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A power formula for computing limits: L’ Hopital’s Rule 

In Chapter 6 (Limits), we learned various techniques to compute the limits. 

lim$→&
'( ) 3'
'( ) 5' , lim$→&

' ) 3
' ) 5 ,

3
5 , lim$→.

√' ) 1
' ) 1 , lim$→.

√' ) 1
' ) 1 1√' 2 1√' 2 13 , ⋯ , 2. 

lim$→&
sin 2' cos '

' , 2 lim$→&
sin 2'
2' cos ' , 2. 

lim$→;
'( ) 3'
3'( ) 2 , lim$→;

1 ) 3'
3 ) 2

'(
, 1
3,			 lim$→; =1 )

3
'>

($
, lim$→; ?=1 )

3
'>

$
@
(
, ABCDE( , BCF. 

Each of these techniques is useful in some special types of limits only.  

One cannot compute the following limits using simple algebraic tricks: 

lim$→;
lnA1 2 'E

' ,							 lim$→&
B($G ) 1
'( . 

so

÷:
"

•
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"
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• Observe that these two limits assumes the form 0/0  (second limits) or  
∞/∞ (first limits). 

• The following theorem, called L’ Hopital Rule, provides an efficient method 
to compute these kinds of limits. 

 

 

 

 

 

 

 

 

 

1.		 lim$→K LA'E , lim$→K MA'E , 0 

2. 	lim$→K
L′A'E
M′A'E 		B'OPQP			 1O. B.		 lim$→K

LRA'E
MRA'E , S			TU		∞			TU		 ) ∞3 

lim$→K
LA'E
MA'E , 	lim$→K

L′A'E
M′A'E. 

Theorem 1A (L’ Hopital Rule, VWWX type) 

Let LA'E and MA'E be two differentiable functions. Suppose that 

Then, we have 
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Example 15 
Compute the limits 

AYE		 lim$→;
lnA1 2 'E

' ,					AZE		 lim$→&
B($G ) 1
'(  

1.		 lim$→K LA'E , ∞		TU	 ) ∞				Y[\		 lim$→K MA'E , ∞		TU	 ) ∞ 

2. 	lim$→K
L′A'E
M′A'E 		B'OPQP			 1O. B.		 lim$→K

LRA'E
MRA'E , S			TU		∞			TU		 ) ∞3 

lim$→K
LA'E
MA'E , 	lim$→K

L′A'E
M′A'E. 

Theorem 1B (L’ Hopital Rule, V;;X type) 

Let LA'E and MA'E be two differentiable functions. Suppose that 

Then, we have 
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☺Solution: 

(a) Note that LA'E , lnA1 2 'E → ∞  and  MA'E , ' → ∞ as ' → ∞, then 

the limits is of the type ;;. Using the L’Hopital Rule, we get 

lim$→;
lnA1 2 'E

'
]^̂ ^_^̂ ^`

abcd→e
fA$E
gA$E

,h
;
;		ijkl

lim$→;
1

1 2 '
1

]^̂ _^̂ `
abcd→e

fmA$E
gmA$E

, lim$→;
1

1 2 ' ,h
→.
;
0 

(b) On the other hand, note that LA'E , B($G ) 1 → 0  and MA'E , '( → 0 

as ' → 0 and the limits is of the type &&. Using L’Hopital Rule, we get 

lim$→&
B($G ) 1
'(

]^̂^_^̂^`
abcd→n

fA$E
gA$E

,h
;
;		ijkl

lim$→&
4'B($G
2'

]^̂ _^̂ `
abcd→n

fmA$E
gmA$E

, lim$→& 2B
($G , 2B(A&EG , 2. 

 

NÄ ital

•

:
L'Hopifal
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Example 16A 

Compute the limits 

lim$→&
1 ) cos 3'

'(  

☺Solution: 

Since LA'E , 1 ) cos3' → 0 and MA'E , '( → 0 as ' → 0. Using L’ Hopital 
Rule, we get 

lim$→&
1 ) cos 3'

'( ,h
abcd→n

fA$E
gA$Ep	abcd→n

fmA$E
gmA$E

lim$→&
3 sin 3'
2'

]̂ _̂ `
→&&

,h
abcd→n

fA$E
gA$Ep	abcd→n

fmA$E
gmA$E

lim$→&
9 cos 3'

2
, 9 cos 3A0E

2 , 9
2. 

