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1 Introduction

Quantities of interest in real problems usually depend on more than one (independent)

variable. For example,
(i)  The height of the ground at map coordinates (x,y) might be expressed mathematically

as Height = h(x,y).
(ii)  The temperature in a lecture room varies with position and time:

Temperature = T(x,y,z,t).
(iii) The volume of a rectangular box of length x, width y and height z is
Vix,y,z) = xyz.

(iv) The magnitude of the electric potential u(x,y,z) due to a uniformly charged sphere

with total charge Q is

Q 1
4rey (x2 +y% + z2)°

u(x,y,z) = x? +y?%+ 2% > a?

where a isthe radius of the sphere, gy is the permittivity of free space.

These are all real-valued functions of real variables.
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In general, we have

7 = f(xl,xz, ...,Xn) = f(J_éT)

where x4, x5, ..., X, arethe independent variables and z is the dependent variable.

f(XT) is a scalar field.

It is possible to visualize a function of two variables (a surface in 3-D space) by drawing its

graph. One way is to draw a contour map.

A level curve of f(x,y) isa set of points (x,y) in R? for which

flx,y) =c,

where c¢ is a constant.

A collection of level curves then forms a contour map (as in the familiar contour maps

produced by map makers).

Page 4



Semester A, 2023 -24 MA2001 Multi-variable Calcuds and Linear Algebrov Chapter 2A

Examples

(i)
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Level curves of a function are defined in the same manner as one obtains the contour lines
for a topographical map.

Contour map
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Chapter 24
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This is called an elliptic paraboloid.
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(iii)

Contour map

Level curves for the function Some level curves on the graph of

flx,y) =x*—y? z=f(xy) =x%—y?
This is called a hyperbolic paraboloid.
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Computer generated graphs usually show lines for which x is constant and lines for which y

is constant in order to give a picture of the surface.

Examples

A computer-generated graph The graph with level curves

of z=x%—y? fitted to it.

Page 8



Semester A, 2023 -24 MA2001 Multi-variable Calcuds and Linear Algebrov Chapter 2A
2 Limit and Continuity

The concepts of limit, continuity and derivative for functions of more than one variable are
naturally generalized from the one variable situation. The case for two variables will be

considered here.

Definition

A function f(x,y) is said to possess a limit L at the point (xg,y,) if for any € > 0 it is

possible to finda 6 > 0 such that whenever

0<y(x—2x)>+(y—yp)? <6

i.e. (x,y) isinadiscof radius § centered at (x,,y,), we have

We write
lim x,y)=L or lim f(x,y) = L.
(X,y)—>(x0,yo) f( y) ;c]—?)clo f( :V)
Yo
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Intuitively, the above says that when (x,y) is approaching (xq,Vo), f(x,y) is approaching

L, then the function f(x,y) issaid to possess a limit at the point (x,, yy).

Here, L is areal number.

Note that the limit exists only if f(x,y) - L regardless of the path along which

(x,y) = (x9,¥0)- If f(x,y) has different limits along 2 distinct paths as (x,y) = (xg, o),
then lim _f(x,y) does not exist.

(x,y)~(x0,¥0)
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Example 1

Evaluate the following limits, if they exist.

a lim  (x?+3y%* +x
(@  Jlim o ( y* +xy)

x3 + xy —y?
()  lim y
(xy)~(1,0) xy? — 2xy + 3
sin(x? + y*2)

(©) cy)o000) %2+ y?
Solution
(a) : l)in%1 . (x% +3y% + xy) = 12+ 3(22) + 1(2) = 15 (by direct substitution)
x’y - )
x3 + xy — y? 13 + (1)(0) — (0)? 1
b li = = — (by direct substituti
®) 0 Ty = 2ry +3 - (D02 = 2()0) +3 3 (b directsubstitution)
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(c) Note that we cannot evaluate the limit by direct substitution because the function

: 2 2
Smx(i;i’ ) is not defined at (0,0).
. sin@
If we use the result ‘lglrr(l) LA 1, we can deduce that

sin(x? + y?)
1m
(xy)-(0,0) x? + y?

= 1.

Remark:

The above example shows that the limit of a function may still exist even when the function is

not defined at (x,, ).

Page 12



Semester A, 2023 -24 MA2001 Multi-variable Calcuds and Linear Algebrov Chapter 2A

Example 2

2
x2%+y?

Show that f(x,y) =

has no limit at the origin.

Solution
First note that the function f(x,y) is not defined at (0, 0).

As (x,y) = (0,0) alongtheline y =0,

x? x?
lim = lim = lim(1) = 1.
(x,y)~(0,0) x2 4 y? o X0 x? + 072 x—>0( )
y=0 f(x,O)

As (x,y) — (0,0) alongtheline x =0,

x? 02
lim = lim = lim(0) = 0.
(x,y)-(0,0) x? + y? ot Y20 0% + y? y—>0( )
x=0 f(0.y)
2
Since oy has different limits along 2 different paths as (x,y) — (0,0), the limit
2
lim does not exist.

(x,y)—(0,0) x2+y?
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2

Here is the graph of z = —

x2+y2 fOr —1SXS1, _1SYS1:

As (x,v) approach (0,0)
>~ along this valley,

zzf;:;;z,zzz:: \\\\\\\\\\\\

ridge, z — 1

z->0
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Example 3

2
Show that lim x—l =0
(x,y)—>(0,0) (x2+y2)§
Solution

For any point (x,y) # (0,0), we have

x? x% + y? 1
0< — < — = (x* + y?)2.
(x2+y2)2  (x*+y?)2
Limit of lower bound: lim (0)=0
(x,y)—(0,0)
1
Limit of upper bound: lim (x?+4+y%)z2=+v02+02=0
(x,y)—(0,0)
.. By the Sandwich Theorem,
X2
lim = 0.

(x,y)—(0,0) (x? + yZ)%

Chapter 24
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Continuity

A function f(x,y) is said to be continuous at the point (x,,y,) if and only if it possesses a

limit at (x(), yO) and lim f(x;Y) — f(xOIyO)'
(x,y)—-(x0,¥0)

In other words, f(x,y) is continuous at (x,,y,) if all the following 3 conditions are

satisfied:

(i) f isdefined at (xg, yy),

(ii) lim _f(x,y) exists, and
(x,¥)-(x0,Y0)

(iii) lim fx,y) = f(x0,¥0)
(x,¥)-(x0,Y0)

If any of the 3 conditions fails, f(x,y) is discontinuous at (xg, V).
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Example 4

(a) Is f(x,y) =x%+ 3y? + xy continuous at (1,2)?

sin(x2+y?)

(b) Is g(x,y) = 2ty continuous at (0,0)?

2
(c) Is h(x,y) = x;iyz continuous at (0,0)?

Solution

(@) From Example 1(a),

: _ 2 2 _ 12 2 _1c —
(x,yl)lirh,z)f(x,y) l) m (x*+3y“+xy)=1*+3(12%)+1(2) =15 = f(1, 2).

Thus, f(x,y) = x? + 3y? + xy is continuous at (1, 2).

2
(b) Since g(x,y) = S‘“(x+;,f ) is not defined at (0,0), g(x,y) isdiscontinuous at (0,0).
2 2
(c) Since (xyl)1—>(0 0) X2y? does not exist (from Example 2), h(x,y) = 1y is
discontinuous at (0,0). ]
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We say that a function f(x,y) is continuous everywhere if it is continuous at every point

(X0, Vo) in RZ.

