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A power formula for computing limits: L' Hopital’s Rule

#® In Chapter 6 (Limits), we learned various techniques to compute the limits.

y x2—3x_l_ x—3 3
xl—%xZ—Sx_xl—I}(l)x—S_S'
W (f
— S—
@

® Each of these techniques is useful in some special types of limits only.

® One cannot compute the following limits using simple algebraic tricks:

|1 e er 1 [ [/
im ——, =~ x>0 x2 0
—00 O
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® Observe that these two limits assumes the form 0/0 (second limits) or
oo /oo (first limits).
¢ The following theorem, called L' Hopital Rule, provides an efficient method

to compute these kinds of limits.
Theorem 1A (L’ Hopital Rule, (%) type)

Let f(x) and g(x) be two differentiable functions. Suppose that
1. lim f(x) =limg(x) =0
xX—a xX—a

_f . o )
2. lim = exists |i.e. lim =L or ©o or —
x>a g'(x) x~a g'(x)
Then, we have
- f&x) . ()
lim ——= = lim

xsag(x) xoag'(x)
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Theorem 1B (L’ Hopital Rule, (g) type)

Let f(x) and g(x) be two differentiable functions. Suppose that

1. lim f(x) =00 or —oo and limg(x) = or — o
X—a X—a

. . f'(x)
2. lim exists |i.e. lim =L or o or —
x-a g'(x) x~a g'(x)
Then, we have
N LCO NN (€5
im = lim

x=ag(x)  x~ag'(x)

Example 15

Compute the limits

In(1+x e?*” —1
(a) lim ( " ), (b) lim
X— 00

x—0 xz
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©Solution:

(a) Notethat f(x) =In(1+x) » o and g(x) = x — o as x — oo, then
the limits is of the type % Using the U'Hopital Rule, we get

0
9}l—>r¥>lo“g’(x)
=2 typer 1 S
In(1+x)®*® 1 0
lim ( ) /;=“ liml-;x=lim1+x"=“‘0
X—00 X—00 X—00
(L Hopot

(b) On the other hand, note'that f(x) = e?** =1 > 0 and g(x) = x2 > 0

as x — 0 and the limits is of the type %‘ Using L'Hopital Rule, we get

(%)
7 Cx)
< typer A —
, 2% — 19 ~ 4xe?*” , 22 2(0)2
lim > = lim = lim 2e = 2e = 2.
x—0 X x-0 2x x—0

oy
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Example 16A

Compute the limits

1 —cos3x

lim
x—0 x2
©Solution:

Since f(x) =1 —cos3x » 0and g(x) = x? > 0as x = 0. Using L Hopital

Rule, we get
S0
Loyl 2 Ui
1 —cos3x 'ﬁa - 3sin3x ﬂf/?ﬁg - 9cos3x
lim > = lim ———— = lim ————
x—0 X x->0 2Xx y x—0 2
~ 9cos3(0) & fic)

9
2 2

Lcssou,: gme/(m@ 5 Oue Qoo ‘o d/kpgf 4 '/%/,(;é,fé Rule  several ffmés,

_/\
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In fact, U Hopital provides an “extremely” effective way for us to compute the
limits. Consider the Example 16 again,

Before Use After Use
I 1 — cos 3x 1 —cos3x
e p— }Cl_r}% =
~ cos0 —cos3x 3 sin 3x ! \
= . / .
lim 2 — }cl—r}(l)T ( e H&fr%mf s Rule
_2sin 2L 3% 5, O 3% 9 cos 3x |
= lim Z > 2 = lim——— (@/H&fﬂ[tzz z Rule
= X x—0 2
 sin? (37’5) _ 9 cos 3(0) _ 2
= ,lcl_r)r(l) 2 o 2 2
. 3x\?2
_ 9\ [ sin= 9
= 1im2(5) 3x | T2
2
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Example 16B

Compute the following limits

fanx — x

lim .
x-0X — Sinx

©Solution:

Note that both f(x) =tanx —x - 0and g(x) = x —sinx —» 0 when x — 0.
Thus, one can use the U'Hopital Rule and get:

’ tanx — x L’@;/ﬁf y sec?x —1 (O . )
20 X —sinx B 50 1 —cosx 0 ype
Hligpital ~ 2secx(secxtanx) 2 2
= lim _ = lim = = 2.
x—0 sin x x>0cos3x cos30
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Remarks about L’ Hopital Rule

1.0ne can use LU'Hopital Rule only when the limits is of the type % and g This

rule cannot be applied when the limits is not of the type % or g For
example: (
X P L /[/ [W’“ﬂky‘/)

