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1.

Solution to Problem Set 4:

X =X=>X'"=X"=X,,
X, =X'=>X,'=X"= X,

X =X"=> X '= X" ==X"+ X'+ X=X+ X, + X .
X' 01 0)x
The differential equation becomes | x,' |=|0 0 1 || X,
Xg' 1 1 -1){x
di X 01
The equation is in the form d—ltjzAG,Whereﬁz X, |, A=|{0 0
X3 11
Trying u=e*v, where v 0.
Solve |A— AL =0.
-1 1 0
-1 1 0 1

0 -2 1 [=0>= -2 -

1 1 —1-1 1 —1—,1| |1 -1-12
= —A[-A(-1-1)-1]-(0-1)=0
= —AB-22+21+1=0
= —22QA+D+A+1)=0
= (1-22)A+1)=0
= 1-HA+1)A+1)=0
= A=1-1,-1

-1 1 000 1 -1 010 1 -1
For 2=1,consider| 0 -1 10(~/0 -1 10/~]0 -1
1 1 -200) (1 1 -200) |0 2

Semester B, 2018-19

Systems of Linear differential Equations

|=0

010 1 -1 olo

10| ~{0 -1 1o

—20) lo o ol
1

SoV,=V,,V,=V,=V,. Let v, =1, then v, =v, =v, =1. It follows that u; =e'| 1| is a solution

to Y _ Aj
dt
11 00) (1 1 ol
For A=-1,consider |0 1 10|~|0 1 1[0
11 00) lo o ol

So v, =

1

1

—V,,V,=-V, =V, . Let v,=1, then v,=v,=1v,=-1. It follows that e*| -1|is a

1

: du - : : : .
solution to ot = Au. We need to find another linearly independent solution.



1
Find a vector w such that (4 — (—1)I;)w = (—1).
1 1 0| 1\p p/1 1 01
3 1
<0 1 1 —1>—><0 1 1 —1)
0

1 1 o0fl1 0 0 O
0
Takew; = 0,thenw, =landw; =-2. .w=| 1

.{W1+W2 :1
. W2+W3:_1

-2
0 1 t
Lup=eTHl 1 )+t -1 = e‘f< 1—t > is another linearly independent solution.
-2 1 -2+t
1 1 t
Hence the general solutionis ¥ =ce'|1|+c,e™| -1 |+ce™| 1-t
1 1 -2+t

As a result, the general solution to x™+x"—x'-=x=0is x=ce' +c,e” +cte™

X=X X, 1 0 0)(x
X, =X, =X < X' [={0 1 -1]X,|.
X' =X, + X X' 0 1 1)(x
- X, 1 0 O
Equation is in the form %—rzAﬁ,Whereﬁ: X, |, A=|0 1 -1
Xq 01 1
Trying u=e*v, where v=0.
Solve |[A—AL;| =0
1-1 0 0
0 1-2 -1|=0=a-n'7* Th|=o0
0 1 1-1
= 1-D[A-D*+1]=0
> A=1o0o A-1?+1=0
=> A=1, 1+i
00 00
For A=1,consider |0 0 -1/0
01 00
1 -
Sov,=v,=0.Let v, =1. It follows that e'| 0 | is a solution to du_ad.
0
-i 0 0)0 i 0 00 i 0 00
For A=1+i,consider | 0 —-i -10(~(0 1 1|0~ |0 i 1[0

ry+ir,

0 1 -ilo) |0 1 —ilo) (o 0 ol



0

Sov, = —%vg —iv,,v, =0.Let v,=1,then v, =i. It follows that e*""| i |is a complex solution
1
ey
dt
0 0 0 0 0
Now, | i |=e'(cost+isint)[| 0 |+i| 1||=€'| —sint |+ie'| cost
1 1 0 cost sint

We know that if z(t)=x(t)+y(t)iis a complex-valued solution to ?j—ltJ:Aﬁ, then both