Example 5

(a) Is f(x,¥) = x%+ 3y% + xy continuous everywhere?

x2

(b) Is h(x,y) =

— continuous everywhere?
xX“+y

x2

[N

(c) Find the value of A such that g(x,y) =4 (x2+y2)2

A

everywhere.

for (x,y) # (0,0)

for (x,y) = (0,0)

is continuous
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Solution
(a) Forany point (xg,y,) in R?,
lim  f(x,y) = lim (x% 4+ 3y%2 + xy) = x5 + 3y& + x0V0 = f (X0, Vo)
(x,¥)=(x0,¥0) (x,y)—=(x0,¥0)

Thus, f(x,y) iscontinuous everywhere.

2

(b)  First note that h(x,y) =

21y7 is not continuous at (0,0) (from Example 4(c)), since

2

lim does not exist.

(x,y)—(0,0) ¥*+y?

For (xo,Y0) # (0,0), h(x,y) isdefined at (x,,y,) and

x? xZ
lim  h(x,y) = lim — = h(x,,
(x,y)=(x0,¥0) (x,7) (xy)—>(x0,¥0) X2 + y? xg + yg (*0, ¥0)

Thus, h(x,y) iscontinuous at (xg,y,), where (xq,vy) # (0,0).

Hence, h(x,y) is continuous everywhere except at the origin (0, 0).
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2

: for (x,y) # (0,0)
(c) glx,y) =1 x2+y2)2 is continuous at every point (xg,y,) # (0,0).

A for (x,y) = (0,0)
This is because when (x,,v,) # (0,0),

x2 xé

lim xX,y) = lim — = g(x0, Vo).
(x,Y)ﬁ(XO:yo)g( y) (x,y)—=(x0,¥0) (x2 + yz)% (2 + yz)% 9(x0,¥0)
0 0

g(x,y) iscontinuousat (0,0) iff lim _g(x,y) = g(0,0).
(x,y)—(0,0)

From Example 3, lim x,y) = 0.
xamp (x‘y)ﬁ(o,o)g( y)
Also, g(0,0) = A.

Hence, g(x,y) is continuous everywhere iff A = 0.
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Example 6

2xy?% .
Consider the function f(x,y) = { x*+y* if (x,y) # (0,0)

0 if(xy)=(0,0)
Show that f(x,y) has the same limit as f(0,0) when (x,y) approaches (0,0) along any

straight line passing through the origin, however, the function is not continuous at (0,0).

Solution
Suppose (x,y) is approaching (0,0) along the (non-vertical) straight line y = mx, where

m is a real number.

Then
. _ . 2x(mx)? 0
(x,yl)lir%0,0)f(x’ )= )lcl_r>r(1)f (o, mx) = ,lcl_rf(l) X2 + (mx)* (6 form)
y=mx
2m?x3
_ 2 i 2m?x  2m?*(0) —O—O— 00
_xl_r,r(l)x2_|_m4x4 _xl—%1+m4x2 - 1+m4(0)2 -1 —f( ) )
2
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If the line is vertical and passing through the origin, we have x = 0 and this is the case that

(x,y) isapproaching (0,0) alongthe y-axis. In this case,

B B 2(0)y*
(xyl)m%oo)f(x y) = hmf(O y) = lim 002+y }]_I)I(I)O—O £(0,0).

x=0

Hence, when (x,y) — (0,0) along any straight line passing through the origin,
lim £(x,y) = £(0,0).

(x,y)—(0,0)

However, if (x,y) — (0,0) alongthe curve x = t?, y = t, where t € R, we have

l i F(22 £) = 2O 10 = £(0.0
iMooy S 09 = IS (5,0 = i oy — i gee — A =1 0.=7(0,0),

x=t2

y=t

Since f(x,y) has different limits along different paths as (x,y) — (0,0), the limit

lim X, does not exist.
(x,y)—-(0, O)f( y)

Hence, f(x,y) is notcontinuous at (0,0). ]
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3 Partial Differentiation

Recall that for a function f(x) of one variable,

af [+ h)—f(xo)
7 :

_x (xg) = }ll_f)% n

. df . f ) = f(x)
or equivalently, s (xg) = xllr? po— .

Now consider a function f(x,y) of two variables. If y is held constant, say y = y,, then

f(x,y,) becomes a function of one variable, x, and we may define its derivative at x = x,,

called the partial derivative of f with respect to x at the point (xy,y,), as

. f(xo + h,yo) — f(x0,¥0)
= lim )
h—-0 h

0 d
%(%:3’0) = (af@c; }’0)) )
or equivalently,

- f(x,¥0) — f(x0,¥0) |

= li
x—>x0 x - xo

9, d
%(XO;YO) = (af(x» 3’0))

X=X
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Similarly, the partial derivative of f with respect to y atthe point (xq, V) is
. f(xo,y0 + k) — f(x0,¥0)
= lim
k-0 k
Y=Yo

)

af d
@(XO;VO) = (d_yf(xo;J’)>
or equivalently,

0 d YY) — )
%OCO:YO) _ (d_yf(xO'Y)> — lim f(x0,¥) — f(xg 3’0).

Y—Yo Y — Yo

Y=Yo

AB —curve of f(x,y,)

CD —curve of f(xq,y)
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Remarks:
(a) A partial derivative is just an ordinary derivative with respect to the variable which is not

held constant.

(b) For z = f(x,y), alternative notations are:

of 0z
(0 = f®) = - (6,7) = 2(6,)

Similarly,
daf
dy
(c) The definition of a partial derivative only requires the idea of a limit of a function of a

d
(. Y) = £, (x,y) = £ () = 2,(x,9) .

single variable.
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. 3 ]
Interpretations of a—i (x0,Y0) and a_; (x0,Y0):

>

d
a—i(xo,yo) is the slope of the tangent line to the curve z = f(x,y) at the point

P(xo,yo, f (x0,¥0)) inthe plane y = yq. Itis the rate of change of f at (xq,y,) inthe
x-direction.

0

a—f,(xo,yo) is the slope of the tangent line to the curve z = f(x,y) at the point

P(xo,yo,f(xo,yo)) in the plane x = Xx,. It is the rate of change of f at (xg,y,) inthe

y-direction.
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Example 7

Find the first partial derivatives of

f(x,y) = x?y + y3sinx.

Solution

9,

% = 2xy + y3 cosx
9,

% = x* + 3y?sinx
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Example 8

Evaluate —(1 2) and Z_fz(l’ 2) for

f(x,y) = x%y + y3sinx.

Solution

Method 1:

Find —i and f first. Then substitute x =1, y =2 into % and a;
% = 2xy + y3 cosx
% = x? 4 3y?sinx

0
—f(l 2) = 2xy + y3cosx)|x=1 = 2(1)(2) + 23cos1 =4 + 8cos 1

y=2

d
—f(l 2) = (x? + 3y?sinx)|x=1 = 12 + 3(2)?sin1 =1+ 12sin1

y=2

Chapter 24
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Method 2:

To find % (1,2), regard y as a constant (y = 2).

Consider f(x,2) = x%(2) + 23sinx = 2x% + 8sinx (& a function of x).