1
—>I=1 /
2x +1 2

li +* li 2 T limit 200) +1 1
im im—= rue limits = =1|.
x>0 x+1 x-01 04+1
2.U'Hoptial Rule can be applied ONLY WHEN the limits lim ;,gg exists
xX—a
(either a real number or infinity). For example: It is INCORRECT to say that
—_—— 77
. X +sinx 1 +4cosx . PR ,
lim = lim = lim |1+ Cosx | = does not exist.
X— 00 x _ 3 X — 00 1 X— 00

In fact, this limits exists and = 1.
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(

3.0ne has to be careful that the use of L'Hopital Rule in problem related to
differentiability. (C[Zucu Car- cpuwclisdon e>

Example:
Suppose we would like to check the differentiability of f(x) = sin 2x at

x = 1t using first principle, it is INCORRECT to say that

sin(Z(n + h)) —sin2mr _ sin2h _ 2cos2h
= lim = lim————=2cos0 =2
h—0 h h-0 h h—0 1

since the above argument assumes that sin x is differentiable at x = 2

which is something that you need to show. To obtain the correct solution,

: in 6
one has to use sum-to-product formula and the fact that limg_, % = 1.
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Indeterminate forms
In this sub-section, we will discuss the computation of the following limits:

(
(1) lirr(l) x*, (—”> 00 'as x - 0)
X—

[‘ ;(

(2) lim(\/x2+2x+2— x2+1), (Do00—00 as x - )
X—00

1 x \ (
(3) lim—tan=, (> 0Xo as x—-0)
x—0 X 2
/

1 | (

(4) lirr(l)(l + x)x, (—>( 1° #1as x - 0)

X—

(TN,

(5) lim | — (0 as x—>0)

x—0 \X
Such kinds of limits are said to be of indeterminate forms. Those limits can be
computed using LU'Hopital Rule. In order to apply this rule, one has to rewrite

. 0 ) : :
the above limits into the form 5 or % so that L'Hopital can be applied.
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Type 1: 0 X oo type

Example 17

Compute the limits ©Note:

lim xlnx xInx - 0 X (—x) asx — 0.
x—0% '

(©Note: Here we consider the limits when x — 07 since ln x is defined for
x > 0 only)

©Solution:

By rewriting the limits and using L'Hopital Rule, we have

= e '
T P TR U] 1
- X _ _
. e
X x2
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Type 2: oo — oo type
Example 18

Compute the limits / Limits > o0 —ocoasx — 171,

I ( X 1)
er{lJf x—1 Inx

©Solution:
xlInx—(x—-1)-0
One can take the common factor and get
(x—1DInx -0

_ X 1  xlnx—(x—-1) I
lim ( — ) = lim = £ (
-1t \x — 1 In x x—1t (X —_ 1) In x O
f(x) f(x)
alcll%g(x) g7 o) Inx + x (%) -1 In x

= lim, = lim
“Ulnx+(x-1) (E) U nx +

x—1
X
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I xInx (O . )
xLT+xlnx+x—1 0 yPe
fO)_ . flx)
91c1—r>r(1)g(x) chl_r)r(l)g (%) Inx + x (l)
"*‘ lim, 1x
- H. X1 lnx+x()+1

_ Inx+1 1n1+1_1
T aotlnx+2 mni+2 2

Example 19 ©Note:
Compute the limits ¢ S
X _( X )( 1 )_)OO
li ( 1 X ) sin3x  \sinx/ \sin2 x
m 2~  <in3
x—0\sin“x sin®x

(©Note: Again, this limits is of co — o type.)
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©Solution:

Note that
_ 1 X . sinx —x 0
91(1_r)r(1) (sin2 x sin3 x) - chl_r)rcl) sin3 x (6 ‘
limM= limM
2090 x2007() gy — 1 0
L':H alcl—rg 3 sin? x cos x (6
Lragircl s
L‘=H 3161_r)r(1) 6 sin x cos? x — 3 sin3 x
—1
= lim

x—06cos?x —3sin?x

—1 1

T 6c0s20 —3sin20 6
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Type 3: 0°, 0¥ and 1% type

One can compute these limits (via L'Hopital Rule) by first transforming the limits
into the form of 0 X oo so that one can compute the limits using the method

described in Type 1. This can be done by taking natural logarithm, i.e

( (f

y=0"=1lny=01In0
ey
(
(y:oo°:>lny=01noo (
0 o
o 0

/ Y= y(*)
To compute the limits lim,._,, y, we first compute lim,._,, In y and get
lim,_,Iny = L. Then the limits can be obtained by

limIny — ol

limy = lim e!"Y = ex>a
X—a XxX—a
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g
b (148)% 2 o, (14%)
= 2 = &

Example 20 /__/g_\
— (1+ x)2x - 1%
lim (1 + x)2x
x—0% (1% — type)

©Solution
1 1
lety=(1+x)2x=>Iny =In(1 + x)2x = % In(1 + x).

