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Gradient Descent Algorithm

Week 13: Differentiation and Integration




Motivation: Optimization

* Optimization: finding the maximum or minimum of a function!
* The maximum (minimum) of a function can be found by differentiation.

* Many applications in Al, deep learning, etc.
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Optimization Problem

* Suppose that you need to find the minimum of f(x) = (x)*

 To find it, we find the roots of f'(x).

f'(x) =2(x)

 So,the minimum is O.

* In this case, it is easy to find the root of 2x=0.
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Gradient Descent Algorithm

 If f(x) is too complex, we may not be able to find its minimum
(maximum) analytically.

e We can use numerical methods to find the minimum or maximum.

In this lecture, we learn about the gradient descent algorithm.,

It is a numerical algorithm for finding the minima of functions.

[t has many applications in Al and Deep Learning where we deal with
complex problems.
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Gradient Descent Algorithm

It can be used to find the minima of functions with multiple variables.

* Find the values of x and y for which the function f(x,y) = x2 + y?
takes its smallest value.

* Find the values of x, y and z for which the function f(x,y,z) = x2 +
y? + z2 takes its smallest value.

* Find the values of x, y, z and d for which the function f(x,y,z,d) =
x%y? + z? + d*takes its smallest value.
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Motivation: Neural Networks

* Neural networks have many applications in autonomous driving.

Input layer i Hidden layers i Output layer
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Gradient

Consider the function f(x, y).

The gradient of f(x, y) at the point (x;, y;) is a vector.

We show the gradient of f(x, y) at the point (x;,y;) by V f(x;, y;).

The gradient of f(x, y) is computed using its partial derivatives.

o _
af(xi»yi)

Vilw,y) =15
_@f(xi;yl')_
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Gradient Descent Algorithm

 Suppose that you need to find the minimum of f(x, y).

* We need to find the values of x and y such that the function takes its
smallest value o

fx,y)
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Gradient Descent Algorithm

Suppose that you need to find the minimum of f(x, y).

In the gradient descent algorithm, we start with an initial point (x,, v,).

(xo, Vo) is the initial estimate of the minimum.

At each iteration, the estimate of the minimum is updated based on last
estimate.

Updated Updated Updated
Initial guess  estimate estimate estimate

/ 1 l l
(X0, Yo) ‘ (x4, }’1)- (x2,¥2) ‘ (%3,¥3) ‘ (X4, Ya)

Iteration 1 [teration 2 [teration 3 [teration 4
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Gradient Descent Algorithm

* In the gradient descent algorithm, we start with an initial point (x, y,).

* (x, Vo) is the initial estimate of the minimum.

* We then compute the gradient of f(x, y) at (xg, Vo).

o ]
7 Fxo yo) = af(xo»yo)

_%f(xo»YO)_
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Gradient Descent Algorithm

* Next, we update our estimate

Current estimate st ]
ep-size .
P Gradient

S

|
Updated __ ;C]ﬂ — [;C]g]@u V f(xo,yo)

estimate

* wis asmall positive number called the step-size. Updated
Initial guess  estimate

/ |
(%o, o) NN (x1,y1)

[teration 1

M Week 13: Differentiation and Integration
Enankm

12



Gradient Descent Algorithm

* In the next iteration, we again update our estimate

. Step-size
Current estimate )
Gradient

!
gsi?ri;iz - Eﬂ = Eﬂ@# V f(x1,¥1) -

Current Updated
estimate estimate

l l
(%1, Y1) ‘ (X2, ¥2)

[teration 2
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Gradient Descent Algorithm

* In the next iteration, we again update our estimate

. Step-size
Current estimate )
Gradient

~

}
lerlitijnigetz - ii] = Eﬂ@# V f(x2,52)

Current Updated
estimate estimate

l l
(X2, ¥2) ‘ (x3,¥3)

[teration 3
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Gradient Descent Algorithm

* If the current estimate is (x,_1, Yx—-1), the updated estimate is computed
using

Current estimate Step-size
Gradient
Updated ] [xk 1] 7 £ )/
estimate Vk-1 @‘u f Rge—1, Yie—1

* We continue until the algorithm converges.
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Gradient Descent Algorithm

(xo, Vo ): initial estimate
W: step-size
k=1: iteration counter.

Compute V f(xx_1, Yi-1)

Xk—-1
Yi—1
Compute the difference vector

Update the estimate [;C/Z] = [ ] —uV f(xp_1,Vx-1)

oSN U1 W N

e — Xk-1
die = ”)ﬁc - }’k—1”
7. Stop if all the elements of d;, are less than €.