Then
0 d|f(x,?2 d
_f(1,2) — f Cx, 2)] = [—(2x2+8sinx)] = (4x + 8cosx)|,—1 =4+ 8cos 1
0x dx 1 dx x=1

To find g—f’ (1,2), regard x as a constant (x = 1).

Consider f(1,y) = (1)?y +y3sin1 =y + y3sin1 (& a function of y)

Then
of dlf(1,y)] d
—(1,2) = = [—(y+y3 sinl)” = (14 3y*sin1)|y—, =1+ 12sin1
dy dy |,_, ldy y=2

[]
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Example 9

Find the first partial derivatives of

f(x,y,2) = e?? cos(xy).

Solution

9,

é = —e?Zysin(xy)
9,

% = —e?Zx sin(xy)
9,

a—]ZC = 2e?%Z cos(xy)
Note:

The number of first order partial derivatives is equal to the number of independent variables

in the multivariable function.

Page 30



Semester A, 2023 -24 MA2001 Multi-variable Calcuds and Linear Algebrov Chapter 2A
Higher order partial derivatives

We may differentiate the first order partial derivatives of a function again to obtain the second

order partial derivatives.

. *f 9 f 9 (af)

T 9x2  0x0x  0Ox \ox
L9 9 f  d (af)
fyy_ayz_ayay_ay

dy
0%f 9 (Of |
fry = dydx = 3y (ax) Mixed second order
0%f 0 (Of partial derivatives
v = 3x0y ~ ox (ay) |

fxy 8ives the rate of change of the slope in the x-direction as one moves into the y-direction.

The other second order partial derivatives can be interpreted similarly.
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Higher order partial derivatives can be defined similarly.

e 9o\ o[ of
fxw‘ayzax E)y(ayax> dy \ 0y (c'bc)

y
Y (%) 9 ) (af)
frxxy = dydx3  ay\ax3) ay\ox ax2 B ay dx \ 0x \0x

For example,
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Example 10
Let f(x,y) = ln[w/x2 + yzl, find its partial derivatives up to order two.

Solution
1
First note that f(x,y) = ln[w/x2 + y2] = In [(x2 + yZ)EI = %ln(x2 + y2).

First order partial derivatives:

_oJf 1 2x X
fx_ax_Z x2+y2  x24y2
af 1 2y y

fy=7-= =

_0y_§.x2+y2 x? + y?

Second order partial derivatives:

ﬁ_@(i) 6( X ) (x*+y?)-1-x-2x  y*>—x°

fxx:axz " 9x \dx/)  Ox x2 + y2 (x2 4 y2)2 — (x2 4 y2)2
_azf_a(af)_a( y )_(x2+y2)-1—y-2y_ x? — y?
=0Ty \ay) Ty ) T T ey Py
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a%f 0 (Of d X (x> +vy2)-0—x-2y —2xy
fry = dydx 0y (ax) ~ 9y (xz + yz) B (x2 + y?)? T (x% +y?2)?

a’f 0 (of 0 y (x> +y2)-0—y-2x —2xy
I = 520y = ox (ay) T ox (xz n yZ) T 2 +y)? (a2 +y2)?

Note that in the above example, f., = fyx, wWhich is the case for most functions which are
useful in engineering and science. However, it is not always true. The following theorem tells

us the conditions for which f, = f,,.

Theorem

If foy(x,y) and fy,(x,y) exist at (x9,¥9) and its neighborhood, and f,(x,y) &

fy(x,¥) are both continuous at (xo, o), then £, (X0, ¥o) = fyx (X0, ¥0).
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Example 11

Let

2 _ A2

0 if (x,y) =(0,0)
(@) If (x,y) # (0,0),find fry,(x,¥), fyx(x,¥) and verify that they are equal.
(b)  Show that f,(0,0) = f,,(0,0).

(c) Show that f,,,(0,0), fy,(0,0) exist butthey are notequal.
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Solution
(@) If (x,y) #(0,0),

[0 [xy(x?—7vy?)
fxy(x,y)=ay 0x< x2 + y2 >]

0 [(x* +y*)(Bx%y —y°) —xy(x* — y*)(2x)
dy | (x% + y*)?
d [x*y + 4x?y3 —y°
dy| (x2+y?)?
_ (x? +y2)2(x* + 12x%y? — 5y*) — (x*y + 4x%y3 — y>)2(x? + y?)2y
(x% + y2)*
_ (x% + y2)(x* + 12x%2y? — 5y%) — 4y(x*y + 4x2%y3 — y°)
(x% + y2)3

_ x® + 9x*y? — 9x2yt — y°
(2 + y2)3
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0 [0 (xy(x?—y?)
fyx(x,y)=ax 0y< x2 + y2 >]

0 [(x? +y?)(x® = 3xy?) — xy(x* — y*)(2y)
ox | (x? + y2)?

0 [x°> — 4x3y? —xy*
ox| (x%+y?)?
B (x% + y2)2(5x* — 12x%y2 — y*) — (x° — 4x3y% — xy")2(x? + y?)2x

(x2 + y2)*
(x? + y2)(5x* — 12x2%y? — y*) — 4x(x®> — 4x3y% — xy?)
= (x2 + y2)3

_ x® + 9x*y? — 9x2y* — y©
(2 + y2)3

Hene, fxy(x: y) = fyx(x: y) if (x,y) # (0,0).
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x(0)(x* — 0%)

[0 =f(0,0) T 2o O o0-0
(b) fx(0,0)—chl_r)I(l) x—0 _alcl—I}(l) X —9161_1)1(1) b —}CILI(I)O—O
0.9) — F(0.0) (O)ygo2 —Zyz) _ 0 N
fy(0,0)zlimf y) ~ 10, = lim 0" +y =lim——=1im0 =0
y—0 y—20 y—0 y y-0 y y—0
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(c) Ify+0,

2 .,2
xy(x”=y7) _

L fan—fO,y) T xZ+y? y(xE=yD
f(0,y) = )161_1)% ~—0 = chl_r)% ” = )161_% 257 T —y.
_(—yity+0 _
Thus, £,.(0,y) —{ 0 ify=0" y forall y € R.
. KOy -£00) ~ -y-0_ B
fxy(O; 0) = 3111—r>r(1) ~ 0 = }Il_r)rcl) = 3]]1_r)r(1)(—1) = —1
y y
Similarly, if x # 0,
xy(x? —y*) _
 floy)—fx,0) x2 + y? Cox(x? —y2)
fy(x; 0) = lim = lim = lim > — =X
y—0 y—20 y—0 y y-0 x“+y
_(x ifx+0 _
Thus, f,(x,0) = {0 PRI forall x € R.
. fy(x;())_fy(o;o) i X—O ]
fyx(0,0) = lim po—- = lim—— = lim(1) = 1
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We find that f,,,(0,0) and f,,,(0,0) existbut f,,,(0,0) # £,,(0,0). Why does this happen?

x6+9x%yZ—9xZyt_y6
For fi, (x,y) = (Z1y2)3 if (x,y) # (0,0)
-1 if (x,y) = (0,0)

approaches (0,0) alongtheline y =0,

, we observe that when (x,y)

= 1 0 = lim 2= 0=0 _ hay=1
ey Stooy oy (0 Y) o 203 fry (6, 0) = Iy (x2 + 0)3 Him (1)
However, when (x,y) approaches (0,0) alongtheline x =0,
im  fyGy) = lim ) = lim SOOI i1y =
im X, = lim = lim = lim =
@yl o R TR T 0y v

