EE6617: 05 Least Square Estimation (LSE)

Major references:

- PFundamentals of Statistical Processing, Volume I: Estimation Theory, 1/E, by Steven M. Kay,
Prentice Hall, 1993

- Statistical Signal Processing, 1/E, by Louis L. Scharf, Prentice Hall, 1991

The LS estimator dates back to 1795 when Gauss used the method to study planetary motions.
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The LS estimator

e has no optimality properties, e.g., minimum variance, minimum MSE, etc., associated
with the classical estimators

e makes good sense for many practical problems of interests

Often we know nothing about p(x;6). The LS estimator assume the signal model
x = s(0) + w, with E[w] = 0.
The signal s(0) is a function of 8 and the linear LSE assumes
s(6) = He.
These are all necessary components to design LSE. Thus, we

(a) do not know the distribution of w (i.e., LSE does not care Gaussion?, Correlated?)
except that w is zero mean

(b) do not know the likelihood function p(x;6)



1 Least Square Criterion

Model
o Noise inaccuracies
i s[n]
i?‘;:} Perturbation |———— z[n]

(a) Data model

. sln}] —
E_:gg:; I Error = e[n]
+

z[n]

(b) Least squares error

Least Square Principle

Minimize squared signal error to find @ such that

~

0 = argmin J(0) s.t. HO =s(0)
0

where H € RY*P with N > p and the objective function (or cost function)

J(0) = |Ix —s(0)]" = |x — HO|".

Signal Model s(0) = hd with Vector h € RV*!

The signal model
x=hf+w, Elw|]=0.
The least square error is

J(0) = [x—ho|’
x'x — 2xThb + 6*h™h.

Thus, LSE design criterion is

6 = argmin ||x — hé||”.
0



Evaluate critical point

a.J(0) T T
22— _9xTh +20h”h
20 x " h+ 20
27(0
a;y = 2h"h =2|h|* > 0= convex
= —-2%x"h+20h"h =0
= é—hTX— h” X
~ h"h |pT

This is
(a) efficient MVU when w ~ N (0, 0°T).
(b) BLUE when E[w| =0 and E[ww’] = ¢°L

How to Measure the LSE Performance?

The minimum cost function can be defined

A~ T hT 2 h 2
Jmin(e) = XTX—2hTXh X ( X) H H
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= x! (I — hh2) X
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Can you find x that makes Jmin(é) =07

Signal Model s = HO with Matrix H € RV*?
The LSE design criterion is

6 = argmin ||x — HO||”
0



for x = HO + w, with E[w| = 0 and H € RY*?, N > p and rank(H) = p. Evaluate critical
point

T = —92H"x +2H"HO
0*J(6
82<0 ) = 2H"H > 0= positive definite = convex

= —2H"x+2H"HH =0
= = (H"H) H'x.
This is
(a) efficient MVU when w ~ N (0, ¢I).
(b) BLUE when E[w] =0 and E[ww’] = ¢’

The minimum cost function is defined
Jmin(é) = x'x —2xTHO + 9THTHé
— x"x—2x"H (H"H) " H"x +x"H (H'H) " H'x
= x'x—x'H (HTH)_1 H'x
— x" (1-H (H"H) "B x

A

Can you find x that makes J,,;,(6) = 0?

2 Weighted Least Square Criterion

Sometimes the errors in particular entries of x —s are more important than others. In
order to take account for this, weight the contribution of the error

J(0) = (x —s(8))"Y(x —s(9))

where Y € SV is positive definite and symmetry.

By the positive definite and symmetry, we have by default
(x —s(0)"Y(x —s(8)) >0
and if Y = diag(y17y27 s ayN)a

The LSE is designed by solving

0= arg;nin(x —5(0))"Y (x —s(6)),



where s(0) is a function of 8. For instance, if the error of the first parameter, i.e., x; — s; has
massive impact than the other parameters, one might prefer to allocate larger weights to w11,
Y12, - - > Y1n, and o1, ..., Yn1, meaning to further mitigate the error terms stemmed by x; — s;.

Let s(6) = HO and
x=H0 +w, Elw|=0.