8. Otherwise, k < k + 1 and go to step 4.

X
* The last generated [)’Z] is the estimate of the minimum.
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Example

* Use the gradient descent algorithm to find the minimum of ' (x,y) =
(x—2)*+ (y —3)%

* (x0,¥0) = (0,0)
e u=04

* ¢ = 0.001
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Example

Answer: f(x,y) = (x — 2)? + (y — 3)2.
u=04,e=0.001

2(x — 2)

The gradient of f(x,y)isV f(x,y) = [2 (v -3

The update rule becomes

=[] - 0alile 22
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Example

o After 6 iterations, all the elements of the difference vector are less than e.

k =0 k =1 k =2 k=3 k=4 k=5 k=6
xk] 0 1.6000 1.9200 1.9840 1.9968 1.999j 1.9999
Yk 0 2.4000 2.6800 2.9760 2.9952 2.999 2.9998
d 1.6000 0.3200 0.0640 0.0128 0.0026 5.1200e-04
k 24000 0.4800 0.0960 0.0192 0.0038 7.6800e-04

=[] - 0al b 22

 The minimum is located at (1.9999,2.9998) .
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How Does it Work?

* We start from (x, ¥p).

* Then, we take a small step in the opposite direction of the gradient at
(x9,Y0)- We obtain a new estimate of the minimum (x4, y;)

updated estimate

]
V f(xo’%l()) i Step -Size
“* k“ Gradient
4 \
’:CO - ] [ ]@'“ V f(x0,¥0)
[J’o] -----------------

Current estimate
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How Does it Work?

* We take a small step in the opposite direction of the gradient at (x4, y;).
We obtain a new estimate of the minimum (x5, y,).

Current estimate

le Updated
estimate

Step-size
I Gradient

) [ Ou 7 fCey)
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How Does it Work?

* In each iteration, we move in the opposite direction of the gradient with a
small step.

Current estimate Step-size
Gradient

~
gsﬂ?r?mtaetcej ] K’Z ﬂ@# V f(Xk-1,Yi-1)
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How Does it Work?

* Suppose that we would like to find the minimum of the function f (x, y).

* If we start at (x,, y,) and take a small step in the opposite direction of the

gradient, we find a new point.

X1 X0
— _ V (x ) )
yl‘ [y0] H f 0: Yo f (x0,¥0) £y, y1)

°f (x1, y1) will be smaller than

f (X0, ¥0).
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How Does it Work?

* Each time that we take a small step in the opposite direction of the
gradient, the value of function at the new estimate becomes smaller.

—— Gradient descent

Min = 1.9500000000000002

| <( T 3.0

T 25

\‘ ‘
Rl N 2.0 Z
R (i = 1
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Partial Derivatives

* When the function f (x, y) is complicated, we may not be able to
compute its partial derivatives analytically.

 However, we can use numerical methods to estimate the partial
derivatives of f(x,y).

 Using the centered difference method, the partial derivatives of f(x, y)
around (x;, y;) can be estimated as

d f(xi‘l'h;yi)_f(xi_h;yi)
af(xi' yi): oh

d f(xjyith)—f(xi,yi—h)
@f(xb yl) - on
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Gradient Descent Algorithm

The algorithm works if the function f (-) depends on more than two
variables.

At each step, we compute the gradient at the current estimate.

We then take a small step in the opposite direction of the gradient to
obtain the updated estimate.

For example, the update rule for f(x, vy, z) is

Xk Xk—1
Y| = |Vk-1|— H v f(xk—li Yk—1, Zk—l)
Zk Zg—1
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Numerical Integration
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Integration

* In engineering applications, we often need to integrate functions.

* The integral of f(x) over the interval [a, b]| is denoted by

be(x)dx

. f; f(x)dx is equal to the area under f(x) from a to b.

y
4

Week 13: Differentiation and Integration

28



Integration

If function f(x) is relatively simple, we can compute its integral in
closed-form.

For example, when f (x) is a polynomial.

b
@

. Tpﬂ
Example: / P dp = =
p+1
il

For example, we can easily compute the integral of sin(x).
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Integration

« When function f(x) is complicated, we may not be able to compute its
integral in closed-form.

« f(x) = sin(x?).
« £(x) = sin(log(x)).
. f(x) _ sin(x).

X

* In such cases, we need numerical methods to compute the integrals.