- 0 0
Wt)@ are real-valued solution to %—?z Au, that is, '| —sint |,e'| cost | are real-valued
cost sint
solution to 94 — AG.
dt
1 0 0
So the solution of the initial-valued problem is u(t) =ce'| 0 |+c,e'| —sint |+c,e'| cost |.
0 cost sint
1 1 0 0 C,
Setting t=0, |1|=u(0)=c,| 0 |+c,| —sin0 |+¢,| cosO |=| ¢, |=> ¢, =¢,=¢, =1
1 0 cosO sin0 c,
1
u(t)=e'| cost—sint
cost +sint
1-4 1 1 1
2 2-1 2 2 2
Consider det(A—-Aly)=| 3 3 3-12 3 3
4 4 4 4-1 4
5 5 5 5 5-1
15—-1 15—-21 15—-1 15-1 15-1 15-2 0 0 0 0
2 2—-21 2 2 2 2 -2 0 O 0
= 3 3 3—4 3 3 = 3 0 -4 0 0
Ri+Ry+R3+Rs+Rs | 4 4 4 4—2 4 |G| 4 0 0O -1 0
5 5 5 5 s5-algtal s 0 0 0 -2
4 1
Cs—Cq
= (15 - H(-2)*

s det(A—2A) =0=1=0,0,0,0,15
For 2 = 0, solving (A — Al5)3 =0 .



111 1 1)0 1111 10
2 2 2 2 20 0 00 0 0p
3 33 3 3/0(~{0 0 0 0 0J0
4 4 4 4 40 0 00 0 0p
55 5 5 50 0 0 0 0 0p
SLX1t Xy X3+ X+ x5 =0
Let x; = p, xz =q, X3 =T, x4—s Thenxs =—-p—q—r—s.
0 0
1 0
LU=p +q| 0 |+7 0 |
/ 0/ o 1
1 -1 -1
1 0 0 0
0 1 0 0
Hence,| o |, | o [, | 1 |, | o | arefourindependent eigenvectors of A corresponding
\%) %) \8
1 1 1 1
to eigenvalue 0.
1 0 0 0
0 1 0 0 -
Thus, e® | 0 |, e%| o |, €| 1 |, e°| 0 | areindependent solutions of — = Au.
dt
0/ 0/ 0/ 1
-1 -1 1 -1
1
2
Moreover, observe that | 3| is an eigenvector of A corresponding to eigenvalue 15 since
4
5
11 1 1 1)1 1 1 1
2 2 2 2 2|2 2 2 2
3 3 3 3 3|3[=(1+2+3+4+5)|3|=15|3].S0 e™| 3| isan independent solution of
4 4 4 4 44 4 4 4
5 5 5 5 5)|5 5 5 5
du_ -
dat
Hence, the general solution to the system %—?: AU is
1 0 0 0 1
0 1 0 0 2
u=c,| 0 |+c,| O [+c,| 1 |+c,| O |+ce™|3].
0 0 0 1 4
-1 -1 -1 -1 5




= —3x—6y=0 2 —3x—6y=0 2 —3x—6y=0
@ s |Grre)+Z—3y=0  |Z+3x+3y=0
dt = dt Y= x y dt Y= dt x Y=

. %=3x+6)’ N a [x(t) :(3 6)[x(t)
%z_gx_gy at Ly(t) -3 =3/1ly(®)

t

[N
+

(14 u -
(b) e3”( +1j is a solution of du_ Au .

d
o 1+i cos3t—sin3t+i(sin3t+cos3t
=(cos3t +isin3t) = - ( ) - )
- —cos3t—isin3t

B cos3t —sin 3t N sin3t +cos3t
| —cosat —sin3t |

cos 3t —sin 3t _ _ sin 3t + cos 3t
Observe that the real part cos3t and the imaginary part of

—sin3t

—

3it +i - A dU -
1 are also independent solutions of y =Au.