LSE design criterion is

[wu )
I

argmin J(0) s.t. s(6) = HO
0

= argmin(x — HO)'Y (x — HE).
0

Now,

JO) = (x—HO'Y(x - HE)
= x'Yx—2x"YH6O + 6"HT'YHS0,

evaluate critical point

82_? = —2H"Yx+2H"YH#
2
88‘2599) = 2H"YH > 0 = positive definite = convex

= —2H"Yx+2H"YHO =0
= = (H"YH) H"Yx.

Then, the minimum cost function is

Juin(0) = xTYx —2x"YH (H'YH) 'HTYx+x"YH (H'YH) HTYx
— X"Yx—x"YH (H"YH) ' HTYx
= x" (Y- YH(H"YH) " H'Y)x

A

Can you find x that makes J,;,(6) = 07

3 Least Square Geometrical Interpretation
To minimize J(8) = [|x — HO|]?, we find § = (HTH)_1 H”x. The error vector is

e = x—H6
x—H (H™H)  H"x
— (1-H@EH)TH)x,
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Consider to compute
H'e = H'x-H"H (H"H)  Hx
= H'x-H'x=0. (1)
What Does This Mean?

This means that the error vector e is orthogonal to the columns of H.

Why?

Estlmatmg 0 is same as estimating s = H@, because the estimator knows H € RN*P N > P
We write § = HO. Then the error vector e = x — HO = x — §. For this constructlon § = HO
must lie in the column space of H, i.e., s € R(H).

Hence, the (1) means that the error e is orthogonal to columns of H and is the one that
minimizes ||x — HO||* = ||x — s||” = ||e|’, i.e., minimizes its norm.

For instance, assume p = 2 and N = 3. We have H = [h; hy|. In order that x — § is orthogonal
to R(H), 8 must be the projection of x onto the subspace created by H, i.e., R(H) and this is
the minimum norm solution. This has an intuitive geographical interpretation as below.

S Subspace spanned

by {hy, by} = S* el §?

(a) Signal subspace (b) Orthogonal projection to deter-
mine signal estimate
Optimal Projection

Want to optimally estimate the projection of x onto R(H). Assume rank(H) = p. Let the
singular value decomposition (SVD) of H € RV*? as

H=UxV"

where U € RV*V satisfies UTU = UUT = Iy, V € RP? satisfies VIV = VVT =1, and 2
is the singular value matrix. The [U];,, = U is called left singular matrix (orthonormal basis of



R(H)) of H, the V is right singular matrix (orthonormal basis of R(HT)), and we denote the
numbers o; as the singular values. The singular value decomposition can be rewritten

_ » Ld
=1

where 3 = diag(o, . .. ,0p), W; is the ith column of U, and v; is the 7th column of V.

It can be shown that the LSE 6 = (HTH)_1 H7”x satisfies
s=HO=H(H'H) H'x= UU. «x

projection onto R(H)
This can be interpreted that

(a) UTx projects x to obtain weights in each orthonormal direction

(b) UUTx use weights to linearly combine columns of U to reconstruct s.

4 Constrained Least Square Estimation

With LS what we did was to find @ that minimizes
J(0) = (x—s(8)" (x—s(0))
= (x—HO)" (x—HE).

linear

We solved this assuming 0 could be any vector in RP. However, in practice, you might need to
satisfy additional constraints on 8. Talk about one case of @ being constrained linearly,

AO =D
where A € R™*? and b € R"*!.

Linearly constrained least square problem
6 = argmin(x — HO)” (x — HA) s.t. A6 =bh. (2)
6

We can set-up the Lagrangian objective
J(0,)) = (x—HO)" (x —HO) + \T(AO — b)
where A € R™*! is the Lagrange vector. The first and second order derivatives are
0J(6,\)

0°J(0, \
—8(26; ) = 2H7H > 0 = convex
= the minimizer solves — 2Hx + 2H HO + A"\ =0
o _ 1 _
= 6= (H"H) 'Hx - (H'H) A"\ (3)



Since @ must satisfies the linear constraint

8.7 (6,\)

—— = Af6=bDb
O\

—~ A(H"H) ' Hx-— %A (H™H) 'A"A=b

= A=2(AH'H)'AT) (A(HH) 'Hx-b).
Then, plugging A in (3),
6— (H"H) ' Hx - (H'H) "' A" (A (H'H) " A”) - (A (H'H) " Hx - b).
If we set (HTH) ™ Hx = 0, then

6= 0.~ (H'H) A" (A (HH) ™ A7) - (A6~ D).