 

 

inltopital tiltopital

G-dti-e)

Lessoui Sometimes one has to apply l
'

Hopifal's Rule several times
.
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In fact, L’ Hopital provides an “extremely” effective way for us to compute the 
limits.  Consider the Example 16 again, 

 

 

 

 

 

 

 

 

 

 

 

lim$→&
1 ) cos 3'

'(  

, lim$→&
cos 0 ) cos 3'

'(  

, lim$→&
)2 sin 0 2 3'2 sin 0 ) 3'2

'(  

, lim$→& 2
sin( V3'2 X

'(  

, lim$→& 2 =
9
4>r

sin 3'2
3'
2

s
(

, 9
2. 

Before Use 

 

lim$→&
1 ) cos 3'

'(  

, lim$→&
3 sin 3'
2'  

, lim$→&
9 cos 3'

2  

, 9cos3A0E
2 , 9

2. 

After Use 

 

(e'Hopital 's Rule)

(e'Hopital 's Rule)
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Example 16B 

Compute the following limits 

lim$→&
tan ' ) '
' ) sin '  

☺Solution: 

Note that both LA'E , tan ' ) ' → 0 and MA'E , ' ) sin ' → 0 when ' → 0. 
Thus, one can use the L’Hopital Rule and get: 

lim$→&
tan ' ) '
' ) sin ' ,h

abcd→n
fA$E
gA$Ep	abcd→n

fmA$E
gmA$E

lim$→&
sec( ' ) 1
1 ) cos ' 								=

0
0 ) QwxB> 

,h
abcd→n

fA$E
gA$Ep	abcd→n

fmA$E
gmA$E

lim$→&
2 sec ' Asec ' tan 'E

sin ' , lim$→&
2

cosD ' ,
2

cosD 0 , 2. 
 

tiltopital

tiltopital
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Remarks about L’ Hopital Rule 

1. One can use L’Hopital Rule only when the limits is of the type && and ;;. This 

rule cannot be applied when the limits is not of the type && or ;;. For 

example: 

lim$→&
2' 2 1]̂_̂`
→..p.

' 2 1 y lim$→&
2
1 , 2					 1zU{B	|O}OQP , 2A0E 2 1

0 2 1 , 13. 

2. L’Hoptial Rule can be applied ONLY WHEN the limits 	lim$→K
fmA$E
gmA$E  exists 

(either a real number or infinity). For example: It is INCORRECT to say that 

lim$→;
' 2 sin ']̂ _̂̂^̀

→;;

' ) 3 , lim$→;
1 2 cos '

1 , lim$→;11 2 cos '~
→??

3 , 		\TBP	[TQ	B'OPQ. 
In fact, this limits exists and  , 1. 

(Wrong!)
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3. One has to be careful that the use of L’Hopital Rule in problem related to 
differentiability.  
 
Example: 
Suppose we would like to check the differentiability of LA'E , sin 2' at 
' , � using first principle, it is INCORRECT to say that 

lim�→&
sin�2A� 2 �E� ) sin 2�

� , lim�→&
sin 2�
� , lim�→&

2 cos 2�
1 , 2 cos 0 , 2 

 
since the above argument assumes that sin ' is differentiable at ' , 2� 
which is something that you need to show. To obtain the correct solution, 

one has to use sum-to-product formula and the fact that lim�→&
�b��
� , 1. 

 

 

(Circular coaches ion ! )
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Indeterminate forms 

In this sub-section, we will discuss the computation of the following limits: 

A1E			 lim$→& '
$ ,			A→ 0&			YP		' → 0E 

A2E	 lim$→;V�'
( 2 2' 2 2 ) �'( 2 1X,					A→ ∞)∞			YP		' → ∞E 

A3E	 lim$→&
1
' tan

'
2,					A→ 0 � ∞				YP		' → 0E 

A4E	 lim$→&A1 2 'E
.
$ ,				A→ 1; y 1	YP		' → 0E 

A5E	 lim$→& =
1
'(>

$
			A→ ∞&			YP		' → 0E 

Such kinds of limits are said to be of indeterminate forms. Those limits can be 
computed using L’Hopital Rule. In order to apply this rule, one has to rewrite 

the above limits into the form && or ;; so that L’Hopital can be applied. 

