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Gradient Descent Algorithm
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Motivation: Optimization

• Optimization: finding the maximum or minimum of a function!

• The maximum (minimum) of a function can be found by differentiation.

• Many applications in AI, deep learning, etc.

Minimum

Maximum

𝑥

𝑥

𝑓(𝑥)
𝑔(𝑥)
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• Suppose that you need to find the minimum of  𝑓 𝑥 = 𝑥 2

• To find it, we find the roots of 𝑓′ 𝑥 .

𝑓′ 𝑥 = 2(𝑥)

• So, the minimum is 0.

• In this case, it is easy to find the root of 2𝑥=0.

Optimization Problem
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Gradient Descent Algorithm

• If 𝑓(𝑥) is too complex, we may not be able to find its minimum 
(maximum) analytically. 

• We can use numerical methods to find the minimum or maximum.

• In this lecture, we learn about the gradient descent algorithm. 

• It is a numerical algorithm for finding the minima of functions.

• It has many applications in AI and Deep Learning where we deal with 
complex problems.
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Gradient Descent Algorithm

• It can be used to find the minima of functions with multiple variables.

• Find the values of 𝑥 and 𝑦 for which the function 𝑓 𝑥, 𝑦 = 𝑥2 + 𝑦2

takes its smallest value.

• Find the values of 𝑥, 𝑦 and 𝑧 for which the function 𝑓 𝑥, 𝑦, 𝑧 = 𝑥2 +
𝑦2 + 𝑧2 takes its smallest value.

• Find the values of 𝑥, 𝑦, 𝑧 and 𝑑 for which the function 𝑓 𝑥, 𝑦, 𝑧, 𝑑 =
𝑥2𝑦2 + 𝑧2 + 𝑑4takes its smallest value.
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Motivation: Neural Networks
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• Neural networks have many applications in autonomous driving.
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Gradient

• Consider the function 𝑓 𝑥, 𝑦 .

• The gradient of 𝑓 𝑥, 𝑦 at the point 𝑥𝑖 , 𝑦𝑖 is a vector.

• We show the gradient of 𝑓 𝑥, 𝑦 at the point 𝑥𝑖 , 𝑦𝑖 by 𝛻 𝑓 𝑥𝑖 , 𝑦𝑖 . 

• The gradient of 𝑓 𝑥, 𝑦 is computed using its partial derivatives.

𝛻 𝑓 𝑥𝑖 , 𝑦𝑖 =

𝜕

𝜕𝑥
𝑓 𝑥𝑖 , 𝑦𝑖

𝜕

𝜕𝑦
𝑓 𝑥𝑖 , 𝑦𝑖
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Gradient Descent Algorithm

• Suppose that you need to find the minimum of 𝑓 𝑥, 𝑦 .

• We need to find the values of 𝑥 and 𝑦 such that the function takes its 
smallest value...
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Gradient Descent Algorithm

• Suppose that you need to find the minimum of 𝑓 𝑥, 𝑦 .

• In the gradient descent algorithm, we start with an initial point 𝑥0, 𝑦0 . 

• 𝑥0, 𝑦0 is the initial estimate of the minimum. 

• At each iteration, the estimate of the minimum is updated based on last 
estimate.
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Gradient Descent Algorithm

• In the gradient descent algorithm, we start with an initial point 𝑥0, 𝑦0 . 

• 𝑥0, 𝑦0 is the initial estimate of the minimum. 

• We then compute the gradient of 𝑓 𝑥, 𝑦 at 𝑥0, 𝑦0 .