—

: du - . - cos3t —sin3t sin 3t +cos 3t
Thus, the general solution of P Au is u(t)=c, +c, :

—cos 3t —sin3t
It is given that G(O) = {X(O)} = (2) . Then

¥(0)
7(0) = [;Egg _ ((;) = (c;sfic;zig 3t)|t=O e, (sinits-il;lc?)ots 3t)|t=0
o malG)ral)
= (1)=(—1 0)(c2) = =>(c;)z ( 1)
- [ x(t)]| (cos3t—sin3t) (sin3t+cos3t) - . [x(t)| [ 2sin3t
50 u(t){y(t)}__[ —cos 3t j+( —sin3t J:u(t)_{y(t)}_(cos3t—sin3t]

det(s_lﬂ 5?/1]=(3—/1)(5—;t)—3=/12—81+12=(/1—6)(/1—2)

A has eigenvalues 2 and 6.

_ : s T i (1 3]0yR=Ri1 30
For A = 2, solving (A — Al,)v =0, i.. (1 3 | 0) — (0 0 | 0)
v, +3v, =0. Let v, =s,thenv;, = —3s.

The eigenvectors of A correspondingto A = 2 are v = s(_13), s # 0.
.. ¥ = (%) is an eigenvector of A corresponding to A = 2.

C oo L2t(=3) i a_ g
s g = e** () is a solution to — = Atl.



_ . S _ = (=3 3 |0\3R*R /-3 310
For A = 6, solving (A — Al,)v = 0, i.e. ( 1 1 O)_)( 0 O| )
. —3v; +3v, = 0. Let v, =s,thenv; =s.

The eigenvectors of A correspondingto 2 = 6 are o = s(3), s # 0.

. ¥ = (3) is an eigenvector of A corresponding to 1 = 6.

—

) _ _6t(1); : au _ -
©. U = e%(7) is asolution to — = Al.

So the complementary solution to Z—E[J = Au+ f is:

~ _3 1 _3e2t e6t C]_
U (t)=ce? ( . J+ c,e” (J = [ o e“](cj =Q(t)C,

a2t a6t c a2t a6t
where Q(t) =( 37 e ],C = (clJ . The matrix Q(t) =[ 3e e“} is called a
) e

e2t e6t e2t

—

fundamental matrix of the homogeneous system ?j—l: =Au.

Let i) = hy(t)e? (‘13) + hy(t)ebt (i)

Then hy'(©e? (77) + hy' (@€ (1) = (,50) -

e (T3 ) () = (20

- (0)- (" () e (e S8 (3
eZt e6t

B 1 8e® —4e” \ [ —2e7** +et
~ —3e8t — e8| —8e2t — 125t ) \2e76t + 3¢ 3t

Alternative way to find h,'(t), h,'(t):

—3e%th,'(t) + e h,’'(t) =8 -+ (1)
e2th,(t) + eth,'(t) = 4e3t - - )

3 X (2) + (1) gives 4e®h,'(t) = 12e3' +8 = h,'(t) = 3e73t + 2e7°¢,
(2) — (1) gives 4e?th,'(t) = 4e3* —8 = h,'(t) = et — 2e7 %,

From (), we have {

hy(t) [(—2e7%t + et)dt e 2t + et
= (hz(t)> (f(Ze-6f + 3e-3t)dt) _%e—m — e3¢t

— o — 4t




6.

Alternatively,

— _ (—3e2t e6t) h () _ (—SeZt e6t) e et = = 3
Up = g2t et hy(t)) ~ \ ezt g6t _%e—et —e-3t)] 2

Hence, the general solution of the original system is
10
— % —4e3
i=cer (D) reer(N+| 3, )=

1 1 2
§ CleZt+CZe6t+§

10
—3C,e% + C,e% — 3 4e3t

Try i = e*%, where ¥ % 0.
Solve |A — AL| =0, i.e.

1-4 -10

_ _ _ _ — 2 _ —6 =
oLl DU -D-10=0= 2 -51-6=0

= A-6)(A1+1)=0 = 1= -1,6 arethe eigenvalues of A.