It concludes that f,,,(x,y) is not continuous at (0, 0).
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Example 12

Find all the first and second order partial derivatives of f(x,y,z) = ze*V’,

Solution

First order partial derivatives:

9]

fx = _6£ = ze*V° . y2 = zy2eXV*
0

fy = % = ze*V" - 2xy = 2xyze™’
of

fz = Fre exy”

Second order partial derivatives:

0
frox = a(Zyzexyz) _ Zyzexyz Ly = Zy4ex3’2
0
yy = @(nyzexyz) = 2xze™V" + 2xyze*¥" - 2xy = 2xz(1 + 2xy?)e*V’

Page 41



Semester A, 2023 -24 MA2001 Multi-variable Calcuds and Linear Algebrov Chapter 2A

0 2
foz = 5-(e¥7) =0
0
oy =55 (zy?e™”) = z(2y)e™” + zy?e™” - 2xy = 2yz(1 + xy®)e™” = fi,

xy? _

d
foz = E(Zyzexyz) = yze = Jzx

J xy? xy?
fyz = g(nyze ) = 2xye = fzy

Note: f has 3 independent variables, so it has 3 first order partial derivatives and 3% = 9

second order partial derivatives.
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Class Exercise:

For the function f(x,y,z) = ze*¥* in Example 12, find f,,,(1,2,3) and f,,(1,2,3), and

show that they are equal.

Page 43




Semester A, 2023 -24 MA2001 Multi-variable Calcuds and Linear Algebrov Chapter 2A
4 The Chain Rule

For functions of one variable, if y = f(x) and x = x(t), then y = f(x(t)) and

dy df dx
dt dx dt’

Now consider functions of two variables.

If f=Ff(u) and u = u(x,y), then
df df ou df df odu
ox _dudx ™ oy " auay
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Example 13
1
If f=f(w) =Inu and u = (x? + y?)z, evaluate g—i and Z—f} .
Solution
9, df ou 1 1 1 1 X X
af:dfa =y @ Y2 = T 1= 2 o2
rodwox o (2 +yD7 (P +yz Y
9] df ou 1 1 1 1
af:dfa =y W YD 2y = = 2_{ 7
y uoy u (x2 +y2)2 (x2 + y2)2 xX=Ty

1
Alternative method: We write f as f(x,y) =In [(x2 + yz)il. Then

of LT PR Y
—_ 1._ X y A =
0x (2 + y2)z 2 x? + y?
of 1 1 1 y
— 1'—(X2+y2) 22y= 2 2
dy = 2 X +y
(x? + y%)2
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For functions of two variables, we have the following result:

Theorem

If z=f(x,y) where x = x(t) and y = y(t), then

dz_afdx+afdy
dt odxdt 0dydt|

Proof: (for your reference)

\WACAD)
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dz  z(t+6t)—z@t) .. flx@E+60),y+6)—f(x(@),y@))
= lim = lim
dt ~ 8t-0 ot 5t—0 ot

Now as t changesto t + 6t, x and y change by 6x and 6y respectively, where
dx = x(t + 6t) — x(t), Sy = y(t + &t) — y(t).
Thus the change in f may be expressed as
f(x(t +686),y(t +6t)) — f(x (), y(©))
=f(x+6x,y+6y)—f(x,y) =QC =QR + RC = PB+RC
=[fx+6x,y) = fOo )]+ [f(x +6x,y + 6y) — f(x + 6x, )]

Therefore,
dz  [f(x+dx,y) - f(x,y) f(x+5x y+6y) — f(x +dx,y)
— = lim
dt 5t-0 ot ot
o [fa+ o y) - fx, y) [ flx+6x,y + 6y) — f(x + bx, y) [ ]
= lim
50 | 0x 6t—>0 ot 6t—>0 oy 5t—>0 ot

dz_afdx_l_afdy
dt oOxdt Jydt
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Example 14

Let z = f(x,y) = x?> + 2xy, where x =sint and y = cost. Find %.

Solution

dz afdx+afdy
dt odxdt 0dydt

= (2x + 2y) cost + (2x)(—sint)

= 2(sint + cost) cost — 2sin? t
= 2sintcost + 2(cos?t — sin? t)

= sin 2t + 2 cos 2t

This can be confirmed by direct substitution:
z =sin’t + 2sintcost = sin® t + sin 2t
Then

dz

E=ZSintcost+2C052t=sin2t+2c052t. i
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A special case is when z = f(x,y) and y = y(x) (i.e. x = x) and hence z is a function of

x only. Then
dz _ofdx ofdy _of ofdy
dx_axgljg dydx Ox OJydx’
=1

lllustration

let z = f(x,y) =tan?! (i), where y = sinx. Then

dz _ 9 [tan_1 (f) 4 + 9 [tan_1 (f)] dsinx)

dx  ox y/1 dx 0y y dx
1 1 1 b
= x2-;-1+ xz-(—ﬁ)-cosx
)
y X COS X

Sinx — X CosXx
x2 4+ sin? x
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Example 15 (Chain rule involving second derivatives)

Let z = f(x,y), where x = x(t), y = y(t). Evaluate Z_Z'
Solution
dzzafdx_l_afdy
dt oJdxdt Jdydt
Then
d?z d (dz d (0f dx Of dy
dt?  dt (dt) T dt (6x it 9y dt)
_ d (afdx)_l_ d (afdy)
dt \dx dt dt \dy dt
=6f_ d (dx>+ d <6f)_dx+af_ d (dy)_l_ d (af)_dy
Ox _dt\dt/ dt\dx/ dt Jy dt\dt/ dt\dy/ dt
by product rule by product rule

_of d2x+ d (af) dx+af d2y+ d (6f> dy
~Ox dt?2 dt\ox/ dt O0dy dt? dt\dy/ dt

Chapter 24
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We observe that Z—j: is depending on x and y directly, depending indirectly on t through x
and y respectively. To evaluate % (Z—D, we need to apply the Chain Rule:

d(i) a(af)_dx a(af)_dy_azf_dx azf_dy

— = + = +

dt\dx/ 0dx\dx/ dt OJdy\dx/ dt 0x? dt OJyox dt
For the same reason, we apply the Chain Rule to evaluate i(a—f)-
’ pPply 2t \ay)°

i(ﬁ): 9 <6f)_dx+ 9 (af)_dy: 0% dx  9*f dy
dt \dy ox\dy/ dt dy\dy/ dt 0Jxdy dt 0dy? dt
Then it follows that
A’z Of d2x d (3f\ dx Of d?y d (3f\ dy
Atz ox diZ ' dt (0x) & oy A T dt ((331) &t

d%f _dy]_dx af_dzy_l_[azf dx azf_dy] dy

_of d2x+ 0%f dx . .
~ Ox dt? dt 0y dt? |0xdy dt 0y? dt| dt

i d2x+azf (dx)2+ 0%f dy dx+af d2y+ 0%f dx dy+62f (dy)2
N dt dydx dt dt 0dy dt? 0dxdy dt dt 0Jdy? \dt

dx? dt +6y0x dt

dx dt? 0x?
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Example 16

Let z = f(x,y), where x = t%, y = t. Suppose

of . _Of . _ 9% .o 9 . _
D= D =550D =750 D =e,
02 f _0*f _
Ty (1,1) = 3y0% (1,1) = 2e.