𝛻 𝑓 𝑥0, 𝑦0 =

𝜕

𝜕𝑥
𝑓 𝑥0, 𝑦0

𝜕

𝜕𝑦
𝑓 𝑥0, 𝑦0
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Gradient Descent Algorithm

• Next, we update our estimate 

• 𝜇 is a small positive number called the step-size.
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𝑥1
𝑦1

=
𝑥0
𝑦0

− 𝜇 𝛻 𝑓 𝑥0, 𝑦0

Step-size
Gradient
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Gradient Descent Algorithm

• In the next iteration, we again update our estimate 
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𝑥2
𝑦2

=
𝑥1
𝑦1

− 𝜇 𝛻 𝑓 𝑥1, 𝑦1

Step-size

Gradient
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Gradient Descent Algorithm

• In the next iteration, we again update our estimate 
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𝑥3
𝑦3

=
𝑥2
𝑦2

− 𝜇 𝛻 𝑓 𝑥2, 𝑦2

Step-size

Gradient
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(𝑥2, 𝑦2)

Updated 
estimate

Iteration 3

(𝑥3, 𝑦3)

Current 
estimate

Updated 
estimate



Gradient Descent Algorithm

• If the current estimate is (𝑥𝑘−1, 𝑦𝑘−1), the updated estimate is computed 
using 

• We continue until the algorithm converges.
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𝑥𝑘
𝑦𝑘

=
𝑥𝑘−1
𝑦𝑘−1

− 𝜇 𝛻 𝑓 𝑥𝑘−1, 𝑦𝑘−1

Step-size
Gradient

Current estimate

Updated 
estimate



Gradient Descent Algorithm

1. 𝑥0, 𝑦0 : initial estimate

2. 𝜇: step-size

3. k=1: iteration counter.

4. Compute 𝛻 𝑓 𝑥𝑘−1, 𝑦𝑘−1

5. Update the estimate  
𝑥𝑘
𝑦𝑘

=
𝑥𝑘−1
𝑦𝑘−1

− 𝜇 𝛻 𝑓 𝑥𝑘−1, 𝑦𝑘−1

6. Compute the difference vector 

𝑑𝑘 =
𝑥𝑘 − 𝑥𝑘−1
𝑦𝑘 − 𝑦𝑘−1

7. Stop if all the elements of 𝑑𝑘 are less than 𝜖.

8. Otherwise, 𝑘 ⟵ 𝑘 + 1 and go to step 4.

• The last generated 
𝑥𝑘
𝑦𝑘

is the estimate of the minimum.
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Example

• Use the gradient descent algorithm to find the minimum of 𝑓 𝑥, 𝑦 =
𝑥 − 2 2 + 𝑦 − 3 2.

• 𝑥0, 𝑦0 = (0,0)

• 𝜇 = 0.4

• 𝜖 = 0.001
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Example

• Answer: 𝑓 𝑥, 𝑦 = 𝑥 − 2 2 + 𝑦 − 3 2.

• 𝜇 = 0.4 , 𝜖 = 0.001

• The gradient of 𝑓 𝑥, 𝑦 is 𝛻 𝑓 𝑥, 𝑦 =
2(𝑥 − 2)
2(𝑦 − 3)

.

• The update rule becomes 

𝑥𝑘
𝑦𝑘

=
𝑥𝑘−1
𝑦𝑘−1

− 0.4
2(𝑥𝑘−1 − 2)
2(𝑦𝑘−1 − 3)
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Example

• After 6 iterations, all the elements of the difference vector are less than 𝜖.

𝑥𝑘
𝑦𝑘

=
𝑥𝑘−1
𝑦𝑘−1

− 0.4
2(𝑥𝑘−1 − 2)
2(𝑦𝑘−1 − 3)

• The minimum is located at (1.9999,2.9998) .

19

𝑥𝑘
𝑦𝑘

𝑘 =0 𝑘 =1 𝑘 =2 𝑘 = 3 𝑘 = 4 𝑘 = 5 𝑘 = 6

𝑑𝑘
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How Does it Work?

• We start from (𝑥0, 𝑦0). 

• Then, we take a small step in the opposite direction of the gradient at 
(𝑥0, 𝑦0).  We obtain a new estimate of the minimum (𝑥1, 𝑦1).
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𝑥1
𝑦1

=
𝑥0
𝑦0

− 𝜇 𝛻 𝑓 𝑥0, 𝑦0

Step-size
Gradient
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𝑥0
𝑦0

𝛻 𝑓 𝑥0, 𝑦0

𝑥1
𝑦1

Step

Current estimate

updated estimate



How Does it Work?

