1 0 1 1
 ~ , 0

4 4 0 4 4 0 0 0 0 1 1k

x x x
x x k k

x x x

                 
                                        
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One solution of 
du

Au
dt

  is 1

1

1

tu e
 

  
 

. 

To find another linearly independent solution of  
𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ , we solve  

(𝐴 − 𝐼2)𝑤⃗⃗ = (
1
1
), i.e. (

4 −4
4 −4

 | 
1
1
)
𝑅2−𝑅1
→    (

4 −4
0 0

 | 
1
0
). 

 4𝑤1 − 4𝑤2 = 1.  Choose 𝑤2 = 0, then 𝑤1 =
1

4
 .   𝑤⃗⃗ = (

1

4
0
). 

Thus, 𝑢2⃗⃗⃗⃗ = 𝑒
𝑡 [(

1

4
0
) + 𝑡(1

1
)] is also a solution to 

𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ . 

Hence, the complementary solution to 
𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ + 𝑓  is 

𝑢𝑐⃗⃗⃗⃗ = 𝐶1𝑒
𝑡(1
1
) + 𝐶2𝑒

𝑡 [(
1

4
0
) + 𝑡(1

1
)]. 

 Let 𝑢𝑝⃗⃗ ⃗⃗ = ℎ1(𝑡)𝑒
𝑡(1
1
) + ℎ2(𝑡)𝑒

𝑡 [(
1

4
0
) + 𝑡(1

1
)]. 

Then  ℎ1
′ (𝑡)𝑒𝑡(1

1
) + ℎ2

′ (𝑡)𝑒𝑡 [(
1

4
0
) + 𝑡(1

1
)] = (2𝑒

𝑡

2𝑒𝑡
), 

i.e. (
𝑒𝑡

1

4
𝑒𝑡 + 𝑡𝑒𝑡

𝑒𝑡 𝑡𝑒𝑡
) (

ℎ1
′ (𝑡)

ℎ2
′ (𝑡)
) = (2𝑒

𝑡

2𝑒𝑡
). 

 (
ℎ1
′ (𝑡)

ℎ2
′ (𝑡)

) = (𝑒
𝑡
1

4
𝑒𝑡 + 𝑡𝑒𝑡

𝑒𝑡 𝑡𝑒𝑡
)

−1

(
2𝑒𝑡

2𝑒𝑡
) =

1

|𝑒
𝑡 1
4 𝑒

𝑡 + 𝑡𝑒𝑡

𝑒𝑡 𝑡𝑒𝑡
|

( 𝑡𝑒
𝑡 −

1

4
𝑒𝑡 − 𝑡𝑒𝑡

−𝑒𝑡 𝑒𝑡
)(
2𝑒𝑡

2𝑒𝑡
) 

=
1

𝑡𝑒2𝑡 − (
1
4
𝑒2𝑡 + 𝑡𝑒2𝑡)

(
2𝑡𝑒2𝑡 −

1
2 𝑒

2𝑡 − 2𝑡𝑒2𝑡

−2𝑒2𝑡 + 2𝑒2𝑡
) =

1

−
1
4
𝑒2𝑡
(
−
1
2 𝑒

2𝑡

0
) = (

2

0
) 

 (ℎ1
(𝑡)

ℎ2(𝑡)
) = (2𝑡

0
)       (The constants of integration are omitted.) 

 

  Thus, 𝑢𝑝⃗⃗ ⃗⃗ =  (
𝑒𝑡

1

4
𝑒𝑡 + 𝑡𝑒𝑡

𝑒𝑡 𝑡𝑒𝑡
) (2𝑡

0
) = (2𝑡𝑒

𝑡

2𝑡𝑒𝑡
) = 2𝑡𝑒𝑡(1

1
). 

  The general solution of 
𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ + 𝑓  is 

𝑢⃗ = 𝐶1𝑒
𝑡(1
1
) + 𝐶2𝑒

𝑡 (
1

4
+𝑡

𝑡
) + 2𝑡𝑒𝑡(1

1
).  

