MA2001 Solutions Assignment for Chapter 1 Vector Differential calculus

1. If r(t) =rcos(t)i+rsin(at) ] is the position vector of a point at time t, ¥(t) is the velocity vector of
r(t) and &(t) is the acceleration vector of (t), show that
@@ r-v=0,
(b) rxV=constant vector,
() a=da’r.
Solution:

(a)

. d| rcos(amt)i+rsin(wt)] . ' . -
V:((j:l_t: [ ( )dt ( )JJ:d(erc;SCOt)i+d(r2:a)t)j:—a)rsin(wt)i+ra)cos(a)t)1.

r-v=| reos(at)i+rsin(et) j |- —ersin(@)i + rocos(et) j | =0

(The velocity is in a tangential direction.)

(b)

rxv= [r cos(at)i+rsin (a)t)i]x[—a)r sin(eot)i + rcocos(a)t)ﬂ =r’wcos® (ot )k +r’wsin® (ot )k = r’wk

—

(©)
_ gv  d|-arsin(et)i+recos(at) ] R . .
:%: [ ( )dt ( )J]:—a)zrcos(a)t)i—ra)zsin(a)t)j:—a)zr

(The acceleration is directed towards the origin.)

2.
(@) Compute the divergence and curl of the vector functions:

(i) V=e*cosyi+xy?j+yz’k

Solution:
i =v.v =2 (" 9 (wy?)+ 2 (yz?) = e 2
divww =V .v 8X(e cosy)+8y(xy )+az(yz ) 8" Cosy + 2Xy +3yz
i i K
curlv =Vxv= i Q Q
OX oy oz
e*cosy xy® vyz®
_i 3_2 2"_2 3_2)( v 2) Y (.x 1
_(ay(yz) 2y )} (262)-Zt cosy)jH( ()2 (e cosy)}
= 2T +(y? +e*siny K
(ii) V=yzi +3zx +zk
Solution:
i =v.v =2 (yz)+ 2 a_
divi =V V_ﬁx(yz)+8y(szx)+ﬁz 1



I

»
»
| =~

curlv =vVxv=— —
ox oy oz
yz 3zX z
0 (yz)ji+(§(32x)—%(yz)}lz = -3xi +yj +2zk

(20-Zef-(20-2

oy

(b) (i) Find div(grad ), for f(x,y,z)=1-x*—4y?+2z?
Solution:
af - —
grad f = —= k =-2Xi —8yj +4zk
ax

div(grad f )= ( X)+ 2(_8y)+ﬁ(4z):_e

oy oz
(i) Find VxV(V- ) for V(x,y,z)=€" +e’] +e’k

Solution:

X y z
V-\7:diV\7=8e +8e +6e =e*+e’ +¢?
ox oy oz

V(V-V)=grad(divw)=e"T +e’] +e’k

i
% ~7(0-0)- j(0-0)-K(0-0)=0

VxV(V-V) = Vx(eXT+eyT+eZIZ):
ey

D> =
TR o=

Remark: V xVf =0
=e and V=xi +yj+2zK .

(c) Verify the formula div(fV)= f divV +V-grad f for f

Solution:
LHS = div(f\7):div(exﬂxf+exﬂyi+ewzzﬁ)
xyz xyz xyz
_®7X + ey + 7z _ xyze™ +e™ +xyze™ + e +xyze™ +e™* =3e™ (xyz +1)
OX oy oz
Xyz Xyz Xz o
RHS = fdivV+V-grad f =e*| — 2 8y+@ (XI +yj+zk) ce |+ae T+8e k
x oy oz x oy | @

=3e¥” +(xyzeXyz + xyze™ + xyzexyz):Sexyz(xyz +1) = LHS

(d) Prove that:
0] curl(v +W) curlV +curl W for any vector fields v and W on R®
Solution:
Let V=i +V,] +V,K, W=wi +W,] +wk
i k
e 0
oy oz

W=
i
0
X
VWV, FW, VW

LHS = curl(V + W)=



vy +w,)  8(v, +W2)Ji~ _(a(v3 +w,) v, +wl)jj7 +[a(v2 +w,) 8y, +W1)]12

[ 2, ;_(%_%)ﬂ Ny Oy [ oW, ;_(%_%j;+ ow, _ ow Y
oy z oXx oz oX oy oy oz oXx oz ox oy
i’ 0

Vl V2 V3 Wl W2 W3
= curl v +curl w = RHS
(ii) div(curlv)=0
Solution:
Let V=V,i +V,] +V,K

LHS = div(curl V)= div

_ oo _ov, _2(%_%}2 v, _ v
ox\ oy oz oy\ox oz oz\ ox oy
:82v3_82v2_82v3+82v1+82v2_62v1 _
OX0y OXO0Z OyoXx oyoz 010X ooy

3. ltisgiventhat r=xi+yj+zkand p=ai+bj+ck isa constant vector and u= (HF)F .

(a) Evaluateﬁ:(B~F)F.
(b) Show that
(i) V-u=4p-r,
(i) Vxu=pxr,
(iii) vX(‘p’xF)=2B.
Solution:

(a)
U= (E-F)F :[(a7+b]+cﬁ)-(xf+ y]+zl2)](x7+ y]+zl2): (ax+by +cz)(xi + yj + zk)



(b)()
V-ﬁ:V-(B-F)F:V-[(ax+by+cz)(xi+yj+zk)]
d
_ [ (ax+by+cz)x] +d[(ax+by+cz)y] N d[(ax+by+cz)z |
dx dy dz
= (ax+by+cz)+ax+(ax+by+cz)+by+(ax+by+cz)+cz

=4(ax+by+cz)=4p-r
(b)(ii)

qu:Vx[(p-F)F}:Vx[(ax+by+cz)X|+(ax+by+cz)y]+(ax+by+cz)zq

i j K
- % % % =(bz—cy)T+(cx—az)]+(ay_bx)R

(b)(iii)

Kk
9

| =
| —u

Vx(pxl’)=Vx[(bZ—Cy)l+(CX—aZ)j+(ay—bX)kJ= ™ y =2ai+2bj+2ck =2p
bz—cy cx—az ay-bx
4. Let F(x,y,z)=(x+2y+az)i +(bx—3y—z)j+(4x+cy+2z)k be avector field on R®, where a, b

and c are real constants.