For 1 = —1, solving (A — AL)v = 0, i.e. (_21 _510 8) 2Rt (é _30 8)
. 2v; — 10v, = 0. Let v, = s, then v; = 5s.

The eigenvectors of A correspondingto A = —1 are v = SG) s # 0.

LU= (i) is an eigenvector of A correspondingto A = —1.

- 1y = e~t(%) is a solution to Z—f = Ad.

For 2 = 6, solving (A — A1,)3 =0, i.e. (:i __120 | 8) Ry (_05 _30 | 8)

—51)1 - 101)2 = 0. Let v, =S, then v = —25.
The eigenvectors of A correspondingto 2 = 6 are ¥ = s(*), s # 0.

- ¥ = (7?) is an eigenvector of A corresponding to 1 = 6.

DT 6t (=2) i ai_ g
r Uz = e® (7)) is asolution to — = Atl.

Hence, the complementary solution to ‘;—1: = Aud + f IS

ug = Cre~*(]) + e (7).

For the particular solution to Z—f = Au + f we let
U, = hy (0™ (3) + ha()e ().
_ t
Then hi (et () + hy(De () = (an t).

7




o (5 ()= ()

hi(@)) _ (Se_t —2e6'f)_1 e\ _ 1 ( ebt Ze“) e’
- hy(t)) ‘et eft sint) |5€‘t —Ze6t| —et 5e7t/\sint
e—t

6t
1 2 .
_ 1 et 4+ 2ebtsint _ 7e2t +7etsmt
5e5t 4+ 2e5t\ —1 + 5e~tsint _%e—5t+%e—6tsint
N AGE f(%e” + %etsin t) dt = - = 1—146” +%et(sint — cost)
h,(t) = f(—%e‘St + ge_st sin t) dt = = %e‘St +2—§9e_6t(—6 sint — cost)
Thus,
L [Bet  _pgbt %62t+%et(sint—cos t)
Up = ( —t 6t ) 1 _ 5 _ :
€ € 35€ 5t+me 6t(—6sint — cost)
3 , . 35. 25
3 ﬁe +ﬁsmt—ﬁcost

11 ¢ 1 . 6
Ee +ﬁsmt—ﬁcost

The general solution of du =Au+fis

3 +,35. 25
5 -2 —e +35Sint —5=cost
1 1 Eet+wsint—wcost
_ 3 35 . 25
~ 5C.e t—262e6t+ﬁet+ﬁsmt—ﬁcost

1 1 6
-t 6t t i _
Cie ™t + Cre®t + 10¢ t37sint —g7cost

5-12 -4
det(A—}tlz):‘ 4 3 1‘2(5—/1)(—3—2)4-16:/12—2/1+1=(/,L—1)2.
Hence the eigenvalue is A =1 with multiplicity 2.
For A =1, we have

& e =

0

R e W




—

. dU - . - t 1
One solutionof — = Au is ur=e )
dt 1

To find another linearly independent solution of Z—f = Au, we solve
L1y . (4 =41\ ReRi4 —41
a-w=0vie (G 4 11)=6G o lo)

.. 4w; — 4w, = 1. Choose w, = 0, then w; ==

S
Ob|r

1 —
Thus, u; = e* [(g) + t(i)] is also a solution to Z—ltl = All.
Hence, the complementary solution to i—f = Au + f is
% = Ce () + Get (5) + ¢
1

Let u, = hy (D)e’(7) + ha(t)e’ [(g) + t(i)].

, , 1 t
Then hy(£)et(Y) + hp(t)et [(0) + t(i)] = ()

t 1t t
. et -e'+te Ri(®)\ _ Zet)
e (%7 ) () = (2)

e te

) 1 BlPSg 1 ¢
- <h1(t)> _ (et Zet n tet) <Ze ) _ 1 (tet _Zet _ tet) <2€ )

! t t

hz(t) et tet 2e et %et + tet —et et 2e

et tet

1 2te?t — %eZt — 2te?t 1 —%e” 2

B 1 —2e2t 4 22t 1 0 a (0)
2t _ (L 2t 2t _L ot
te (4e + te ) e

hy(t) 2t . . .
(h; ( t)) ( ) (The constants of integration are omitted.)

t 1
Thus, u, = ( e e )(Zt) ;ii = 2te"(}).
The general solution of — =Au+ f is

7= Ciet(}) + Coet () + 26e().