   

𝑢0⃗⃗⃗⃗ = (
−1
3
) = 𝑢⃗ (0) = 𝐶1(

1
1
) + 𝐶2 (

1

4
0
),  i.e.  (

1
1

4

1 0
) (
𝐶1
𝐶2
) = (

−1
3
)   
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⇒  (
𝐶1
𝐶2
) = (1

1

4
1 0

)

−1

(
−1
3
) =

1

|1
1
4

1 0
|

( 0 −
1

4
−1 1

)(
−1
3
) =

1

0 −
1
4

(−
3

4
4

) = (
3
−16

) 

 

The solution of the given system 
𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ + 𝑓  is  

𝑢⃗ = 3𝑒𝑡 (
1

1
) − 16𝑒𝑡 (

1
4 + 𝑡

𝑡
) + 2𝑡𝑒𝑡 (

1

1
) = (

−𝑒𝑡 − 14𝑡𝑒𝑡

3𝑒𝑡 − 14𝑡𝑒𝑡
). 

 

8. (a) Let 
dx

z
dt

 , then 
2

2 dx
z

dt

d x dx d dx dx dz
y y z y

dt dt dt dt dt dt

 
        

 
 and  

dy dx dy
y z y

dt dt dt
     . 

So 

2

2

2

2

0 0 1

0 1 1

0 1 1

dx dx dx
z z

dt dt dtd x dx xy
dy dx dy dydt dt y z y y
dt dt dt dtdy dx

y z
dz dzd x dxdt dt z yy
dt dtdt dt

   
    

                        
                   

  

. 

We have 
𝑑[𝑢⃗⃗ (𝑡)]

𝑑𝑡
= 𝐴𝑢⃗ (𝑡) where 

0 0 1

0 1 1

0 1 1

A

 
 


 
 
 

. 

(b) Trying tu e v , where 0v  . 

   Solve |𝐴 − 𝜆𝐼3| = 0 , i.e. |
−𝜆 0 1
0 1 − 𝜆 1
0 1 1 − 𝜆

| = 0  ⇒  (−𝜆) |
1 − 𝜆 1
1 1 − 𝜆

| = 0  

         ⇒  (−𝜆)[(1 − 𝜆)2 − 1] = 0 

         ⇒   𝜆 = 0   or   𝜆2 − 2𝜆 = 0 

 ⇒   𝜆 = 0   or   𝜆(𝜆 − 2) = 0 

 ⇒   𝜆 = 0, 0, 2   

    

   For 2  , solve (𝐴 − 𝜆𝐼3)𝑣 = 0⃗ , i.e. 
3 2

2 0 1 0 2 0 1 0

0 1 1 0 ~ 0 1 1 0

0 1 1 0 0 0 0 0
r r

   
  

   
     

 

   So 3
2 3 1,  

2

v
v v v  .  

   Let 3 1v  , then 1 2 3

1
,   1

2
v v v   .  
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   It follows that   2

1

1

2

1

1

tu t e

 
 
 

  
 
 
 

is a solution to 
du

Au
dt

 . 

 

   For 0   (multiplicity 2), solve (𝐴 − 𝜆𝐼3)𝑣 = 0⃗ , i.e.  

   
3 1

0 0 1 0 0 0 1 0 0 1 1 0

0 1 1 0 ~ 0 1 1 0 ~ 0 0 1 0

0 1 1 0 0 0 0 0 0 0 0 0
r r

    
    
    

    
    

 

   So 3 20,   0v v  .  Let 1 1v  .  It follows that  2

1

0

0

u t

 
 


 
 
 

 is a solution to 
du

Au
dt

 .  

   We need to find another linearly independent solution for 0  . 

 

   Solve (𝐴 − 𝜆𝐼3)𝑤⃗⃗ = (
1
0
0
) , i.e. (

0 0 1
0 1 1
0 1 1

 | 
1
0
0
)
𝑅3−𝑅2
→    (

0 0 1
0 1 1
0 0 0

 | 
1
0
0
) 

    {
          𝑤3 = 1
𝑤2 + 𝑤3 = 0

    {
𝑤3 = 1
𝑤2 = −1

 

   Choose 𝑤1 = 0. Then 𝑤⃗⃗ = (
0
−1
1
). 

 𝑢3⃗⃗⃗⃗ = 𝑒
0𝑡 [(

0
−1
1
) + 𝑡 (

1
0
0
)] is also a solution to 

𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ . 

   Hence, the general solution to '  u Au is   2

1 2 3

1

1 0 12

1 0 1 0

1 0 1 0

tu t c e c c t

 
        
        

            
               

 

. 

 It follows that the general solution of the original system is 

 
2

1 2 3
2

te
x t c c c t   , 

  2

1 3

ty t c e c  . 