* In this lecture, we learn two methods for numerical integration:

1. Trapezoidal rule
2. Simpson’s 1/3 Rule
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Trapezoidal rule

Week 13: Differentiation and Integration

FHEHAR
City University of H



Trapezoidal rule

Suppose that we need to numerically compute the integral of f (x) over
the interval |a, b].

In numerical integration, we divide the interval [a, b| into n segments.
Here, n is an integer.

The length of each segmentis h = bra

n

This gives us n + 1 base points : xg, xq, ***, X,

O T +—t+—— b
DA DU PR Y | DR Pu—
xo/ X1 Xo & xn_ll Xn
Segment 3
Segment1 Segment 2 Segmentn
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Trapezoidal rule

* We need to find the base points.

* Xg=a
*x;=a+h
°x2:a+2h
b—a
h =
* xi =a+ih "

* X, =a+nh=>»,

a | L L L

(RN DN D OSSO

xo/ X1 \x2 '&
Segment 3

Segment1l Segment 2
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Trapezoidal rule

* In the trapezoidal rule, we first estimate the area of the function under
each segment.

* We then add up the estimates for segments to obtain the
approximation of integral.
f) )

f (xo)

f(xn)

———p =P mmmp ===
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Trapezoidal rule

e The area under f(x) from x, to x; is approximated by .

) f0) + fn) p=2"C

Fx) )
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Trapezoidal rule

e The area under f(x) from x; to x, is approximated by .

h J(x1) + f(x2)

fx)

f (xo)
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Trapezoidal rule

* The area under f(x) from x,,_; to x,, is approximated by .

I f(.X'”_ l) + f(.)('”)

Fx) )

f(xo)

NS

-
N\
=
)
\—r/

Y

X PR
o X1 X2 Xn-1 Xy
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Trapezoidal rule

* The area under f(x) from over the segment x; to x,, is approximated
by

Areq — hf(xl) + f ()

2
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Trapezoidal rule

* To compute the integral of f(x), we add up the estimated areas

J(xo) ‘2|‘f(~l’|) Lo f(x1) ;‘f(«’fz) I f(«’fn—l)z‘l‘ JS(x)

be(x)dx ~h

fx) )

fxo) |,

Week 13: Differentiation and Integration 39




Example

Problem Statement. Use the two-segment trapezoidal rule to estimate the integral of
f(x) = 0.2 + 25x — 200x* + 675x° — 900x* + 400x°

from @ = 0 to b = 0.8. Recall that the correct value for the integral is 1.640533.

Compute the percentage of the true relative error for your answer.

Week 13: Differentiation and Integration
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Trapezoidal rule

So, h = 0.4.
X0 =0

x;1 =04
x, = 0.8

£(0) = 0.2

f(0.4) = 2.456

£(0.8) = 0.232

Week 13: Differentiation and Integration
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Trapezoidal rule

* The approximate value of the integral is

[t w002 SED) 0 10

0.2 + 2(2.456) + 0.232 |
= (0.8 . = 1.0688

* Theerroris [E, = 1.640533 — 1.0688 = 0.57173

* The percentage of the relative erroris g, = 34.9%
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Trapezoidal rule

* The area under f(x) in each segment is approximated by the area of
the trapezoid formed by the base points of that segment.

fx) )
f(xn-1)

f(x0)
f(xn)
\“ xn
/ v \
flxo) + f(x)) , f(x) + f(x) , f(x—1) + f(x,)
2 _ o) _ 2
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Simpson’s 1/3 Rule
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Simpson’s 1/3 Rule

* Suppose that we need to numerically compute the integral of f (x) over
the interval |a, b].

* We first find the base points.

y = f(x)

xo xl xz x3 x4 x5 x6 ............ xn_z xn_l xn
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Simpson’s 1/3 Rule

* We need to find the base points.

* Xg=a
*x;=a+h
°x2:a+2h
b—a
h =
* xi =a+ih "

* X, =a+nh=>»,

a | L L L

(RN DN D OSSO

xo/ X1 \x2 '&
Segment 3

Segment1l Segment 2
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Simpson’s 1/3 Rule

We first approximate the area under the function from x, to x,.

We then approximate the area under the function from x, to x,.

We then approximate the area under the function from x, to xg.

We then approximate the area under the function from x4 to xg.

We continue this procedure.

Lastly, we approximate the area under the function from x,,_, to x,,.