d?z
Evaluate — for t = 1.
dt

Solution
=t? = dx—Zt
X dt
dy
Y=t =
Then
d aof d af d 0 d d d
dz _ofdx 0fdy ., 00 4.9 5 9L
dt Jdxdt OJdydt d0x dy dx 0dy
and
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d?z _d (dZ)
dt2  dt \dt

MA2001 Multi-variable Cala/dwy and Linear Algebra

af df
dt (Zt dx * dy

0x

o) =23t (3x) * 2 20 5

dt

by product rule

of

)

dy

Chapter 24

)dx_l_a(
dt 0dy

dy

)@
dt

d (0f\ d d (0f\ dy 9] d (0
) S0 Bl e
dx \0x/ dt dy\dx/ dt Ox [0x\dy
byCh;iinrule _
02 O of [9*f . 0
= 2t |=—="- 2t 1{+2-— 2t +—=
0x? +6y0x * 6x+ 0xdy +0y
o°f O of . 9 0
= 4t*—=+ 2t 2—+ 2t
0x? * 0yox * ox * 0x0y * dy?

If t=1,then x =12 =1 and y = 1. Hence,

d?z

dt?

t=1

+2(t]e=1)

=412

66

(1 1)]

by Chain rule

-1

re+2-1-2e+2-e+2-1-2e+e =15e

0
-~ 4@l 20 1)]+2<t|t o[ Lan|+2Za)
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If z=f(x,y), where x = x(s,t) and y = y(s,t),

and

MA2001 Multi-variable Calcuds and Linear Algebrov

then
az_afax+afay
ds O0xds 0yads
az_afax+afay
gt o0xodt Odyat|

Chapter 24
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Example 17

It is given that z = f(x,y), where f(x,y) = e?,

0z 0z

With the change of variables x =rcosf and y =rsinf, find P and Py in terms of r

and 6.

Solution

6z_af0x+af6y
or O0xdr O0yor

= 2ye?*Y - cos @ + 2xe?*Y - sin O

= 2rsin @ e2(rcosO)(rsinb) . o459 4 2 cos @ 2T COsO)(rsind) . i g
= 27(2 sin 0 cos §)e2(rcos ) (rsin o)

= 27(sin 20)e" " sin26

and
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az_afax+afay
00 0x060 0y ade

= 2ye?V - (=rsin8) + 2xe?*Y - (r cos )
= 27 sin @ e2(rcosO)(rsin®) . (_ygin 9) + 27 cos O e2(rcos O sinb) . (1 55 9)
— ZTZ(COSZ 6 — sin2 Q)ez(r cos 0)(rsin0)

= 2r2(cos 26)e" " sin26

Remark:

These results can be checked by substitution and direct partial differentiation.
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Example 18 (Chain rule involving second partial derivatives)

Let z = f(x,y), where x = x(s,t) and y = y(s,t). Assume that the first and second order

: I : : 92
partial derivatives of f exist, and both f,,, and f,, are continuous. Evaluate -

ot?2
Solution
(Z - gﬁ gf 4 g]yc g{ (by Chain rule)
Then
0%z _ 0 (0z\ _ 0 (0f 0x Of dy df dx\ 0 (Of Dy
otz at(at) T ot (ax ot | dy 6t> (ax at) * at(ay at)
=a(af)6x+0f0() a(f)(’)y afa( )
9t\ax) ac " 9x at\at) " at\ay) ac " ay at\at)
by product rule by product rule

We observe that both a and 5 are depending on x and y directly, depending indirectly

on t through x and y respectively. To evaluate ai(g—ﬁ) and %(Z—D, we apply the Chain

Page 57



Semester A, 2023 -24 MA2001 Multi-variable Calcuds and Linear Algebrov Chapter 2A

Rule and we get

ot

0 (af)_ 0 (af) ax+ d (af) dy 0°f c’)x_l_ 0%f dy
dx) 0x\dx) ot Ody\ox) at 0x2 ot 0dyodx ot

and

ot

9 (g) 9 (af) ox 0 (af) dy 9*f ox 9%f dy

dy) = ax\ay) 3t " ay\ay) at _ axdy ot  9yZ ot

It follows that

92z 0 (0f\ dx Of @ (dx\ 0 /0f\ dy Of @ [dy

otz 0t<0x) ot " ox 6t(6t> * at(ay> at T 3y 6t<6t)
_ (aZf ox  0f ay> ox of 62x+<02f ox 0%f ay> dy f 8%y

%7 0t 0yox ot) Bt T ax 8tz T \axdy ot 0y? ot) ot ay ac2

_0%f (Ox)z . 0%f dy ax+ of 62x+ 0%f ox 6y+ 02f (ay)2 af 0%y
~ 0x2 \ot dydx dt dt 0dx d0t? 0dxdy dt dt 0dy? \ot dy Ot?

92F 10x\* 92f ox 0y 9%fF ,(0y\° Of 0%x Of 0%
=f()+2f Y, f(y)+f +fy -
d0x? \ot dxdy ot ot dy? \ot dx 0t? 0dy 0t?
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Remark:

The above result can be easily obtained with the use of tree diagrams.
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Example 19

Consider z = f(x,y), suppose x =rcosf and y =rsin6.

Assume that the first and second order partial derivatives of f exist, and both f,, and f,,

are continuous. Show that

0z af _ af
E-cos@ a+sm9@
and
9% 0*f . 0*f . 0%
ﬁ=c0520 @+251n0C059 axay-l-smze a_yz
Solution:
dx
X =1rcosf@ = — =cosb
or
y=rsinf = a—i=sin0
Then
dz 0df 0dx OJf OJy of of
— i . — 6 — inf —
or 0x 8r+8y ar c05 0x+Sm dy
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and

0%z 0 (62)

dr2 or \or
0 af . Of

—a(cose a+sm9 @)
d (0f _ d (0f

= cos 6 E(a)+sm9 E(E)
d (0f\ 0 d (0f\ 0 d /0 d d /0 d

=cost9[ (f) x+ (f> 14 +sin9[ (f) x+ (f) 4
dx\dx/ or dy\dx/ oOr dx\dy/ or 0dy\dy/ oOr
0% 0?2 0?2 0?2

= cos @ (a—x]; c039+ay5x sin9>+sin0 (axafy cosH+a—y]; sinH)
0%f | 0% |, 0

= cos? 60 ﬁ+251n9c059 axay+sm28 6_3/2
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Example 20

v? 1. g OW ow .
If w=xy+Inz, where x = = y=u+7v and z = tan™ " u, find Tu and 3 (in terms

of u and v) using the Chain rule.