-
—00

-0

Taking limits on both sides, we have

lim Iny = lim —In(1+x) = lim 2% (0 ( )
xLI(I)l"r ny= lr(r)1 +2x . * xH(I)l 2x 0 ype
1
s T a+ 20+40) 2
Thus we get
1 lim Iny V 1
lim (1 + x)2x = 11m y = lim el"Y = exs0t = g2,
x—-0t -0t x—0t
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Example 21
Evaluate the limits xSinx _, 0
sinx_ / (00 — type)

lim x
x—-0t

©Solution
Let y = x5"% thenlny = ln(xSinx) = sinx In x.

Taking limits on both sides, we get

Inx 00
lim Iny = lim sinxlnx = lim-—l—e- (g type)

x—0% x—0% x—0%
sin x
A 1 . |
f/iim X = — lim (sin ) = — lim (sin )’
o0t o 1 e x—0% X COS X x—0% X COS X
(sin x)?
sin x
=—1im( )smx~’= —1 %0 fglk=0
x-0t \ X 20)[
i . i . lim Iny
= lim x5"% = lim y = lim ey = ex-ot ~ =% =1,
x—0% x—0% x—0%
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Example 22

(cotx)* - °

lim (cot )" — (0° — type)

x-07t

Compute the limits

©Solution:
Let y = (cotx)*, thenIny = x In(cot x).

Taking limits on both sides, we get

lim 1 lim xIn(cotx) = lim —eOt¥) (°° type)
im Iny = lim xIn(cotx) = lim ———— (= e
x—0% Y x—0% x—07t 1 (0.0) yP
'y ;
\ —csc?x sin x , .
VA . in2 . X . X
= lim —SOtX  — iy —COSXSINTX _ —— = |lim ( _ )x
xsot 1 x—0+ 1 x—0* cosxsinx  x—0% cosx \sinx
X2 X2
=1xXx1x0=0
. lim Iny
= lim (cotx)x = 1m y = lim e™Y = ex-o* =e% =1.
x—0% -0t x—07t
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Some Harder Examples

Example 23

Let f(x) be a differentiable function with f(0) = 0 and f'(0) = 1, we consider
another function

fx) |
g(x) =42sinx lfx;tO_
a if x=0

Find the possible a such that the function g(x) is continuous at x = 0.

OSolution: g(x) is continuous atx = 0
Using L'Hopital Rule, we get & lim g(x) = g(0).
x—0

L@ o ('ff

2sin0 0 [
limg(0) 2 tim 28 Sy /O _TOQ _[O)_
a0 x—0 2sinx x»02cosx 2cos0 2
Since g(x) is continuous at x = 0, then’ we have

‘ 1
limg(x)=g0)=a=a=—
x—0 2

1
>
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Example 24

Let f(x) and g(x) be two differentiable functions over R. Suppose that
* f(0)=0, f/(0)=1
e g(0)=0, g'(0) =0 and g"(0) = 1.

We consider the following £ function:

f2x) if x=0

PEO=19® o
X L/ X

(a) Determine whether the function P(x) is continuous at x = 0.
(b) Determine whether the function P(x) is differentiable at x = 0.

©Solution:

(a) We need to check whether lim,._,, P(x) = P(0) = f(0) =0.To
compute the limits on the left-hand sides, we need to consider left-hand

limits and right-hand limits:
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lim P(x) = lim, f(2x) = £(2(0)) = 0

x—0%
g(x) g%‘)):(%)
. o )T g,
apre=pms 5 Ty me@=0

Thus lim,._,¢ P(x) = 0. Since lim,_,o P(x) = 0 = P(0), so P(x) is
continuous at x = 0.

(b) Using first principle, we consider (put x = 0)

- P(0O+h)—P(0) ~ P(h)-0 ~ P(h)
lim = lim = lim —=.
h—-0 h h—0 h ho0 h
Again, we need to consider the left-hand limits and right-hand limits:

d df (2h)d(2h)

—_ h)=

f(2h) f(0)_0 an/ (21) d(2h) dh
. P . f(Q2h) h . 00 zf/(Zh)‘ ,

S Am— = lm : = 2f'(0)

=2(1) = 2.
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g(h) g(h) g()_o0

' . _ i 9 Rz 020 AL
A S I = ST

Since the left-hand limits does not equal to right-hand limits and the
. h)— : h : :
limits limy,_,q lChs ; PO) limy,_,, # does not exist, thus the function

P(x) is not differentiable at x = 0.