" "

4 i

" II

" "

V11
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Example 17 

Compute the limits 

lim$→&� ' ln '. 
(☺Note: Here we consider the limits when ' → 0� since ln ' is defined for 
' � 0 only) 

☺Solution: 

By rewriting the limits and using L’Hopital Rule, we have 

lim$→&� ' ln ' , lim$→&�
ln '
1
'

~
C;
;

,h
abcd→n

fA$E
gA$Ep	abcd→n

fmA$E
gmA$E

lim$→&�

1
'

) 1
'(

, lim$→&�
A)'E , 0. 

Type 1:   0 �∞ type 

☺Note: 

' ln ' → 0 � A)∞E as ' → 0. 
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Example 18 

Compute the limits 

lim$→.� =
'

' ) 1 )
1
ln '> 

☺Solution: 

One can take the common factor and get 

lim$→.� =
'

' ) 1 )
1
ln '> , lim$→.�

' ln ' ) A' ) 1E
A' ) 1E ln '  

,h
abcd→n

fA$E
gA$Ep	abcd→n

fmA$E
gmA$E

lim$→.�
ln ' 2 ' V1'X ) 1
ln ' 2 A' ) 1E V1'X

, lim$→.�
ln '

ln ' 2 ' ) 1'
 

Type 2:   ∞)∞ type 

☺Note: 

Limits → ∞)∞ as ' → 1�. 

' ln ' ) A' ) 1E → 0 

A' ) 1E ln ' → 0 

⇐ : ")
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, lim$→.�
' ln '

' ln ' 2 ' ) 1							=
0
0 		QwxB> 

,h
abcd→n

fA$E
gA$Ep	abcd→n

fmA$E
gmA$E

lim$→.�
ln ' 2 ' V1'X

ln ' 2 ' V1'X 2 1
 

, lim$→.�
ln ' 2 1
ln ' 2 2 ,

ln 1 2 1
ln 1 2 2 ,

1
2. 

 

Example 19 

Compute the limits 

lim$→& =
1

sin( ' )
'

sinD '> 

(☺Note: Again, this limits is of ∞)∞ type.) 

 

'
sinD ' , V '

sin 'X
]̂ _̂`

→.

= 1
sin( '>
]̂ _̂ `

→;

→ ∞ 

☺Note: 

üH
.
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☺Solution: 

Note that 

lim$→& =
1

sin( ' )
'

sinD '> , lim$→&
sin ' ) '
sinD ' 							=00 		QwxB> 

,h
abcd→n

fA$E
gA$Ep	abcd→n

fmA$E
gmA$E

lim$→&
cos ' ) 1

3 sin( ' cos '																=
0
0 		QwxB> 

,h
abcd→n

fA$E
gA$Ep	abcd→n

fmA$E
gmA$E

lim$→&
) sin '

6 sin ' cos( ' ) 3 sinD ' 

, lim$→&
)1

6 cos( ' ) 3 sin( ' 

, )1
6 cos( 0 ) 3 sin( 0 , )16. 

 

UH

UH



 A" MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 10: Application of Differentiation 

 

 

One can compute these limits (via L’Hopital Rule) by first transforming the limits 
into the form of 0 �∞ so that one can compute the limits using the method 
described in Type 1. This can be done by taking natural logarithm, i.e 

w , 00 ⇒ ln w , 0�
&
ln 0�
C;

 

w , ∞& ⇒ ln w , 0�
&
ln∞�
;

 

w , 1; ⇒ ln w , ∞�
;
ln 1�
&

 

To compute the limits lim$→K w, we first compute lim$→K ln w and get 
lim$→K ln w , S. Then the limits can be obtained by 

lim$→K w , lim$→K B
a�j , B abcd→� a�j , B�. 

Type 3:  0&, ∞& and  1;  type 

„ it

" "

„ „

←
f- gut
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Example 20 

lim$→&�
A1 2 'E

.
($ 

☺Solution 

Let w , A1 2 'E
�
Gd ⇒ ln w , lnA1 2 'E

�
Gd , .

($�
→;

lnA1 2 'E�������
→&

. 

Taking limits on both sides, we have 

lim$→&� ln w , lim$→&�
1
2' lnA1 2 'E , lim$→&�

lnA1 2 'E
2' 										=00 			QwxB> 

, lim$→&�

1
1 2 '
2 , lim$→&�

1
2A1 2 'E ,

1
2A1 2 0E ,

1
2. 

