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EE1001 Fundamentals of Digital Techniques                 Semester B, 2022-23    

Submission deadline (25 February 2023 11:00pm)     

Assignment 2 Solution 
The assignment consists of 7 questions. 

1. (15%) Prove using mathematical induction that for all 𝑛 ≥ 1, 

1 + 4 + 7 + ⋯ + (3𝑛 − 2) =
𝑛(3𝑛 − 1)

2
. 

Proof: 

 (Base) When 𝑛 = 1, 1 =
1(3−1)

2
 is true.        

 (Induction) Assume for an integer 𝑛 = 𝑘, the statement holds. It means 

1 + 4 + 7 + ⋯ + (3𝑘 − 2) =
𝑘(3𝑘 − 1)

2
. 

 When 𝑛 = 𝑘 + 1, we have 

1 + 4 + 7 + ⋯ + (3𝑘 − 2) + (3(𝑘 + 1) − 2) =
𝑘(3𝑘 − 1)

2
+ (3(𝑘 + 1) − 2) 

              

=
3𝑘2 − 𝑘 + 6𝑘 + 2

2
=

3𝑘2 + 2𝑘 + 3𝑘 + 2

2
=

(𝑘 + 1)(3𝑘 + 2)

2
 

=
(𝑘 + 1)(3(𝑘 + 1) − 1)

2
. 

Then the statement holds when 𝑛 = 𝑘 + 1.        

By the principle of mathematical induction, the statement holds for all 𝑛 ≥ 1. 

           QED   

 

2. (15%) Use contrapositive proof to prove: If 𝑥 and 𝑦 ∈ 𝑍, 𝑥 + 𝑦 + 𝑥𝑦 is even, then 𝑥 and 𝑦 have 

the same parity (either both are even, or both are odd).  

Proof: 

Since 𝑃 → 𝑄 ≡ ¬𝑄 → ¬𝑃, we use “prove by contrapositive” to prove     

For 𝑥, 𝑦 ∈ 𝑍,  if 𝑥 and 𝑦 have different parities, then 𝑥 + 𝑦 + 𝑥𝑦 is odd. 

If 𝑥 and 𝑦 have different parities, there must be an odd number and an even number in 𝑥 and 

𝑦. 

Without loss of generality, we assume 𝑥 is even, then 𝑦 is odd.      

It means 𝑥 = 2𝑚, 𝑦 = 2𝑛 + 1, where 𝑚, 𝑛 are integers. 

Then we have 𝑥 + 𝑦 + 𝑥𝑦 = 2𝑚 + (2𝑛 + 1) + 2𝑚(2𝑛 + 1) 

           = 4𝑚𝑛 + 4𝑚 + 2𝑛 + 1  

           = 2(2𝑚𝑛 + 2𝑚 + 𝑛) + 1. 

Here, 2𝑚𝑛 + 2𝑚 + 𝑛 is an integer, so 𝑥 + 𝑦 + 𝑥𝑦 must be odd.      
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Then use proof by contrapositive, the original statement is proved.    

QED  

3. (15%) Suppose 𝐴 = {𝑟𝑒𝑑, 𝑔𝑟𝑒𝑒𝑛, 𝑏𝑙𝑢𝑒}, 𝐵 = {𝑟𝑒𝑑, 𝑦𝑒𝑙𝑙𝑜𝑤, 𝑜𝑟𝑎𝑛𝑔𝑒}, 𝐶 = {𝑟𝑒𝑑, 𝑜𝑟𝑎𝑛𝑔𝑒,

𝑔𝑟𝑒𝑒𝑛, 𝑝𝑢𝑟𝑝𝑙𝑒}, and the universal set 𝑈 = 𝐴 ∪ 𝐵 ∪ 𝐶. Find the following: 

1) 𝐴 ∩ (𝐵 ∪ 𝐶). 

2) (𝐴 ∩ 𝐵) ∪ 𝐶𝐶 . 

3) (𝐴 − 𝐵) ∩ 𝐶. 

 

Solution: 

1) 𝐴 ∩ (𝐵 ∪ 𝐶) = {𝑟𝑒𝑑, 𝑔𝑟𝑒𝑒𝑛}.   

2) (𝐴 ∩ 𝐵) ∪ 𝐶𝐶 = {𝑟𝑒𝑑, 𝑦𝑒𝑙𝑙𝑜𝑤, 𝑏𝑙𝑢𝑒}.  

3) (𝐴 − 𝐵) ∩ 𝐶 = {𝑔𝑟𝑒𝑒𝑛}.    

 

4. (15%) Suppose 𝐴 = {𝑡𝑜𝑎𝑠𝑡, 𝑗𝑢𝑖𝑐𝑒}, 𝐵 = {𝑒𝑔𝑔, 𝑚𝑖𝑙𝑘}, 𝐻 = {𝑐𝑎𝑡, 𝑑𝑜𝑔, 𝑟𝑎𝑏𝑏𝑖𝑡, 𝑚𝑜𝑢𝑠𝑒}, 𝐹 =

{𝑑𝑜𝑔, 𝑐𝑜𝑤, 𝑑𝑢𝑐𝑘, 𝑝𝑖𝑔, 𝑟𝑎𝑏𝑏𝑖𝑡}, 𝑊 = {𝑑𝑢𝑐𝑘, 𝑟𝑎𝑏𝑏𝑖𝑡, 𝑑𝑒𝑒𝑟, 𝑓𝑟𝑜𝑔, 𝑚𝑜𝑢𝑠𝑒}.  