Remark:

It is OK to apply the L'Hopital Rule to check the differentiability since it just
requires the differentiability of f(x) and g(x) which are given in the problem.
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Extra Example 1

Compute the limits

x?+1 tan~1(3x?)

lim

X—C0

and lim

X x—0 x3 4 x2

(Note: Here, tan~! y takes the value between — % and g)

©Solution:

The first limits is of the type

x*+1

lim

i

lim

2

z x+1 - g (as x — 00). Using L'Hopital Rule, we get
d
ZE*+D 2
= lim — = lim 2x = oo.
d X— 00 1 X—00

X — 00 X 7 X — 00

ﬁx

73
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-1 2 -1

On the other hand, the second limits is of the type fan - (Sf ) e 0.2 By
xX°+x 0 0

" Hopital Rule again, we have

d _

. tan™'(3x%) | gtan 1(3x?)

llrr(1) 31 52 = llrr(l) p

X X X X— ﬁ(x?) + xz)

%tan_l(sz)
_dtan"'(3x?) d(3x?%) 1
d(sz ax lim 1+ (3X2)2 (6x) — lim bx
x-0  3x?% 4 2x -0x(3x + 2)(1 4+ (3x2)?)
~ 220 (3x + 2)(1 + (3x2)2)
2 7
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Extra Example 2

Compute the limits

lim x2e 3%,

X— 00

©Solution:

co

Note that the limits is of the type x?e 3% — 0% ¢~ = o X 0, one has to
L 0 : , :
transform the limits into the form 5 or g in order to apply L'Hopital Rule.

x 2 00
. 2,-3X — 1; _
lim x“e = lim (OO type)

X — 00 X — 00 e3x
d

A — x? 2

e dx Y X f

= Jim G =Jim s (5 ove)
dx

r d ., I

'y g 2 o2

= lim =—— = lim 2y = = 0.

x—>oo_383x X— 00 96 9 X 00

dx
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Extra Example 3

Compute the limits

. 1 1
lim ( ——)
x-0t \tanx Xx

. 1 1 1 1
Since ( — —) — — = =00 — oo whenx = 0%, we need to transform the
tanx X tan 0 0

L 0 : ) :
limits into the form 5 or g in order to apply L'Hopital Rule. Note that

1 1 X —tanx 0
lim ( — —) = lim (— — type)

x>0t \tanx Xx x—0t xtanx 0
d
. g —tanx) 1 —sec®x 0
= hm+ g = hm+ n n > (6 — type)
x—0 Ex tan x x->0Ttanx + xsece x
—2secx (secxtanx) 0

x—0tsec? x +sec?x + 2xsecx (secxtanx) 1+1+0

76 MA1200 Calculus and Basic Linear Algebra |
Lecture Note 10: Application of Differentiation



;[,1) Mere  ou 4?%%[3@/@%




Ayw&kﬂ/mf/w'][ on 2" A a/w'[wmlfv EZe

(iiu—-(
&P ot o
Theorem F

Let f be a differentiable function in some neighbourhood of a point ¢ such that f '(c) =0 and f "(c)

exists.
I. If f"(c)<0, then x=c gives alocal maximum point of the curve y = f(x).

2. If f"(c)>0, then x=c gives alocal minimum.

3. If f"(c)=0 and f"(x) is positive on one side of x=c and negative on the other, then x=c

gives a point of inflexion (inflection).

N.B. Apoint (c,f(c)) onacurve y=f(x) isa point of inflexion if f"(c)=0 and if the graph of

y=f (x) 1s concave upward on one side of x =c¢ and concave downward on the other.

Example 6
Consider the following functions (i) y = x°, (ii) y=x".

For (1), the curve has a point of inflexion at x =0 since y"=6x changes sign there.
For (i1), the curve does not have a point of inflexion at x =0 although y"=0 there. (Why?)



Example 7
Find the dimensions of a box without cover that will yield the largest volume, if it is to be constructed
from a rectangular metal plate, 4 m by 12 m.