Solution

aw_awax_l_away_l_awdz
dou O0xou OJyou O0zdu

() 1+ 6) b
= u+v) <_Z_2>+%2+ (tan{1u> (1 -I-1u2)

v3 1 1
= -+ (o) ()
u? tan—1u/ \1 + u?
2

aw_awax+away_ (217)_'_ = (s )<2v)+v _, +3v2
dv  0x 0v ayav_y u ream Ty u u v
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Example 21
Show that in polar coordinates (r,8) in R?, the Laplace’s equation Zi‘; + gj:; = 0 takes the
form
0’u 1 0%u 10u
or?2 * 2062 +;§ =0.
Solution

We know (from MA1200) that the relations between Cartesian coordinates (x,y) and polar

coordinates (r,0) are x =rcosf and y =rsiné.

d0x d0x _
X =rcosf = E_COSH %=—rsm6
y=rsinf = Z—Z—sme g—g=rc056
Let u = u(x,y), where x =rcosf and y =rsinf. Then
ou OJu ax du dy 0du ou
or  dx or 6y or Ox c059+$sm9

and
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du Ou Ox au dy Ou

96  ox 06 ay 06  Ox

ou _ ou _ ., ou
s0 46 5y T U 5

du
(—rsinf) + — (r cos 0).
dy

. . . . u
For simplicity, we use the notations 5, = Ur,

= U, etc.
Then we write
Ur = U, coSO +u, sind ---(1),
Ug = Uy (—7sinB) +u, (rcosf) - (1').

Method 1: (Express u,, and u,, in terms of r and 0. Then substitute these into

yy

Uy + Uy, = 0.)
We first express u, and u, intermsof r, 6.

(1) X rcos@ — (1) X sin 6:

_ 5 " sin 6
rcos@u, —sinf ug =r(cos“ 0 +sin“0)u, = u, =cosbu, — —— Ug e (%),
(1) X rsin@ + (1") X cos 0:
_ " 5 _ cos 6
rsinfu, + cosf ug =r(sin“ @ + cos“0)u, = u, =sinfu, + —— Ug coe (x%).
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From (x), we observe that the u on the LHS is a function of x and y, however, the u on
the RHS after x,y being replaced by rcosf and rsin 8, respectively, is a function of 7,6.

Note that u, isa function of x,y.

If we replace u with u, in (%), we have
9 d(u,) sinf d(u,)
or r a0

d sin 6 sinf 0 sin 6
= cos 6 E(cos@ur — ug) — —(cos@ur — ug)

Uy, = COS

\ r / r 00\ r /
by (%) by (*)
sin 6 sin 6
= cos® (cosOu, +—5— ug — Ugy
r
1 _ sin 6 cos 6
——sinf |—sinfu, + cosf u,g — Ugg — Ug
T
, sin” @ cos 0 sin @ sin” @ 2 cos@sin 0

= cos“ 6 u,, + 2 Uoo — " (ug, + uyg) + u, + 3 Ug
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Similarly, if we replace u with u,, in (*x*), we have
. 0(uy) N cosf d(u,)

U, = Sinf
yy or r 00
0 ( 9 +cos€ )+1 00(_ 9 +cos@ )
=sinf —(sinfu u —c0s0 —(sinfu u
or \ T Y Ty 06 \ oy 7Y
by (++) by (+*)
_ _ cos 6 cos 6
=sin6 (sm 0 u,, — 2 Ug + U,gr)
1 _ cos 6 sin 6
+ ;COS 6 (cos Ou,+sinfu.g + Ugg — U,g)
- cos? 0 cos 0 sin @ cos? 0 2 cos @ sin 0
= sin“ 0 Uy T 2 Ugg T - (Ugr + urg) + Uy — 2 Ug
Putting th ions of d w,, into the Laplace on L%, 0% _
utting these expressions of uy, and u,, intothe Laplace’s equation —— + 5,2 = O, we get
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Uy T Uyy =0

, sin? 6 cos 0 sin 0 sin” 0 2 cos O sinb
= |c0s“ 0 Uy + —=— Ugy — (ug, + uqg) + u, + > Ug
r r r
- cos? 0 cos 0 sin @ cos? 0 2 cos@sin O
+ [sin® 0w + —5— ugy + (Uug, + ug) + U, — > Ug| =0
r r r
.2 2 .2 2
sin“ 6 + cos“ 6 sin“ 6 + cos“ 6
= (cosZH+sin29)urT+( )u09+( )ur=0

r2 r

1 1
= urr+r—2u99+;ur=0

The result is proved as required.
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Method 2: (Find the expressions for u,., u,, and ugg. Then substitute these into
1 1

Uu,, + r_zugg + ;ur = 0)

Partially differentiate both sides of u, = u, cosf + u,, sinf --- (1) w.rt. r:

au,,_a( - _9)_ Qaux+_eauy
5 = 37 \Ux COS uysing) = cosd —=+sind —-

Ju, 0 Ju, 0 Jdu, d Jdu, 0
:cose(ux x+ . y>+sin9<uy x+ Ly y)

u‘l"‘l" —

dx or 0dy Or dx Or Jdy Or
= cosf (uxx cos 6 + Uy, sin 9) + sin 6 (uyx cos 6 + u,,, sin 0)

= €082 0 Uyy + c0s O Sin O (Uyy + Uyy) +5i02 0 uy, - (2)

Partially differentiate both sides of ug = u, (—rsin8) +u,, (rcosf) ---(1") w.rt. 6:

du 9,
Ugg = 660 =3 [ux (—7rsin8) + u,, (r cos 9)]

. aux auy .
= —r (sm@ %+uxc059) + 71| cos@ %+uy (—sin @)

B [ _ H(Gux 6x+0ux 6y)+ 9]+ 0 du,, 6x+6uy0y g
= —r |sin ox 90 3y 36 U, COS r|cos 5x 90 " ay 26 sin 6 u,,
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] aux . aux
= —r [sm 0 (E (—rsin@) + — (r COS 9)) + Uy COs 6]

du,, du,,
+r|cosf ( rsinf) + — 3y (rcosH) —sinf u,

= 72(sin% 6 uy, —sin@ cos O uy,) —rcosf u, +r?(—cos O sinbuy,, + cos? 6 u,,)
—rsinfu,
= 72|sin? 6 Uy, — sin 6 cos 6 (Uyy + Uyy) + c0s® O uy, | — r(cos O uy, + sinbu,,) -+ (3)
9%u 1 9%u 10u

Putting (1), (2), (3) into _+_2ﬁ+;a__ 0, we have

|cos? 6 uyy + cos Osin 6 (uyy + uyy) + sin% 0 uy,

1
+[sin? 6 uy, — sin 0 cos O (uyy, + Uyy) + cos? G u,, | — - (cos@u, +sinfu,)

+ 1( 0 +u, sinf) =0
—(ux cosf +uy sinf) =
= (cos® 8 + sin® O)uy, + (sin® 6 + cos? B)uy, =0

= Uyy T Uyy =0 []
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5 Implicit Functions

Let f(x,y) beafunction of two independent variables and suppose that f,(x,y) & f,(x,y)

exist and are continuous at (x,,V,) and its neighborhood. In addition, suppose that

f(x0,¥0) =0 and f,(x9,¥0) # 0. The Implicit Function Theorem says that in a

neighborhood of (x,,y,), the equation f(x,y) =0 determines an implicit function

y = y(x) about x5 with yo =y(xg) and y = y(x) being differentiable at x,.

The above is also applicable to system of equations.

fl(xlr o X Y1, ;ym) =0

The system of m equations determine locally y4,..., ¥V, as

fn (X1, o X, Y1, 0, Ym) = 0
implicit functions of x4,...,x, and the partial derivatives of y4, ...,y with respect to x;,

1 <i < n, can be found.