Thus we get 

lim$→&�
A1 2 'E

.
($ , lim$→&� w , lim$→&� B

a�j , B abc
d→n�

a�j , B
.
(. 

A1 2 'E
.
($ → 1∞		 

A1; ) QwxBE 

je
" """EinenG- ×)

uH

7
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Example 21 

Evaluate the limits 

lim$→&� '
�b�$. 

☺Solution 

Let w , '�b�$, then ln w , ln�'�b�$� , sin ' ln '. 
Taking limits on both sides, we get 

lim$→&� ln w , lim$→&� sin ' ln ' , lim$→&�
ln '
1

sin '
					V∞∞ 		QwxB	X 

, lim$→&�

1
'

) 1
Asin 'E( cos '

, ) lim$→&�
Asin 'E(
' cos ' , ) lim$→&�

Asin 'E(
' cos '  

, ) lim$→&� =
sin '
' > sin ' cos ' , )1 � 0 � 1 , 0 

⇒ lim$→&� '
�b�$ , lim$→&� w , lim$→&� B

a�j , B abc
d→n�

a�j , B& , 1. 

'�b�$ → 0&		 
A0& ) QwxBE 

Then

it
.

⇒↑ sooo
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Example 22 

Compute the limits 

lim$→&�
Acot 'E$ 

☺Solution: 

Let w , Acot 'E$, then ln w , ' lnAcot 'E. 
Taking limits on both sides, we get 

lim$→&� ln w , lim$→&� ' lnAcot 'E , lim$→&�
lnAcot 'E

1
'

					V∞∞ 		QwxBX 

, lim$→&�

) csc( '
cot '
) 1
'(

, lim$→&�
) sin '
cos ' sin( '
) 1
'(

, lim$→&�
'(

cos ' sin ' , lim$→&�
1

cos ' V
'

sin 'X '

, 1 � 1 � 0 , 0 

⇒ lim$→&�
Acot 'E$ , lim$→&� w , lim$→&� B

a�j , B abc
d→n�

a�j , B& , 1. 

Acot 'E$ → ∞0		 
A∞& ) QwxBE 

[ A.
↓
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Some Harder Examples 

Example 23 

Let LA'E be a differentiable function with LA0E , 0		Y[\		LRA0E , 1, we consider 
another function 

MA'E , �
LA'E
2 sin ' 				OL		' y 0
Y														OL		' , 0

. 

Find the possible Y such that the function MA'E is continuous at ' , 0. 

☺Solution: 

Using L’Hopital Rule, we get 

lim$→& MA'E ,h
$�&

lim$→&
LA'E
2 sin '
]_`

→ fA&E
( �b� &p

&
&

, lim$→&
LRA'E
2 cos ' ,

L′A0E
2 cos 0 ,

LRA0E
2 , 1

2. 
Since MA'E is continuous at ' , 0, then we have 

lim$→&MA'E , MA0E , Y ⇒ Y , 1
2. 

⇔ lim$→&MA'E , MA0E. 
MA'E is continuous at ' , 0  

ÜH
.

↓

!
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Example 24 

Let LA'E and MA'E be two differentiable functions over �.  Suppose that 

• LA0E , 0, LRA0E , 1 
• MA0E , 0, MRA0E , 0			Y[\		MRRA0E , 1. 

We consider the following the function: 

�A'E , �
LA2'E				OL		' � 0
MA'E
' 				OL		' � 0 . 

(a) Determine whether the function �A'E is continuous at ' , 0. 
(b) Determine whether the function �A'E is differentiable at ' , 0. 

☺Solution: 

(a) We need to check whether lim$→& �A'E , �A0E , LA0E , 0. To 
compute the limits on the left-hand sides, we need to consider left-hand 
limits and right-hand limits: 

•
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lim$→&� �A'E , lim$→&� LA2'E , L�2A0E� , 0 

lim$→&  �A'E , lim$→& 
MA'E
' ,h

gA$E
$ →gA&E& pV&&X

lim$→& 
MRA'E
1 , MRA0E , 0. 

Thus lim$→& �A'E , 0. Since lim$→& �A'E , 0 , �A0E, so �A'E is 
continuous at ' , 0.  
 

(b) Using first principle, we consider (put ' , 0) 

lim�→&
�A0 2 �E ) �A0E

� , lim�→&
�A�E ) 0

� , lim�→&
�A�E
� . 