1) Find cartesian product 𝐴 × 𝐵. 

2) Use Venn diagram to illustrate (𝐻 ⋂ 𝐹)𝐶 ⋂ 𝑊. 

Solution: 

1) 𝐴 × 𝐵 = {(𝑡𝑜𝑎𝑠𝑡, 𝑒𝑔𝑔), (𝑡𝑜𝑎𝑠𝑡, 𝑚𝑖𝑙𝑘), ( 𝑗𝑢𝑖𝑐𝑒, 𝑒𝑔𝑔), ( 𝑗𝑢𝑖𝑐𝑒, 𝑚𝑖𝑙𝑘)}.   

2) (𝐻 ⋂ 𝐹)𝐶 ⋂ 𝑊 = {𝑚𝑜𝑢𝑠𝑒, 𝑑𝑒𝑒𝑟, 𝑑𝑢𝑐𝑘, 𝑓𝑟𝑜𝑔}.      

 

 
5. (15%) Using the properties of sets to prove 

(𝐴 − 𝐶) − (𝐶 − 𝐵) = 𝐴 − 𝐶 
Start the proof from the Left-hand side. Use algebraic rules to prove it. State the name of the 
algebraic rule you used in each step. Do not skip any steps. 
Proof: 

(𝐴 − 𝐶) − (𝐶 − 𝐵) = (𝐴 ∩ 𝐶𝑐) ∩ (𝐶 ∩ 𝐵𝑐)𝑐  Difference law 

 = (𝐴 ∩ 𝐶𝑐) ∩ (𝐶𝑐 ∪ (𝐵𝑐)𝑐)  De Morgan’s law 

𝐻 𝐹 

𝑊 

𝑚𝑜𝑢𝑠𝑒 𝑑𝑢𝑐𝑘 

𝑑𝑒𝑒𝑟, 𝑓𝑟𝑜𝑔 

𝑐𝑎𝑡 𝑐𝑜𝑤, 𝑝𝑖𝑔 𝑑𝑜𝑔 

𝑟𝑎𝑏𝑏𝑖𝑡 
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 = (𝐴 ∩ 𝐶𝑐) ∩ (𝐶𝑐 ∪ 𝐵)  Double complement law 

 = 𝐴 ∩ (𝐶𝑐 ∩ (𝐶𝑐 ∪ 𝐵))  Associative law 

 = 𝐴 ∩ 𝐶𝑐   Absorption law 

 = 𝐴 − 𝐶  Difference law 

QED 
 
6. (15%) Determine if the follow functions are injective, surjective, and bijective. 

1) 𝑓: 𝑅 → 𝑅, 𝑓(𝑥) = −𝑥2 + 4𝑥 + 9. 

2) 𝑔: 𝑁 → 𝑁, 𝑔(𝑥) = 𝑥 + 3. 

3) ℎ: 𝑅 → (0, +∞), ℎ(𝑥) = log(𝑒−𝑥 + 1). 

Solution: 

1) Not injective: 𝑓(0) = 𝑓(4).      

Not surjective: range of 𝑓 is (−∞, 13] ≠ 𝑅.    

Not bijective: neither injective nor surjective.    

 

2) Injective: 𝑔(𝑥1) = 𝑔(𝑥2) → 𝑥1 = 𝑥2.     

Not surjective: range of 𝑔 is {𝑛|𝑛 ∈ 𝑁, 𝑛 ≥ 4} ≠ 𝑁.   

Not bijective: injective but not surjective.    

 

3) Injective: ℎ(𝑥1) = ℎ(𝑥2) → 𝑥1 = 𝑥2.     

Surjective: range of ℎ is (0, +∞) equals to its codomain.   

Bijective: both injective and surjective.     

 
 
7. (10%) Find the composition function of the following functions: 

1) 𝑓(𝑥) = 4𝑥 + 3, 𝑔(𝑥) = −2𝑥2 + 3𝑥 + 5. Find (𝑔 ∘ 𝑓)(𝑥).      

2) 𝑓(𝑥) =
3

5
𝑥 + 6, 𝑔(𝑥) = 6𝑥2 − 15𝑥 + 20. Find (𝑓 ∘ 𝑔) (

5

3
). 

 
Solution: 

1) (𝑔 ∘ 𝑓)(𝑥) = −2(4𝑥 + 3)2 + 3(4𝑥 + 3) + 5     
= −2(16𝑥2 + 24𝑥 + 9) + 12𝑥 + 14  
= −32𝑥2 − 36𝑥 − 4       

 

2) (𝑓 ∘ 𝑔)(𝑥) =
3

5
(6𝑥2 − 15𝑥 + 20) + 6      

= 
18

5
𝑥2 − 9𝑥 + 18       

       (𝑓 ∘ 𝑔) (
5

3
) =

18

5
∙ (

5

3
)

2

− 9 ∙
5

3
+ 18  

   = 10 − 15 + 18 
   = 13         