These will be demonstrated in the following examples.
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Example 22

. . . . D
The equation x3 — xy? + yz? — z3 = 5 determine z as a function of x,y. Find é.
Solution

Partially differentiating both sides of x3 —xy? + yz? — z3 = 5 with respect to x (while

treating y as constant) gives

0 9] d d 0
a(x?’) — a(xyz) + a(yzz) - E(ZS) = a(s)

= 3x%—y? +y(22)%— 322% =0
0x 0x

0z
o (2vz — 372) 28 = 12 _ 342
(2yz —32%)—=y" =3«
0z  y?—3x°

= if 2yz —3z% # 0.

dx 2yz — 3z2
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Example 23  (Implicit differentiation)

The equation
xz+ylnz—2z>4+4=0 - (%)

defines z as an implicit function of x and y.

0z 0z
Compute Py and P at (x,y,z) =(-3,2,1).

Solution

Partially differentiate both sides of (*) w.rt. x:

0 0 0 0 0
a(xz) +a(yan) —a(zz) +a(4) =a(0)

- | 7y zt|ty 22 2. % 1 0=0
¥x ox - ] Y Zox T “Yox -
by prod'uct rule
y 0z
= (x+;—22)a——z
0z —Z
N _

Bx_x+¥_22
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At (x,y,z) =(-3,2,1),

0z —Z

0xl(xy)=(-321) x + % — 2z

Partially differentiate both sides of (*) w.rt. y:

MA2001 Multi-variable Calcuds and Linear Algebrov

(x,y,z)=(-3,2,1)

Chapter 24

-1

1
—3+%—2(1) 3

) ) 0 0 J
@(xz) +@()’1HZ) —@(Zz) +@(4) =@(O)

+[ 16Z+l 11— 2 0z +0=0
= - - _ _- —
x - z dy nz: | Zay
by product rule
0z —Inz

= (x-l—X—ZZ) = —]lnz = — 3

Z dy 0y +2- 27
At (x;}’;Z) — (_3, 2, 1),

0z _ —Inz

ay (x,y,z)=(—3,2,1) X + % — 2z

(X,y,Z)=(—3,2,1)

—In1

—3+%—2(1) 3
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Example 24

Find the gradient of the tangent % at a point (x,y) of the conic

f(x,y) = ax? + 2hxy + by? + 2gx + 2fy + ¢ = 0.
Solution
y is defined as an implicit function of x by the equation

z=f(x,y) = ax® + 2hxy + by* + 2gx + 2fy + ¢ = 0.

In this case
of
dz_af_l_afdy_o . dy  39x _ 2ax+2hy+2g
dx 0x dydx dx  0f  2hx+2by+2f
dy

whenever 2hx + 2by + 2f # 0.

Page 74



Semester A, 2023 -24 MA2001 Multi-variable Calcuds and Linear Algebrov Chapter 2A
Example 25

If z=e*cosy,while x and y are implicit functions of t defined by the equations

{x3+ex—t2—t=1
yt?+y*t—t+y=0

then find dz for t = 0.
dt
Solution

Differentiate z = e* cosy with respect to t, we have

dz_azdx_l_azdy_ X dx . . dy
dt oxdt oy dc © OV MW

The equation x3 + e* —t? —t = 1 defines a function x = x(t) implicitly.
Differentiate both sides of x3 +e* — t2 —t = 1 with respect to t, we have

3 2dx+ xdx 2_1=0 = dx_ 2t + 1
AP TELI B dt  3x2+ex’

From x3 4+ e* —t? —t = 1, we observe that if t = 0, we have x = 0.
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dx 2t +1
dtl,—g 3x2 +e*

Similarly, the equation yt? + y?t —t +y = 0 defines a function y = y(t) implicitly.
Differentiate both sides of yt? + y2t —t + y = 0 with respect to ¢, we have

dy dy dy dy 1—1vy2—2yt
t?—+2yt+2yt—+y*—-14+—==0 = = .
dtJr yb+ey dt+y +dt dt 1+t%+ 2yt

From yt? + y?t —t +y = 0, we observe that if t = 0, we have y = 0.

1—y% -2yt

dy B
=0 1+t2+2yt

dt

t=0
y=0

N | (dx
. =|e COSy;Z?, 7

Hence,

dz
dt

)— e* sin y|x= (ﬂ
t=0 y;i;g dt

)::]_le—-0><1:=iL
t=0
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Example 26

1
x? + y? =EZ2

uniquely for x, y as functions of z near x =1,
x+y+z=2

Suppose we solve {

dy d?x d?y
dz ' dz? ' dz2

y=—1.Find%, when x =1, y = -1, z = 2.

Solution

EZ

{xz_l_yzz1 2
X+y+z=2

Differentiate both sides of each equation w.r.t. z, we get

(2 dx+2 dy_ ,
) de de_Z 1)
dx+dy+1_0 2
\dz dz B (2)

Differentiate both sides w.r.t. z again, we get

Page 77



Semester A, 2023 -24 MA2001  Mult-vawiable Calouluy and Linear Algebro
2821 2(2) 4y aa(2) 1 o
< Y dz? dz Y dz? dz) (3)
d?x d?*y
k 70 T ®

Put x=1, y=-1, z=2 into (1) and (2), we have

( dx dy (dx dy (dx
— 22 =2 A | =0
< dz dz = dz dz - dz
LY 1= g A YV
\dz dz B \dz dz \dz
Put x=1, y=-1, z =2, %: 0, %: —1 into (3) and (4), we have
( d*x d?y (d?x d?%y 1 (d?*x
2——= 420002 —2—=+2(-1)%=1 2= = =
< dz? +2(0) dz? +20-1 N <dZ2 dz? 2 <dz2
d2x+d2y — 0o d2x+d2y_ 0 d*y
\ dz?  dz? \dz2 = dz? \dz2
dx dy d?x 1 d?y 1
—=0 —1 = —==— whenx=1, y=-1, z=2.

' dz?2 T 4 dz? 4

Chapter 24
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Example 27

xu + yvu? = 2
Suppose that near the point (x,y,u,v) =(1,1,1,1) we can solve { 3 yz 4
xu’ +ycv* =2

uniquely for u and v as functions u(x,y), v(x,y) of x and y.Compute Z—Z(l, 1).
Solution

xu + yvu? = 2
Partially differentiate both equations { Y

3 + y2vt = 2 with respect to x, we have
( Ju Ju dv
u+x—+yv(2u)—+yu —=0 - (1)
) dx ax _
3 2y 2 2(41,3) — —
U +x(3u)ax+y (4v)ax—0 (2)

Put x=1, y=1, u=1, v=1 into (1) and (2), we have

(1+6u+26u+6v_0 (38u+6v_ ,
0x ox Ox ox Ox a_u__l et __1
) = = = = (1,1) = :
1+36u+46v 0 36u+ Ov , 0x 3 dx 3
\ 0x 0x \" 0x ax
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Definition

Let y4,...,¥, be functions such that each of its first order partial derivatives (with respect to

X1, e, Xy) €Xist.

The determinant

o1 n

[ 2 00m ) % O
a(xl, “er Xn) ayn ayn
e

is called the Jacobian of vy, ...,y, withrespectto x4, ...,x,.