 

9. (a) Let 
dx

z
dt

 , then 
2

2

t t t

dx
z

dt

d x d dx dz
y e y e y e

dt dt dt dt

  



 
        

 
 and  

2 5 4 2 5 4t tdy dx dy
x y e x z y e

dt dt dt

            . 
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So  {

𝑑2𝑥

𝑑𝑡2
= 𝑦 + 𝑒−𝑡                             

𝑑𝑦

𝑑𝑡
= −2𝑥 − 5

𝑑𝑥

𝑑𝑡
− 4𝑦 + 𝑒−𝑡

  ⇒   

{
 
 

 
 

𝑑𝑥

𝑑𝑡
= 𝑧

𝑑𝑧

𝑑𝑡
= 𝑦 + 𝑒−𝑡

𝑑𝑦

𝑑𝑡
= −2𝑥 − 5𝑧 − 4𝑦 + 𝑒−𝑡

   

⇒  

(

 
 

𝑑𝑥

𝑑𝑡
𝑑𝑧

𝑑𝑡
𝑑𝑦

𝑑𝑡)

 
 
= (

0 1 0
0 0 1
−2 −5 −4

)(

𝑥
𝑧
𝑦
) + (

0
𝑒−𝑡

𝑒−𝑡
)  

 

So we have 
𝑑[𝑢⃗⃗ (𝑡)]

𝑑𝑡
= 𝐴𝑢⃗ (𝑡) + 𝑓 , where

0 1 0

0 0 1

2 5 4

A

 
 


 
    

,  

 

 

 

x t

u t z t

y t

 
 

  
  

  and 

 

0
t

t

f t e

e





 
 

  
 
 

. 

(b) 2

1

2

4

te

 
 
 
 
 

 and 

1

1

1

te

 
 
 
 
 

 are independent solutions to    
d

u t Au t
dt
  
 

. 

The third independent solution to    
d

u t Au t
dt
  
 

 is  𝑒−𝑡 [𝑤⃗⃗ + 𝑡 (
1
−1
1
)] , where 

(𝐴 + 𝐼3)𝑤⃗⃗ = (
1
−1
1
). 

Solve (𝐴 + 𝐼3)𝑤⃗⃗ = (
1
−1
1
), i.e.  

(
1 1 0
0 1 1
−2 −5 −3

 | 
1
−1
1
)
𝑅3+2𝑅1
→     (

1 1 0
0 1 1
0 −3 −3

 | 
1
−1
3
)
𝑅3+3𝑅2
→     (

1 1 0
0 1 1
0 0 0

 | 
1
−1
0
) 

    {
𝑤1 + 𝑤2            = 1    
          𝑤2 + 𝑤3 = −1

   

   Choose 𝑤3 = 0, then 𝑤2 = −1 and 𝑤1 = 2.  Then 𝑤⃗⃗ = (
2
−1
0
). 

 𝑢3⃗⃗⃗⃗ = 𝑒
−𝑡 [(

2
−1
0
) + 𝑡 (

1
−1
1
)] is also a solution to 

𝑑𝑢⃗⃗ 

𝑑𝑡
= 𝐴𝑢⃗ . 

 

Hence, the general solution to the system    
d

u t Au t
dt
  
 

. 
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 

 

 

2

1

2 2

1 2 3 2

2

3

1 1 2 2

2 1 1 2 1

4 1 4

t t t

t t t t t t

t t t

t e e t e c

u t c e c e c e t e e t e c

t e e te c

  

     

  

         
        

                   
                

.   

(c) Let 𝑢𝑝⃗⃗ ⃗⃗ = ℎ1(𝑡)𝑒
−2𝑡 (

1
−2
4
) + ℎ2(𝑡)𝑒

−𝑡 (
1
−1
1
) + ℎ3(𝑡)𝑒

−𝑡 (
2 + 𝑡
−1 − 𝑡
𝑡

). 

