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Review and preview

* Last class we reviewed the prerequisite
mathematics required in this course

* We also introduced the Maxwell’s equations

* This class we will continue to learn about Maxwell’s
equations, which govern time-varying electric and
magnetic fields

* We will then examine how materials and boundary
conditions affect electromagnetic waves
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Outline

* Course Matter

* Intro to Maxwell’s Equations

* Electromagnetic Materials

* Electromagnetic Boundary Relations
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Preview to Maxwell’s Equations

Fundamental EM field quantities:

1. Electric field intensity E (V/m)
2 Electric flux density D (C/m?)
3. Magnetic flux density B (T)

4 Magnetic field intensity H (A/m)

The principal objective of studying electromagnetism 1s to
understand the interaction between charges and currents at a
distance.

We have fundamental postulates relating E, D, B, H and the
source quantities J and p.
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Electrostatics / Magnetostatics

 Study of electric and magnetic phenomena when
guantities do not vary with time

* When is a static solution appropriate?
* When the wavelength is long compared to the device
size
* When the wave’s time period is long compared to the
time scale is interest

* If these conditions are not true, we need to consider
time-varying electromagnetics
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Electrostatic postulates Magnetostatic postulates

Conservative Electric Field Non-existence of magnetic monopole
[E-dl =0 or VxE=0 [B-ds=0 or V-B=0
C S

Gauss’ Law Ampere’s Law (ver. 1)

iD.dng or V-D=p ifcﬁ.dle or VxH=]J

Constitutive relations (linear and 1sotropic media) :

D=¢E B =uH

€ =g, : permittivity 1L = WL, : permeability

g : 8.854 x 10712 (F/m) L, =4 7mx 107 (H/m)
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Quasi-Statics: Faraday’s law of Electromagnetic Induction:

0B
\7><E———

g E f a

Vems = jg 1 = emf induced in circuit
C with contour C (V)
¢ =- f B-ds = magnetic flux crossing
S surface S (Wb)
0¢
Yems =~ ¢

“Electromagnetic force induced 1n a stationary closed circuit 1s
equal to the negative rate of increasing of magnetic flux linking
the circuit.”
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James Clerk Maxwell

* British physicist, 1831-1879

* Maxwell proposed that light is
an undulation in the same
medium that is the cause of
electric and magnetic
phenomena.

e The unification of light and
electrical phenomena also led
to the prediction of the
existence of radio waves

* In a millennium poll—a survey
of the 100 most prominent
physicists—Maxwell was voted
the third greatest physicist of
all time, behind only Newton
and Einstein.
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Electromagnetic Postulates
Considered by Maxwell

Quasi-Electrostatic postulates Magnetostatic postulates
Faraday’s Law Non-existence of magnetic monopole
I B B. Jo — R _

f E-dl = — d_.d§ or inS—O or V-B=0
4B Ampere’s Law (ver. 1)
VxE=-— §ﬁ.d7:1 or VxH=]J
C
Gauss’ Law

| . Total current through S

Q : Total charge contained in volume V bounded by
Surface S
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Consider Ampere’s Law:

V- (VxH)=V.]J
0=V.] (from the null identity)
which is inconsistent with the principle of conservation of
charge: P B
- 6p =V-J . equation of continuity
[
What is missing? Maxwell’s Solution....
7. wxh) -L =y
o= V)
d(V-D
V-(VxH)- ( 37 ) =V-] (Used Gauss’ law)

oD
V- VXH) =V =V"]

7-|VxH oD =y
ot | ]
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Cont’d from last page:

dt
oD
VXH-— E = ]
Hence Maxwell rewrote Ampere’s Lawto VXH =] +—

ot
to establish consistency with current continuity.

(7xn-%)
V- (VxH-=—|=7V"]

oD . .
He called J; = ™ the displacement current density.

The modified Ampere’s Law shows that a time-varying E-
field can give rise to an H-field, even in the absence of J.
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Example 0: Visualizing the Displacement Current

I
area A _ % .
B
Sk
i d
(/N
D,

Ve =V, sinot
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Maxwell's Equations

Differential Form

VXE = J9B
ot
VXH= +0D
=] ot
V-D=p
V-B=20

Current Continuity

dp

T

Integral Form

dB
Faraday’s Law f E-dl= _f dat ds
C S

dD
H-dlzJ <]+—)-ds=lc+ld

Gauss’ Law f D-ds=0Q
S

Ampere’s Law

Non-existence of

_ B-ds=0
Magnetic S
monopole
Constitutive Relationship Question:
How many equations and
D = ¢E B = uH unknowns do we have?
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Maxwell’s Equations:
Equations and Unknowns

 The Maxwell’s equations are not all independent: the
divergence equations can be derived by the curl
equations and the continuity relationship.