1 ., N
dx4 dxn
Here, the (i, )™ entry of the matrix P is
Yn .., 9
dx4 dxn
0y;
an
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Example 28 (for reference only (p.81-89))

Functions x = x(p,¢,0), y=v(p,¢$,0), z=12z(p,¢,0) can be regarded as equations
involving x,v,z,p,¢,0 . Assume x=x(p,¢,0), y=v(p,¢$,0), z=2z(p, ¢, 0) are

differentiable functions of p, ¢, 0 and we may define p, @, 8 as implicit functions of x,y, z.

(@) Using Cramer’s Rule, deduce that

p 10(y,z) 0p 19(y,z) 080 10(y,2)

dx  Jo(p,0)' dx Ja@b,p) ax Ja(p,9)

where

dx 0x 0x
dp 0d¢ 0d6
_0(x,y,z) _ |0y 0dy 0y

“A(p,9,0) |op 0p a6
dz 0z 0z

dp 9p 06

ap ap ap
(b)  Guess 3y and P then prove your guess for 3y
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(c) Let

d 9] ap -
Vp E—p?+—pf+—pk

dx  0dy 0z
and
or odx_, dy., 0z- or odx_, 0y, 0z
a¢Ea¢‘+£1+£k’ GQEOHH_%]-I_%I('
show that
szf.

(d) Let x=x(p,¢,0) =psingpcosd, y=vy(p,¢,0)=psingsinf and
z=2z(p,¢,0) = pcos .
Evaluate

_0(x,y,z) dp Odp Op
]_a(p,cl),é?)' ox’ 0y’ 0z
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Solution
x=x(p,¢,0)

(a) y=y(p,¢p,0)
z=2z(p,¢,0)

Partially differentiating both sides with respect to x, we have:

(0x  0Ox ap+ax a¢+ax 20
dx 0p Ox 0¢ 0x 06 Ox

dy Oy Op , 9y 09 3y 96
19x  9p 9x  9¢ Ox = 06 Ox -

dz 0z dp 0z d¢p 0z 00

— = + +

LQ’% dp dx d¢ dx 00 Jx

=0
(Note that g—z =0 and % = 0 because x, y, z are independent variables.)
Then we use the Cramer’s Rule to solve for P and P (the unknowns):

Page 83



Semester A, 2023 -24

MA2001 Multi-variable Calcuds and Linear Algebrov Chapter 2A

| 0x 0x
0p 00
o v ol |y ay
o 96 o 06
o 9z 0z 0z 0z 0(y,2) 0(y,7)
dp op a0l  |ap 98]  a(p,0) 9(p,0) 10,2
dx |0x O0x Odx| |0x dx Odx|  d(x,y,z) ] ] 9(¢,0)’
dp 0 06| |9p 3¢ 36| a(p, b, 0)
dy 0Oy 0dy| |[dy Oy Ody
dp Jd¢ 00 dp Jd¢ 0J6
dz 0z 0z dz 0z 0z
op o¢ 06l 1ap 3¢ 30
0x , ox
dp a0
oy o | | o
dp a0 dp 06
oz o 0z "oz dz| _ozm 0(.2)
dp lap 00 dp 90| ~9(p,0) 9B,p) 102
0x J J J J J 9(6,p)°
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op 9%
ay ay o oy oy
dp 0¢ dp 0¢
0z 0z o |0z oz
00 lap 9¢ _lap a¢l 1 9@y, 2)
0x J J J a(p, )’
(b)  Using (a), we guess that
dp 1 0(z,x) dp 1 0(xy)
dy ] o(¢,0) " 9z ] 0(p,0)
x =x(p,¢,0)
ap 1 d(zx) . . . .
To check that — =- , we partially differentiate the equations <y = y(p, ¢, 8)
dy ] 0(¢.0)
Z = Z(,D, o, 9)

with respect to y:
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( dx dp Odx d¢ 0Jx 06
0= + +

dp dy d¢ dy 00 dy
_ Oy ap+ay a¢+ay a0
~dp dy 0¢ dy 06 dy

_ 0z dp 0z d¢p 0z 00

A
—

\U_mnw+a¢ay+aem/
o ox ox
dp 00
L Oy oyl jox ax
dp 06 dp 00
o 9z 9z| T|oz 9z _9(x2)
Cramer'sRule  0p op dagl  |oagp 26| a(p,6) 1 9(zx)
’ dy |9x Ox Ox| ] B Ji ] 3(¢,0)
dp 0¢p 00
dy dy 0dy
dp 0¢p 06
dz 0z 0z
dp 0¢p 00
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(c)

dp, Op, Op- 10(y,2),

v + LoP +1 d(z,x) %+1 6(x,y)E
pP=Z-1 ]+t = 7 L+ — J+-=
ox Ay’ 0z =, ] 3(,0) ] 36 ] a0
dy | |9z 9z| |ox Ox
op a6\ (06 090|. (06 30|
00.2) ., 0zx) - 0(y)p |0z oz|'" |ox ox|! Tlay dy
_9(.0) " 3($,0)) T34, 0)" _19¢ 39l |34 28] |9 36
] J
I ]k
dy 0z dx 0z ox dy ox 0dy 0z
o¢ 3|, (06 0P|, (06 9P|y (06 3¢ Op
dy 0z |ox oz|' "|ox dy|" |ox ay oz
_lag a0 00 90 00 096l _136 96 96
J J
ox, 0y, 0z ox, dy., 0zp\ Or _ or
_(%H_aqb]-l_agbk)X(691+69]+@k)_O_X_H
B J T
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(d) x=psingdcosf, y=psingsinf, z=pcosed. Then

dx Ox O0Ox
dp d¢ 06

_0x,y,z) [0y dy Oy
]_6(p,gb,9)_ dp 0¢ 06

singpcos pcos¢pcosf —psingsinb
singpsinf pcos¢psind psingcosh

coSs —p sin 0
dz 0z 0z ¢ psind
dp d¢ 0d6
pcospcosfd —psingsinb _ singcos@ —psingsind
= Ccos¢ . . — (—psing)| . . .
expand pcospsind psingcosb singsin®  psin ¢ cos6
along
row 3

= cos ¢ (p? cos ¢ sin ¢ cos? O + p? cos ¢ sin ¢ sin? §)
+ p sin ¢ (p sin? ¢ cos? O + p sin? ¢ sin? 6)

= p? cos? ¢ sin ¢ (cos? O + sin? @) + p? sin3 @ (cos? 6 + sin? 9)
= p? cos? ¢ sinp + p? sin3 ¢
= p?sin¢
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ay oy
dp 06
dz 0z pcospsinf psingcosb
d 1 d(y, 0 00 —p si 2 sin? 0
S i O.2) = 09 .69 = psing , 0 =22 _quOS = sin¢ cos 6
dx ] 0(¢,0) p?sing p? sin ¢ p? sin ¢
9z 0z
dp 06
ox 0x —psin ¢ 0
Op 10(zx) |0¢ 96| |[pcos¢pcosf —psingsind —'DZSinzd)SinH—sinqbsinQ
dy J 0(¢,0) p?sing p? sin ¢ ~ p?sing
o ox
dp 06
oy 0y pcospcosfd —psingsinb
dp _10(xy) |0¢ 96| |pcos¢sind psingcosb
dz ] 0(¢,0) p?sing p? sin ¢
_ p*cosgsing cos? 6 + p?cos psingpsin®f  p?cospsing
B p? sin ¢ ~ pZsing
= Ccos ¢ []
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