• We take a small step in the opposite direction of the gradient at (𝑥1, 𝑦1). 
We obtain a new estimate of the minimum (𝑥2, 𝑦2).
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𝛻 𝑓 𝑥1, 𝑦1

𝑥2
𝑦2

Step
𝑥0
𝑦0

𝛻 𝑓 𝑥0, 𝑦0

𝑥1
𝑦1

Current estimate

Updated 
estimate

𝑥2
𝑦2

=
𝑥1
𝑦1

− 𝜇 𝛻 𝑓 𝑥1, 𝑦1

Step-size
Gradient



How Does it Work?

• In each iteration, we move in the opposite direction of the gradient with a 
small step.
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𝑥𝑘
𝑦𝑘

=
𝑥𝑘−1
𝑦𝑘−1

− 𝜇 𝛻 𝑓 𝑥𝑘−1, 𝑦𝑘−1

Step-size
Gradient

Current estimate

Updated 
estimate



How Does it Work?

• Suppose that we would like to find the minimum of the function 𝑓(𝑥, 𝑦).

• If we start at 𝑥0, 𝑦0 and take a small step in the opposite direction of the 
gradient, we find a new point.

𝑥1
𝑦1

=
𝑥0
𝑦0

− 𝜇 𝛻 𝑓 𝑥0, 𝑦0

• 𝑓 𝑥1, 𝑦1 will be smaller than

𝑓 𝑥0, 𝑦0 .
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𝑓 𝑥0, 𝑦0 𝑓 𝑥1, 𝑦1



How Does it Work?

• Each time that we take a small step in the opposite direction of the 
gradient, the value of function at the new estimate becomes smaller.
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Partial Derivatives

• When the function 𝑓 𝑥, 𝑦 is complicated, we may not be able to 
compute its partial derivatives analytically.

• However, we can use numerical methods to estimate the partial 
derivatives of 𝑓 𝑥, 𝑦 .

• Using the centered difference method, the  partial derivatives of 𝑓 𝑥, 𝑦
around 𝑥𝑖 , 𝑦𝑖 can be estimated as 

𝜕

𝜕𝑥
𝑓 𝑥𝑖 , 𝑦𝑖 =

𝑓 𝑥𝑖+ℎ,𝑦𝑖 −𝑓 𝑥𝑖−ℎ,𝑦𝑖

2ℎ

𝜕

𝜕𝑦
𝑓 𝑥𝑖 , 𝑦𝑖 =

𝑓 𝑥𝑖,𝑦𝑖+ℎ −𝑓 𝑥𝑖,𝑦𝑖−ℎ

2ℎ
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Gradient Descent Algorithm

• The algorithm works if the function 𝑓(⋅) depends on more than two 
variables. 

• At each step, we compute the gradient at the current estimate. 

• We then take a small step in the opposite direction of the gradient to 
obtain the updated estimate.

• For example, the update rule for 𝑓(𝑥, 𝑦, 𝑧) is 

𝑥𝑘
𝑦𝑘
𝑧𝑘

=

𝑥𝑘−1
𝑦𝑘−1
𝑧𝑘−1

− 𝜇 𝛻 𝑓 𝑥𝑘−1, 𝑦𝑘−1, 𝑧𝑘−1
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Numerical Integration
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Integration

• In engineering applications, we often need to integrate functions.

• The integral of 𝑓(𝑥) over the interval [𝑎, 𝑏] is denoted by 

න
𝑎

𝑏

𝑓 𝑥 𝑑𝑥

• 𝑎׬
𝑏
𝑓 𝑥 𝑑𝑥 is equal to the area under 𝑓 𝑥 from 𝑎 to 𝑏.

28Week 13: Differentiation and Integration 

න
𝑎

𝑏

𝑓 𝑥 𝑑𝑥



Integration

• If function 𝑓 𝑥 is relatively simple, we can compute its integral in 
closed-form.

• For example, when 𝑓 𝑥 is a polynomial.

• Example:

• For example, we can easily compute the integral of sin(𝑥) .
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Integration

• When function 𝑓 𝑥 is complicated, we may not be able to compute its 
integral in closed-form.