  Then ℎ1′(𝑡)𝑒
−2𝑡 (

1
−2
4
) + ℎ2′(𝑡)𝑒

−𝑡 (
1
−1
1
) + ℎ3′(𝑡)𝑒

−𝑡 (
2 + 𝑡
−1 − 𝑡
𝑡

) = (
0
𝑒−𝑡

𝑒−𝑡
),  

  i.e.  (
𝑒−2𝑡 𝑒−𝑡 (2 + 𝑡)𝑒−𝑡

−2𝑒−2𝑡 −𝑒−𝑡 (−1 − 𝑡)𝑒−𝑡

4𝑒−2𝑡 𝑒−𝑡 𝑡𝑒−𝑡
)(

ℎ1′(𝑡)

ℎ2′(𝑡)

ℎ3′(𝑡)
) = (

0
𝑒−𝑡

𝑒−𝑡
) 

  ⇒  (

ℎ1′(𝑡)

ℎ2′(𝑡)

ℎ3′(𝑡)
) = (

𝑒−2𝑡 𝑒−𝑡 (2 + 𝑡)𝑒−𝑡

−2𝑒−2𝑡 −𝑒−𝑡 (−1 − 𝑡)𝑒−𝑡

4𝑒−2𝑡 𝑒−𝑡 𝑡𝑒−𝑡
)

−1

(
0
𝑒−𝑡

𝑒−𝑡
) 

  

  By Gauss-Jordan elimination method, 

 

 

 

 

 

 

 

 
 

2 1

3 1

3 2

2 3

1

2 2

2

2
2 4

2

3

3

2

2 1 0 0 2 1 0 0

2 1 0 1 0 ~ 0 3 2 1 0

4 0 0 1 0 3 8 3 4 0 1

2 1 0 0

~ 0 3 2 1 0

0 0 2 3 1

~

t t t t t t

t t t t t

r r
t t t t tr r

t t t

t t

r r
t

r t r

r t

e e t e e e t e

e e t e e t e

e e te e t e

e e t e

e t e

e

     

    


    

  

 




 

 

    
   
       
         

 
 

 
 
 

     

3

1 2

2

2 2 2 2

0 3 2 6 3 2

0 0 4 2 8 3 3

0 0 2 3 1

0 0 1 2 1 1 0 0 2

~ 0 0 4 2 8 3 3 ~ 0 1 0 4 2 8 3 3

0 0 2 3 1 0 0 1 2 3

t t

t

tr

t t t t

t t t t

r r
t t t t

e e t t t

e t t t

e

e e e e

e t t t t e t e t e

e e e e

 












      
 

      
 
 

  
  

             
  

   

 

Thus, 

 

       

1
2 2 2 2

2

2

2 2

2 1 4 2 8 3 3

4 2 3

t t t t t t

t t t t t t

t t t t t t

e e t e e e e

e e t e t e t e t e

e e te e e e


  

  

  

   
   
             
   
   

.  

Then 

(

ℎ1′(𝑡)

ℎ2′(𝑡)

ℎ3′(𝑡)
) = (

𝑒2𝑡 2𝑒2𝑡 𝑒2𝑡

(−4 − 2𝑡)𝑒𝑡 (−8 − 3𝑡)𝑒𝑡 (−3 − 𝑡)𝑒𝑡

2𝑒𝑡 3𝑒𝑡 𝑒𝑡
)(

0
𝑒−𝑡

𝑒−𝑡
) = (

3𝑒𝑡

−11 − 4𝑡
4

) 
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  (

ℎ1(𝑡)

ℎ2(𝑡)

ℎ3(𝑡)
) = (

∫3𝑒𝑡 𝑑𝑡

∫(−11 − 4𝑡) 𝑑𝑡

∫ 4  𝑑𝑡

) = (
3𝑒𝑡

−11𝑡 − 2𝑡2

4𝑡

) 

Thus,  

𝑢𝑝⃗⃗ ⃗⃗ = (
𝑒−2𝑡 𝑒−𝑡 (2 + 𝑡)𝑒−𝑡

−2𝑒−2𝑡 −𝑒−𝑡 (−1 − 𝑡)𝑒−𝑡

4𝑒−2𝑡 𝑒−𝑡 𝑡𝑒−𝑡
)(

3𝑒𝑡

−11𝑡 − 2𝑡2

4𝑡

) 

 

(d) It follows that the general solutions to 

2

2

2 5 4

t

t

d x
y e

dt

dy dx
x y e

dt dt






 


     


 is: 

 

 
   

 

12 2

2

22 2

3

12

2

22

3

3
2 2

11 2
4 4

4

3
2

11 2
4

4

t

t t t t t t

t t t t t t

t

t t t

t t t

c e
x t e e t e e e t e

c t t
y t e e te e e te

c t

c e
e e t e

c t t
e e te

c t

     

     

  

  

  
         

           
        

   

 
   

    
    

 

 

 

 -End-  

 