Solution:

fe———12-2 |

Let x m be the height of the box. Then (12—2x)m is the length of the box and (4 —2x)m is the width
of the box. The volume of the box is given by
V(x)=x(4-2x)(12-2x) m’

=4x(2-x)(6-x) m’

= 4(12x—8x* +x°) m’
Moreover, V'(x)=4(12-16x+3x*).If V'(x)=0,then x=0.903, 443 (to 3 sig. fig..
Because the dimensions are non-negative, x can only take values in (0,2). However, 4.43 is not in
(0,2).
V"(x)=4(-16+6x) = ¥"(0.903)<0=¥(x) has alocal maximumat x=0.903

The values V(O) =0= V(2) and V(0.903) ~20.2 reveal that the absolute maximum is at x =0.903.

. The dimensions of the largest box are 10.2 m by 2.2 m by 0.903 m. @



Example 8
Find the greatest volume of a cylinder that can be inscribed in a sphere of radius b.

Solution:
Let 4 and r be the height and radius of the cylinder respectively.
Step L:

Step 2:
We want to find the maximum value of V (volume), V = m’h.

3

2
As b* =7 +(g) , we have V = ﬂ(bzh —%) Now the value V' depends on the variable % only and

therangeof 4 is 0<h<2b.



, , 3 , 2b .
Step 3: V'=nx| b vt V'=0when h=—= (since h=>0).

J3

As V'>0 when 0<h< 2—2 and JV'<0 when 2—2 <h<2b, we conclude that the greatest volume of

3 3
cylinder that can be cutis V=V [&j = ﬂ[zb 8b } ' i

V3) TV 1243
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1  Dynamical applications (p.306 — p.312, p.348 — p.352)
The concept of derivatives can be applied to solve some physical problems. Consider an object which is

moving along a straight line. We let
x () =the position of the object at time?,

v(t)=the velocity of the object at time ¢,
a(t) =the acceleration of the object at time ¢,
_dv _d °x

thenv(t):%and a(t)—E— R




Example 1
If the velocity v(z) of a body varies inversely as the square root of the distance s(z), prove that the

acceleration a (t) varies as the fourth power of the velocity.

Solution:

k
Now, we have v () = , where £ is a constant.
ys(7)

1
az(z‘)=ﬂ=ﬂé = v(t)ﬂ.Observethat v=i=k52:>—=——ksz.
dt ds dt ?m,(,) ds s ds 2

So




Example 2
A ladder 13m long rests against a wall which is perpendicular to the level ground along which the lower

end of the ladder slips at the rate 4m/s. How fast is the upper end of the ladder running down the wall
when the lower end is 12m from the wall?

50@‘:[ (@ 2

>

e
SUOUONUONONONONONONONONONONNNNNNAN

<
~

< N
< X /l

Let x= distance of the lower end of the ladder from 0 at time .
vy =height of the upper end of the ladder above the level ground at time .

x2+y2:169:>2x@+2ydy:O,When x =12, we have 2x12><4+2x5d—y:0.

dt " dt dt
dy 48
Thus,—=—-—m/s.
dt 5 L



]I.f) /1/€W2[014- /? m&?lé@/

(*) : Ofﬁ@ma @



3.1 Numerical solution of nonlinear equation, f (x) =0, using Newton’s (or Newton-Raphson) method
(p.425 — p.430) (OPTIONAL)

Suppose we have an approximation x, to a simple real root x (=x, +4) of the equation f (x) =0
Then

f(x*):f(xk +h)=f(xk)+hf'(xk)+%f"(xk).|_...
=0 by Taylor's expansion for f ( x, + h),

If h issmall, then h’&el, we may neglect the second and higher order terms in

f(xk)+hf'(xk)z0

=  hx- /(%) , provided f'(x,)#0,
f'(x)
and so we take the next approximationto x as
il )}
) /(%)
Using this formula for £=0, 1, 2, ..., we have a process known as the Newton (or Newton-Raphson

method.



Example 14
Perform 4 iterations of Newton’s method to compute the root of xe'—1=0 with an initial
approximation x,=0.5.

Solution:
Let f(x) =xe" —1. =2 ﬁ[x) @gqu/
Using Newton’s method,

f(xk)_x _Lk_l’ k=0,1, 2, ....

Fiw) T (et

With an initial approximation, x, =0.5, we have

X1 =X —

0.5
% =05-22¢ ~1 _ 0571020,
(0.5+1)e"
0.57102
[ sl L L 0567156,

(0.57102 + 1)

0.567156
SIS L 0567143,

(0.567156 + 1)60.567156

0.567143
x, =0.567143 - 2>07143¢ L 0567143

(0.567143 + 1)60.567143