• 𝑓 𝑥 = sin(𝑥2).

• 𝑓 𝑥 = sin(log(𝑥)).

• 𝑓 𝑥 =
sin(𝑥)

𝑥
.

• In such cases, we need numerical methods to compute the integrals.

• In this lecture, we learn two methods for numerical integration:

1. Trapezoidal rule

2. Simpson’s 1/3 Rule
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Trapezoidal rule

Week 13: Differentiation and Integration 



Trapezoidal rule

• Suppose that we need to numerically compute the integral of 𝑓(𝑥) over 
the interval [𝑎, 𝑏].

• In numerical integration, we divide the interval 𝑎, 𝑏 into 𝑛 segments. 
Here, 𝑛 is an integer.

• The length of each segment is ℎ =
𝑏−𝑎

𝑛
.

• This gives us 𝑛 + 1 base points : 𝑥0, 𝑥1, ⋯ , 𝑥𝑛
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𝑎 𝑏

𝑥1𝑥0 𝑥2 𝑥3 𝑥𝑛𝑥𝑛−1

Segment 1 Segment 2
Segment 3

Segment 𝑛



Trapezoidal rule

• We need to find the base points. 

• 𝑥0 = 𝑎

• 𝑥1 = 𝑎 + ℎ

• 𝑥2 = 𝑎 + 2ℎ

• 𝑥𝑖 = 𝑎 + 𝑖ℎ

• 𝑥𝑛 = 𝑎 + 𝑛ℎ = 𝑏
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𝑎 𝑏

𝑥1𝑥0 𝑥2 𝑥3 𝑥𝑛𝑥𝑛−1

Segment 1 Segment 2
Segment 3

Segment 𝑛

ℎ =
𝑏 − 𝑎

𝑛



Trapezoidal rule

• In the trapezoidal rule, we first estimate the area of the function under 
each segment. 

• We then add up the estimates for segments to obtain the 
approximation of integral.
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𝑥1𝑥0 𝑥2 𝑥𝑛𝑥𝑛−1

𝑓(𝑥0)

𝑓(𝑥1)
𝑓(𝑥2)

𝑓(𝑥𝑛−1)
𝑓(𝑥𝑛)

𝑓(𝑥0)

𝑓(𝑥1)

𝑓(𝑥2)

𝑓(𝑥𝑛−1)

𝑓(𝑥𝑛)



Trapezoidal rule

• The area under 𝑓 𝑥 from 𝑥0 to 𝑥1 is approximated by  .

Week 13: Differentiation and Integration 
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𝑥1𝑥0 𝑥2 𝑥𝑛𝑥𝑛−1

𝑓(𝑥0)

𝑓(𝑥1)
𝑓(𝑥2)

𝑓(𝑥𝑛−1)
𝑓(𝑥𝑛)

𝑓(𝑥0)

𝑓(𝑥1)

𝑓(𝑥2)

𝑓(𝑥𝑛−1)

𝑓(𝑥𝑛)

ℎ =
𝑏 − 𝑎

𝑛



Trapezoidal rule

• The area under 𝑓 𝑥 from 𝑥1 to 𝑥2 is approximated by  .
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𝑥1𝑥0 𝑥𝑛𝑥𝑛−1

𝑓(𝑥0)

𝑓(𝑥1)
𝑓(𝑥2)

𝑓(𝑥𝑛−1)
𝑓(𝑥𝑛)

𝑓(𝑥0)

𝑓(𝑥1)

𝑓(𝑥2)

𝑓(𝑥𝑛−1)

𝑓(𝑥𝑛)

𝑥2



Trapezoidal rule

• The area under 𝑓 𝑥 from 𝑥𝑛−1 to 𝑥𝑛 is approximated by  .
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𝑥1𝑥0 𝑥2 𝑥𝑛𝑥𝑛−1

𝑓(𝑥0)

𝑓(𝑥1)
𝑓(𝑥2)

𝑓(𝑥𝑛−1)
𝑓(𝑥𝑛)