(a) Find the values of a, b and ¢ such that F is irrotational.

(b) With the values of a, b and ¢ obtained in (a), determine a potential function ¢ on R®for which

Vo= F.
Solution:
(@) Since
i

|
(S))

VxF =

%’|Q)~—-1
AESE!

ox
X+2y+az bx-3y—-z 4x+cy+2z
:(6(4x+cy+22) 8(bx—3y—z)jr_(8(4x+cy+22) 6(x+2y+az)j]

OX 0z

oy 0z
+(8(bx—3y— 7) a(x+2y+az)j~

X oy

=(c+1)i —(4-a)j +(b—2)k
The vector field F is irrotational provided VxF =0

=



c=-la=4,b=2
(b) Let ¢ be ascalar field on R®suchthat Vo =F | i.e.

a—(/)=x+2y+4z,a—(p=2x—3y—z,a—(p=4x—y+22
OX oy oz

From the first equality,

2
go(x,y,z):j(x+2y+4z)dx:x?+2xy+4xz+ f(y,z),

where f is a function to be determined. Then %p =2X+ o g/ Z) :
Equating this with the equality %0 =2Xx—-3y—1z gives
of(y,z) _ 3y_s

oy

2

It follows that f(y,z)= I(— 3y —z)dy :—% —yz +g(z) for a function g.

2 2

Thus,  o(x, y,z)=X?+2xy+4xz—3%—yz+g(z)

op
d _—4 — !
an . x—y+g'(z)

Equating with Z—(o =4x—-y+2z,we have
z

9'(z)=2z, so that g(z)= _[ 2zdz=2* (we set the constant of integration to be 0.)
2 2

A potential function ¢ is given by ¢(x,y,z)= X? —3% +72° 4+ 2xy — Yz + 4%z

5. Let G(x,y,z)=3yzi +x*]j+xcosyk bea vector field on R®.
(a) Show that G is solenoidal.
(b) Find a vector field F(x,y,z)= f,(x,y,z)i + f,(x,y,z)] on R®such that VxF =G.
Solution:
(a) The vector field G is solenoidal, since
a3yz Ox? | Oxcosy

divG = =0

OX oy 0z
(b) Let F(xy,z)=f,(x,y,z)i + f,(x,y,z)] be avector field on R®. Then

i ] kK

Pl L0l (A (A (%
ox oy oz oz oz ox oy
f, f, 0

To find f, and f, such that

i:xz, i:—3yz and %—@:xcosy

oz 0z oX oy

From the first two equalities,



f,(x,y, z)zszdz =X’z +p(x,y)

2
and f,(x,y,z)= —IByzdz = —3% +w(xy)
oA o _ov e
X oy ox oy

Equating this with the equality a M = XCO0S Y gives
ox oy

for two functions ¢ and y . Then

W _99 _ycos y

OX
By setting ¢ =0, we have

2
aa—l// =xcosy,sothat  w(x, y):jxcos ydx =2 C9Y h(y)
X
2

By choosing h(y) =0, we have w(x,y)= X C;S y

Hence, one of the vector field F is
2 2

F(x, Y, Z)= XZZT+M i

Remark: The vector field F is not unique.

—

6. (a) Avectorfield F is said to be solenoidal if V-F =0. Let F =(y+2z)i+(x+2)j+(x+y)k.

Show that F is solenoidal.
(b) As aconsequence of F being solenoidal, there exists a vector field H such that F =V xH .
Find a vector field H =h (x,y,z)i+h,(xv,z) J+h(x,y,z)k with h,(x,y,z)=0such that

F=VxH.

(c) Observe that if ¢ isascalar fieldand H, F are vector fields such that F =V xH , then we have
Vx(H+Vep)=VxH+VxVp=VxH=F-(I).
Using (b) and observation (1), find a vector field G = g, (x, y,2)i+9, (% v,2) ]+ 9, (X, y,2)k
such that F =V =G and g,(x,y,z)=2y.

Solution:
@
— 0 0 0
V.E- (y+z)+ (x+z)+ (x+y):0.
OX oy oz

(b) o
i j k

Vxﬁ:det g i g — ahs_im T+(ah1_ah3j]+ ahz_ihl R’
ox oy oz oy oz 0z  OX ox oy
hl h2 h3

F=VxHandh,=0=F =(y+2)i+(x+2)j+(x+ y)Rz%ﬁ[%—?—%j]—%R.



oh,
y+z=—2
oy
That is, x+z:%—a—hs.
0z  OX
oh,
X+y=——2
oy
2 2
x+y=—%:>hl=—)/—y—,yﬂ=%:> !
oy 2 oy
oh oh,  oC X2
X+z2=-—"=2——"2=—""=C(y,z2)=————2x.Thus, h, =
i 0z 0OX ax:> (y ) 2 "
. v ) [y2—x? -
So, H =(—xy——ji+[ +z(y—x)}k.
2 2
(© ~
Let p(X,y,2)=y*=Vp=2yj.
E_T VA P B
G:H+V(p:(—xy—7ji+2yj+{ +z(y—x)}
-End-

h3=7+zy+C(x,z).

y2 X2
Sy ———IX=
2 y 2