M Week 13: Differentiation and Integration
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Simpson’s 1/3 Rule

» We first approximate the area under the function from x; to x, using

the formula
o J(xo) + 4f(x)) + f(x,)

6
f(x1) 7 |\
Vi y = 1(x)
Xo X1 X

Week 13: Differentiation and Integration




Simpson’s 1/3 Rule

* We next approximate the area under the function from x, to x, using
the formula

2 f(xy) + 4fg*73) + f(Xxy)

VAR
V4 y = f(x)
X (x2) /
(X3) f(xa)

/
——————— >
X2 X3 X4
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Simpson’s 1/3 Rule

* We next approximate the area under the function from x, to x4 using

the formula
th(x4) + 4f(xs) + f(x6)

6
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Simpson’s 1/3 Rule

 Lastly, we approximate the area under the function from x,,_, to x,,
using the formula

M f(xn—Q) + 4f(xn—l) + f(xﬁ')

6 £ (xtn_2)

fxn-1)  f(xn)
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Simpson’s 1/3 Rule

* Use the following formula to approximate the area under f (x) from x;
to x,,.

trea = 20/ GO H ) /G2

X+ Xy
Xy = 5
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Simpson’s 1/3 Rule

y = f(x)
m—————— P A————— O - m—————— -
X0 X1 Xy X3 Xy Xs Xg e Xy —2 Xn—1 Xy

* To compute the integral of f(x), we add up the estimated areas

I =9 f(xo) + 4f(x;)) + f(x2) L9 f(xy) + 4f(x3) + f(xy)

6 6
oo 42 f(X”_z) + 4f(xn—l) +f(xrs)

Y - ‘




Example

Problem Statement. Estimate the integral of
f(x) = 0.2 + 25x — 200x* + 675x° — 900x" + 400x°

from a = 0 to b = 0.8. Recall that the exact integral 1s 1.640533.

Use n = 4 and compute the percentage of the true relative error
for your answer.
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Simpson’s 1/3 Rule

e Wehavea =0,b =0.8,n = 4.
e So,h = 0.2.

* X =0 f(0) =02
*xy =02  f(0.2) = 1.288
* x, =04 f(0.4) = 2.456

*x3=06  £0.6) = 3.464 Ox;zx;
* x, =08  £0.8) = 0232 1 3 T4

* We need estimate the area from x;, to x, and the area from x, to x,.
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Simpson’s 1/3 Rule

We first estimate the area from x,to x,.

Xo =0 f(0) = 0.2
x, =02  f(0.2) = 1.288
X, =04 £(0.4) = 2.456

2 J(xy) + 4fé/"1) + f(x2)

. 0.2 + 4(1.288) +2.456
' 12

f (xo)

f(x1)

f(x2)
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Simpson’s 1/3 Rule

We first estimate the area from x, to x,.

x, =04 f(0.4) = 2.456

x3 =06 f(0.6) = 3.464
x, =08 f(0.8) = 0.232

2, f(xy) + 4f(6«’f3) + f(xy)

o 2.456 + 4(3.464)+ 0.232

12

f(x2)
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Simpson’s 1/3 Rule

The approximate value of the integral is

0.2 + 4(1.288 + 3.464) + 2(2.456) + 0.232 _ |
I =038 > = 1.623467

The erroris E, = 1.640533 — 1.623467 = 0.017067

The percentage of the relative erroris & = 1.04%

Simpson’s rule is more accurate than the trapezoidal rule. But, it
requires more computations.
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How does it work?

* Suppose that we need to numerically compute the integral of f (x) over
the interval [xg, x,].

* We can build an approximation of f(x) using a second-order
Lagrange's polynomial f, (x).

f(x1)

f (xo) £0x,)
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How does it work?

flx) = (j’i — {l)({ — X2) f( )+ (x — xp)(x — Xxy)
(Xo — X)) (X —

X5) (X — X)) (X; — X»)

' (X — Xp)(x — Xxy)
='= " (X2 — Xo) (X2 — X f( &

<A

f(x1)

f (xo)

Lagrange’s approximation

f>(x) is a polynomial, we can compute its integral easily.

FHEHAR I

City University of Hong Kong

Week 13: Differentiation and Integration 60



How does it work?

* We can then integrate f,(x) (Lagrange's approximation) instead of f (x).

1=J[ (X —x)(x — x2) f( )+ (X — Xp) (X — X2) f( )

(Xo — X)) (Xg — X2) (X; — Xp) (X — X

n (X — Xp)(x — Xxp) ) |d

(X2 — Xp) (X — Xy)

— 9 J(xg) + 4fé«’f1) + f(x3)
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