𝑓(𝑥0)

𝑓(𝑥1)

𝑓(𝑥2)

𝑓(𝑥𝑛−1)

𝑓(𝑥𝑛)



Trapezoidal rule

• The area under 𝑓 𝑥 from over the segment 𝑥𝑙 to 𝑥𝑢 is approximated 
by

𝐴𝑟𝑒𝑎 = ℎ
𝑓 𝑥𝑙 + 𝑓(𝑥𝑢)

2
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𝑥𝑙
𝑥𝑢



Trapezoidal rule

• To compute the integral of 𝑓 𝑥 , we add up the estimated areas
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න
𝑎

𝑏

𝑓 𝑥 𝑑𝑥 ≈

𝑥1𝑥0 𝑥2 𝑥𝑛𝑥𝑛−1

𝑓(𝑥0)

𝑓(𝑥1)
𝑓(𝑥2)

𝑓(𝑥𝑛−1)
𝑓(𝑥𝑛)

𝑓(𝑥0)

𝑓(𝑥1)

𝑓(𝑥2)

𝑓(𝑥𝑛−1)

𝑓(𝑥𝑛)



Example
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Compute the percentage of the true relative error for your answer.



Trapezoidal rule

• 𝑛 = 2, 𝑎 = 0, 𝑏 = 0.8.

• So, ℎ = 0.4. 

• 𝑥0 = 0

• 𝑥1 = 0.4

• 𝑥2 = 0.8
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ℎ =
𝑏 − 𝑎

𝑛



Trapezoidal rule

• The approximate value of the integral is 

• The error is

• The percentage of the relative error is  
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න
𝑎

𝑏

𝑓 𝑥 𝑑𝑥 ≈



Trapezoidal rule

• The area under 𝑓 𝑥 in each segment is approximated by the area of 
the trapezoid formed by the base points of that segment.
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𝑥1𝑥0 𝑥2 𝑥𝑛𝑥𝑛−1

𝑓(𝑥0)

𝑓(𝑥1)
𝑓(𝑥2)

𝑓(𝑥𝑛−1)
𝑓(𝑥𝑛)

𝑓(𝑥0)

𝑓(𝑥1)

𝑓(𝑥2)

𝑓(𝑥𝑛−1)

𝑓(𝑥𝑛)
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Simpson’s 1/3 Rule
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Simpson’s 1/3 Rule

• Suppose that we need to numerically compute the integral of 𝑓(𝑥) over 
the interval [𝑎, 𝑏].

• We first find the base points.
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𝑥1𝑥0 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥𝑛−2 𝑥𝑛𝑥𝑛−1



Simpson’s 1/3 Rule

• We need to find the base points. 

• 𝑥0 = 𝑎

• 𝑥1 = 𝑎 + ℎ

• 𝑥2 = 𝑎 + 2ℎ

• 𝑥𝑖 = 𝑎 + 𝑖ℎ

• 𝑥𝑛 = 𝑎 + 𝑛ℎ = 𝑏
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𝑎 𝑏

𝑥1𝑥0 𝑥2 𝑥3 𝑥𝑛𝑥𝑛−1

Segment 1 Segment 2
Segment 3

Segment 𝑛

ℎ =
𝑏 − 𝑎

𝑛



Simpson’s 1/3 Rule

• We first approximate the area under the function from 𝑥0 to 𝑥2.

• We then approximate the area under the function from 𝑥2 to 𝑥4.

• We then approximate the area under the function from 𝑥4 to 𝑥6.

• We then approximate the area under the function from 𝑥6 to 𝑥8.

• We continue this procedure.