%=(3)=20=al)+c (o> e G

)(@)-)

OB Ir



1 !
10 ‘ 4‘ -1 1 7\ 4
1 0
The solution of the given system % = Au + f IS
L X
u=3et(1)—16et 4

-+
o~
TN S~
+
N
o~
Q
o~
—
yE2
9><U I
~/
w |
— Cb('b
R ¥
I
=R
5 2
D o
T et
v

dx d®x dx d(dx) dx d
a) Let—=z,then —=—+y<—| — |=— —=z+Yy and
@ Let 4 a2 dt ) Tt dt) at Ve d y
dy dx dy
2= L =z+y.
at a ) a Y
So
d2X dx dt dt dt 0 0 1\/x
da ot Jdy _dx dy dy
S—=—+Yy S—=2+y<|—|[=(0 1 1||y
dy o dt  dt dt dt| |, ] ]
da Y dx o e (& Z
g a7 Lt dt
0 01
We have%=Aﬁ(t) where A={0 1 1].
011
(b) Trying u=e*v, where v 0.
-1 0 1 1-1 1
Solve |[A— ALzl =0,ie. {0 1-2 1 |=0 = (1) 1 1_/1=0
0 1 1-2
= (=D[A-D*-1]=0
= A=0 or 22-21=0
= A=0 or A(1—-2)=0
= 1=00,2
-2 0 110 -2 0 10

Forizz,solve(A—Mg)ﬁzﬁ,i.e. 0O -1 1/0|~]0 -1 10
o 1 -1o) 0o o ol

Vv
SOV, =V, V,=—.
2 3 1 2

Let v, =1, then VF%, v, =V, =1.

10
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It follows that u, (t) =e®| 1 |is a solution to ?j—ltj = Au.

R P N

For 2 =0 (multiplicity 2), solve (A — AI3)v = 0,ie.
0 0 10 0 0 1/0 0 1 1/0
0 1 10|~|0 1 1/0|~|0 0 1)0

o110 0o o oo/ (o o ol
1 3

Sov,=0, v,=0. Letv,=1. Itfollows that u, (t)=| 0 | is a solution to du_ Au.
dt

0
1
0)
0

We need to find another linearly independent solution for 2 =0.

1 0 0 1|1\, o /0 0 1
SoIve(A—)lI3)W=<O>,i.e.(0 11 0)—><0 11

0 0 1 110 0 0 O

{ W3:1 {W3=1
h W2+W3=0: W2=—1

0
Choose w; = 0. Thenw = (—1).

1
0 1 -
couz =ef —1) +t <0 is also a solution to d—’: = Au.
1 0
1
2 1 0 1
Hence, the general solution to u’ = Au is u(t)=ce*| 1 |+c,| 0 |+¢,| | -1 [+t| O
1 0 1 0

It follows that the general solution of the original system is
2t

x(t)zcle?+cz+c3t,
y(t)=ce* —c,.

2

dx d°x d ( dx
9. (@) Let—=z,then ——=y+e'<=— =y+e’
@ dt a Y dt( j y

dz L
— < —=y+e  and
dt dt

dx

ﬂz—Zx—5%—4y+e’t @ﬂz—Zx—5z—4y+e".
dt dt dt

11



( ax _

d%x _t | at

— =y+te
So {4t Y = 4 L ytet

Y _ t dt

—=-2x—5——4y+e dy

at d Laz—Zx—Sz—4y+e‘t

d_x

/g; 0 1 0/ 0
\dy -2 =5 —4/\y et
dat
0 1 0 x(t)
So we have %=Aﬁ(t)+f, where A=| 0 0 1|, G(t)= z(t) and
-2 -5 -4 y(t)
0
f(t)=|e"|.
eft
1 1 d
(b) e?|-2|and e| -1/ are independent solutions to a[ﬂ(t)J:Aﬁ(t).
4 1