Again, we need to consider the left-hand limits and right-hand limits: 

lim�→&�
�A�E
� , lim�→&�

LA2�E
� ,h

fA(�E
� →fA&E& p&&

lim�→&�
2LRA2�E]̂ _̂ `

¡
¡�fA(�Ep

¡fA(�E
¡A(�E

¡A(�E
¡�

1 , 2LRA0E
, 2A1E , 2. 
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lim�→& 
�A�E
� , lim�→& 

MA�E
�
� , lim�→& 

MA�E
�( ,h

gA�E
�G →gA&E&G p&&

lim�→& 
MRA�E
2�  

,h
gmA�E
(� →g

mA&E
(A&E p

&
&
lim�→& 

MRRA�E
2  

, MRRA0E
2 , 2

2 , 1. 
Since the left-hand limits does not equal to right-hand limits and the 

limits lim�→&
¢A&��EC¢A&E

� , lim�→&
¢A�E
�  does not exist, thus the function 

�A'E is not differentiable at ' , 0. 

Remark: 

It is OK to apply the L’Hopital Rule to check the differentiability since it just 
requires the differentiability of LA'E and MA'E which are given in the problem. 

 

Al
Samar
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Extra Example 1 

Compute the limits 

lim$→;
'( 2 1
' 			Y[\				 lim$→&

tanC.A3'(E
'D 2 '(  

(Note: Here, tanC. w takes the value between )£
( and £()  

☺Solution: 

The first limits is of the type $
G�.
$ → ;

; (as ' → ∞). Using L’Hopital Rule, we get 

lim$→;
'( 2 1
' , lim$→;

\
\' A'( 2 1E

\
\' '

, lim$→;
2'
1 , lim$→;2' , ∞. 

 

 

T
UH .



 B< MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 10: Application of Differentiation 

 

On the other hand, the second limits is of the type ¤¥�
 ��D$G�
$¦�$G → ¤¥� � &

& , &
&. By 

L’ Hopital Rule again, we have 

lim$→&
tanC.A3'(E
'D 2 '( , lim$→&

\
\' tanC.A3'(E
\
\' A'D 2 '(E

 

,h

¡
¡$ ¤¥� ��D$G�

p¡ ¤¥�
 �AD$GE	

¡AD$GE
¡AD$GE
¡$

lim$→&

1
1 2 A3'(E( A6'E

3'( 2 2' , lim$→&
6'

'A3' 2 2EA1 2 A3'(E(E 

, lim$→&
6

A3' 2 2EA1 2 A3'(E(E 

, 6
2A1E , 3. 

 



 B" MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 10: Application of Differentiation 

 

Extra Example 2 

Compute the limits 

lim$→;'
(BCD$. 

☺Solution: 

Note that the limits is of the type '(BCD$ → ∞(	BC; , ∞� 0, one has to 

transform the limits into the form && or ;; in order to apply L’Hopital Rule. 

lim$→;'
(BCD$ , lim$→;

'(
BD$ 			V

∞
∞ 		QwxBX 

, lim$→;
\
\' '(
\
\' BD$

, lim$→;
2'
3BD$ 				V

∞
∞ 		QwxBX 

, lim$→;
\
\' 2'
\
\' 3BD$

, lim$→;
2

9BD$ ,
2

9 �∞ , 0. 

eilt
.

UH
.

H "
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Extra Example 3 

Compute the limits 

lim$→&� =
1

tan ' )
1
'> 

Since V .
¤¥�$ )

.
$X →

.
¤¥�& )

.
& , ∞)∞ when ' → 0�, we need to transform the 

limits into the form && or ;; in order to apply L’Hopital Rule. Note that 

lim$→&� =
1

tan ' )
1
'> , lim$→&�

' ) tan '
' tan ' 						=00 ) QwxB> 

, lim$→&�

\
\' A' ) tan'E
\
\' ' tan '

, lim$→&�
1 ) sec( '

tan ' 2 ' sec( ' 				=
0
0 ) QwxB> 

, lim$→&�
)2 sec ' Asec ' tan'E

sec( ' 2 sec( ' 2 2' sec ' Asec ' tan 'E ,
0

1 2 1 2 0 , 0. 
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I.2) Derivatives in Physics
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Solution :

☒ wo



II.3) Newton 's method
*

*) : Optional



<<
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