• Lastly, we approximate the area under the function from 𝑥𝑛−2 to 𝑥𝑛.
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Simpson’s 1/3 Rule

• We first approximate the area under the function from 𝑥0 to 𝑥2 using 
the formula
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𝑥1𝑥0 𝑥2

𝑓(𝑥0)

𝑓(𝑥1)

𝑓(𝑥2)



Simpson’s 1/3 Rule

• We next approximate the area under the function from 𝑥2 to 𝑥4 using 
the formula

49Week 13: Differentiation and Integration 

𝑥3𝑥2 𝑥4

𝑓(𝑥4)𝑓(𝑥3)

𝑓(𝑥2)



Simpson’s 1/3 Rule

• We next approximate the area under the function from 𝑥4 to 𝑥6 using 
the formula

2ℎ
𝑓 𝑥4 + 4𝑓 𝑥5 + 𝑓(𝑥6)

6
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𝑥5 𝑥6𝑥4

𝑓(𝑥4)

𝑓(𝑥5)
𝑓(𝑥6)



Simpson’s 1/3 Rule

• Lastly, we approximate the area under the function from 𝑥𝑛−2 to 𝑥𝑛
using the formula
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𝑥𝑛−1 𝑥𝑛𝑥𝑛−2

𝑓(𝑥𝑛−2)

𝑓(𝑥𝑛)𝑓(𝑥𝑛−1)



Simpson’s 1/3 Rule

• Use the following formula to approximate the area under 𝑓(𝑥) from 𝑥𝑙
to 𝑥𝑢. 

𝐴𝑟𝑒𝑎 = 2ℎ
𝑓 𝑥𝑙 + 4𝑓 𝑥𝑟 + 𝑓(𝑥𝑢)

6

𝑥𝑟 =
𝑥𝑙 + 𝑥𝑢

2
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𝑥𝑢𝑥𝑟
𝑥𝑙



Simpson’s 1/3 Rule

• To compute the integral of 𝑓 𝑥 , we add up the estimated areas

53Week 13: Differentiation and Integration 

𝑥1𝑥0 𝑥2 𝑥3 𝑥4 𝑥5 𝑥6 𝑥𝑛−2 𝑥𝑛𝑥𝑛−1



Example
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Use 𝑛 = 4 and compute the percentage of the true relative error 
for your answer.



Simpson’s 1/3 Rule

• We have a = 0, b = 0.8, 𝑛 = 4.

• So, ℎ = 0.2. 

• 𝑥0 = 0

• 𝑥1 = 0.2

• 𝑥2 = 0.4

• 𝑥3 = 0.6

• 𝑥4 = 0.8

• We need estimate the area from 𝑥0 to 𝑥2 and the area from 𝑥2 to 𝑥4.

55Week 13: Differentiation and Integration 

𝑥1𝑥0 𝑥2 𝑥3 𝑥4



Simpson’s 1/3 Rule
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𝑥1𝑥0 𝑥2

𝑓(𝑥0)

𝑓(𝑥1)

𝑓(𝑥2)

• We first estimate the area from 𝑥0to 𝑥2.

• 𝑥0 = 0

• 𝑥1 = 0.2

• 𝑥2 = 0.4



Simpson’s 1/3 Rule
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𝑥3𝑥2 𝑥4

𝑓(𝑥4)𝑓(𝑥3)

𝑓(𝑥2)
• We first estimate the area from 𝑥2 to 𝑥4. 

• 𝑥2 = 0.4

• 𝑥3 = 0.6

• 𝑥4 = 0.8



Simpson’s 1/3 Rule

• The approximate value of the integral is 

• The error is

• The percentage of the relative error is

• Simpson’s rule is more accurate than the trapezoidal rule. But, it 
requires more computations.  
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How does it work?

• Suppose that we need to numerically compute the integral of 𝑓(𝑥) over 
the interval [𝑥0, 𝑥2].

• We can build an approximation of 𝑓(𝑥) using a second-order 
Lagrange's polynomial 𝑓2(𝑥).
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𝑥1𝑥0 𝑥2

𝑓(𝑥0)

𝑓(𝑥1)

𝑓(𝑥2)



How does it work?
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𝑥1𝑥0 𝑥2

𝑓(𝑥0)

𝑓(𝑥1)

𝑓(𝑥2)

Lagrange’s approximation

𝑓2(𝑥) is a polynomial, we can compute its integral easily.



How does it work?

• We can then integrate 𝑓2(𝑥) (Lagrange's approximation) instead of 𝑓(𝑥).
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END

End ! 