— —

The third independent solution to %[u(t)]:Au(t) is et

1
A+ L)w= (—1).
1

1
Solve (A + I;)w = <—1>, i.e.

1
1 1 0| 1\gusr /1 1 0| 1\gyam/l 1 01
0 1 1 |-1]—(0 1 1 |- 0 11-1
-2 =5 =311 0 -3 =313 0 0 010
'{W1+W2 =1
o W2+W3:_1

2
Choose w3 = 0, thenw, = —1and w; = 2. Thenw = (—1).

2 1 _
Uz =et [(—1) +t (—1)] is also a solution to Z—I;
0 1

Hence, the general solution to the system %[G(t)} = Au(t).

o

Au.

12



(©)

1 1 2+t e? et (2+4t)eT (¢,

u(t)=ce™| -2 |[+ce™| -1 |+ce| -1-t |=| -2 —e' (-1-t)e™ | c,]|.
4 1 t 4e e te™ C,
1 1 24+t
Letu, = hy(t)e™ % (—2) + hy(t)e™t (—1) + hy(t)e™t (—1 - t).
4 1 t
1 1 2+t 0
Then h,'(t)e™ %t (—2) + h,'(t)e t (—1) + h3'(t)e™t <—1 - t) = (e_t>,
4 1 t et
et et (24+tet )\ /[h'® 0
ie. | —2e72t —e7t (=1-1t)e7t || h'(D) =<€_t>
4e7%t et te~t hs'(t) et
hy'(©) et et 2+t)et\ /0
=> | h'/@®) |=]| -2 —et (=1-—t)e! <e‘t>
hs'(t) 4e72t et te”t et
By Gauss-Jordan elimination method,
e? e (2+t)e’1 0 O e? e'  (2+t)e' |1 0 O
—2¢” —e' (-1-t)e’j0 1 0| ~| 0 e (3+t)e’ |2 10
4 et tet 0 0 1) 0 -3e' (-8-3t)et|-4 0 1
e? e' (2+t)e|1 0 0
~|1 0 e' (3+t)e']2 1 O
r;+3r,
0 e 2 31
e e' 0[-3-2t 6-3t -2-t
o 0 e' 0[4-2t -8-3t -3-t
25| 0 0 et 2 3 1
e 0 0] 1 2 1 1 0 0 ¢€* 2e” e”
~| 0 e' 0|4-2t -8-3t -3-t|~|0 1 O(-4-2t)e’ (-8-3t)e’ (-3-t)e'
o 0 et 2 3 1 00 1] 2¢ 3¢! ¢!
e et (2+t)e’ N e? 2e? e?
Thus, | -2e* —e* (-1-t)e"| =|(-4-2t)e' (-8-3t)e' (-3-t)e']|.
4 e te” 2e' 3e' e'
Then
NG e?t 2e?t e?t 0 3et
h,'(t) =<(—4—2t)ef (—8 — 3t)et (—3—t)et><e‘t>=(—11—4t)
hs'(t) 2et 3et et e 4

13



= | h(®) | = (11 —-4t)dt | = —11¢t — 2¢2
hs(t) [4 dt 4t

Thus,

hy () J3etdt ( 3et )

e et 2+t 3et
U, = —2e7% —e7t (=1-t)et (—111: — 2t2>

4e~2t et te t 4t

d?x L
—2:y+e
(d) It follows that the general solutions to dt is:
y dx B
—=-2Xx-5—-4y+e
dt dt
C 3et
X(O]_[e2 et (2ev)e] M| [ et (2+1)e” :
y(t) = 4e_2t e—t te_t C2 + 4e_2t e_t te_t 11t -2t
Cs 4t
c, + 3¢
-2t -t 2 t —t 1
:szt eft (Jtr?e} , —11t— 2t
e e e
Cc, +4t
-End-
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