5 Sequential Least Squares

Usually, data is taken from sampling a continuous signal x(¢) and we normally observe this
casually. Thus, we can only use samples from x(t) with t < ¢.

The sequential LS concerns how to update the estimator at time /N given the computed
LS estimation at time N — 1. Assume sample n is

z[n] = h''[n)@ + wln|

where Ew[n]] = 0 and C[N] = E[w[N]w?[N]] = diag(c?,0%,...,0%), i.e., noises are uncorre-
lated, where w[N| = [w[0], w[1], ..., w[N]]*.

Assume we have collected N samples

X[N—1] = [2[0]--2[N - 1]]"
h”[0]
h™1]
H[N —1] = :
T[N — 1]
ol 0
C[N —1] = E[Ww[N —1w’[N —1]] = diag(o2,0?,...,0%_,) = | :
0 ‘712\/—1
Estimate 0 to minimize
J(0) = (x[N —1] — H[N — 1]0)"C '[N — 1] (x[N — 1] — H|N — 1]8) = g % (zn] — hT[n]0)2



We already know the solution is
MN—U=4HﬂN—uCﬂN—un>¢D*HﬂN—uCﬂN—uﬂN—u.

and we know

A

ngzE[@Mﬂéﬂ—@(ﬂN—ﬂ—wa

= (H'[N-1]C7'[N —1H[N —1])
S[N —1].

What if we add another data sample?

x[N] = —X[iv[];]”]
HN -1

H[N] - i I[IT[N]]}

C[N] = C[NO_ 1] U(j2v:|

Now we solve to minimize

We know the solution is

O[N] = (HT[NJCT'[NJH[N]) ' H[N]C™'[N]x[N]
= Q[N — 1] + k[N] (x[N] ~WI[N]O[N — 1]) (4)
where
_ SN — 1]h[N]
HNT = TSN — ni) ®
X[N] = (I-k[Nh"[N]) XN —1]. (6)

The (4) and (5) represent the estimator update and (6) represents the covariance update.
No matrix inversions are required for the sequential LS.
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6 Appendix

6.1 Derivation of Sequential Least Squares

In this appendix we derive (4), (5), and (6).

é[N} _ (HT[N]Cfl[N]H[N])_l HT[N]Cil[N]X[N]
- ([HT[N— 1] h[N]] { Cl[](;[_ 43 ] [ HIEJTY[J;]H D

(i [ €0 A T[]

- (HT[N—1]0—1[N—1]H[N—1]+0—12h[N]hT[N]) B (HT[N—1]C—1[N—1]X[N—1] + %h[N]x[N]
We substitute the covariance matrix of §[N —1], [N —1] = (H'[N —1]C7![N — 1JH[N — 1])_1
and

O[N] = (E‘l[N— 1]+ai%h[N]hT[N]>1 (HTW—HC*[N—HX[N_H +J%h[N]x[N]>.
Notice that
2N = (H'[N]CT[NH[N])
= (E—l[N — 1]+gi%h[N]hT[N])_l
- s - S
— (I—k[NJh"[N]) S[N — 1] .

where
) S[N — 1]h[N]
kE[N] = 02 + hT[n]S[N — 1]h[N]

and the third equality follow from the matrix inversion lemma
(A+BCD) ' =A"'—-A'B(DA'B+C ) 'DA".

The (7) shows (6). Applying (7) and using O[N — 1] = S[N — 1JHT[N — 1]C [N —1]x[N — 1],
we have

O[N] = (I—E[NTh'[N]) SN — 1] <21[N_1]é[zv—1] + ih[N]x[N])

2
On

= G[N—1] — k[NJh"[N]O|N —1] + %E[N — 1Jh[N]z[N] — %k[N]hT[N]E[N — 1]h[N]z[N].

n n
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Then, using the relation [N — 1]Jh[N] = k[N](c2 + hT[N]Z[N — 1]Jh[N]), we have éE[N -

B[N]2[V] = % (o2k[N] + K{NTh V]S — 1/h[N). Then,
OIN] = BIN—1]~ FINW[NJBIN—1] + — S[N — h[N}a[N] ~ ;[N [N]Z[N  1]h[N]z[N]
= B[N—l]—l?r[N]hT[ BN 1]+ N[
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