* Further, the continuity relationship relates current to
charge in an environment.

* Hence when the material and source are known, the
curl equations and constitutive relationships can be
solved to find the fields and flux densities (i.e. 12
equations and 12 unknowns!)

* Conclusion: When the material and source are known,
one can uniquely determine {E, H, B, D} for all space
and all time

EE3109 Jan - Apr 2025, LO2 - Maxwell's Equations; Materials and Boundaries

14



Example 1

If E(t) = Ay sin(wt — Bz + ¢) X, find H(t)
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Cont’d:

I . " b .
H =—A — = —F
(t) " oSin(wt—pFz+¢)y+C i oy + C

Remarks:

1.

It is usually easier to let the known quantity be the argument inside
the curl operation.

We will often see the term % (written in various ways). It is in some
ways related to the “impedance” of the material.
What is the integration constant C?

It is a constant w.r.t. time (but not w.r.t. space), i.e. a static H field
that can exist independent of the E field.

For the purpose of this course, we will ignore its presence to
concentrate on the time varying field.
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Simplitying Maxwell’s Equations
with Phasors

Time Domain Differential Form Phasor Differential Form
JH , :
VXE = —H— Faraday’s Law VXE=—jwuH
J0E ; _
V)(H:]-|—g§ Ampere’s Law VXH=]+ jweE
V-E=p/e Gauss’ Law V-E=p/e
V-H=0 Non-existence of 7-H=0
Magnetic
monopole

When waves of only one frequency are considered, Maxwell’s
Equations are greatly simplified using phasors!
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Example 2

If H(t) = Ay sin(wt — Bz + ¢) X, find E(t) (Assume there is no source in the
environment.
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Remarks:

1. Computation is made much easier when phasor notation
is used!

2. There is no ambiguity with the integration constant,
because by using the phasor formulation we are just
examining one frequency.

3. In both Examples 1 and 2, E and H have the same
magnitude ratio (meaning the quantity |E|/|H| does not
depend on space or time), and are orthogonal to one-
another. We shall see next time why this is the case.
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Summary

* In this class section we
* Reviewed electro/magneto/quasi-statistics
* Introduced Maxwell and Maxwell’s equations

* Used Maxwell’s equations to solve for electromagnetic
fields

* Introduced and demonstrated the usage of Maxwell’s
equations in phasor formulation
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Outline

* Course Matter

* Intro to Maxwell’s Equations

* Electromagnetic Materials

* Electromagnetic Boundary Relations

EE3109 Jan - Apr 2025, LO2 - Maxwell's Equations; Materials and Boundaries

21



Simplitying Maxwell’s Equations
with Phasors

Time Domain Differential Form Phasor Differential Form
JH , :
VXE = —H— Faraday’s Law VXE=—jwuH
J0E ; :
V)(H:]-|—g§ Ampere’s Law VXH=]+ jweE
V-E=p/e Gauss’ Law V-E=p/e
V-H=0 Non-existence of 7-H=0
Magnetic
monopole

Take a look at Ampere’s Law... (what is the unit of jw<¢E ?)
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A complex permittivity

\7><H=]C+]d=0E+jw£E=ja)(£—jg)EijecE

w

Define:

o
! S [ — .

Ec =& —JE =EEe—j—

c J J

Good insulator: ' > &' (we > o)

Good conductor: "’ > &' (0 > we)
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Example 1: Ulaby 6.18

6.18 In wet soil, characterized by ¢ = 1072 (S/m), U. = 1, and & = 36, at what
frequency is the conduction current density equal in magnitude to the displacement
current density?
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Charge Dissipation from a Conductor

Question 1: What happens if you place a certain amount of free charge inside of a material?
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Solution of Charge Dissipation Equation

0Py
ot

o
_I_ _pv :O
E
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Complicated Permittivity and

Permeability

* For simple medium, this applies:

Constitutive Relationship

D = ¢E B = uH

* More complicated constitutive relationships exist:

.
* Anisotropic material: D = | 0
0

0

€y
0

0
0

€z

 Tensorial permittivity material: D = €E
* Bi-anisotropic material: D = €E + kH
» Non-linear material: D = gy(1 + y\WE + yPE2 + y(®F3 )

* Notice: this means

E

are generated!
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Metamaterials

Hyr
Natural
Plasmonic Materials
Materials < EAis
(e-negative) et
ENZ
Er
oy Moterls
Materials

* Permittivity (&,
“epsilon”) and

‘denote a
material’s response to
electric and

fields

* By engineering the
material structure,
one can achieve
material properties
unfound in nature
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Some Example Metamaterials

0 20
Focal Plane Location (mm)

-20

-40

-60

40

29
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Outline

* Course Matter

* Intro to Maxwell’s Equations

* Electromagnetic Materials

* Electromagnetic Boundary Relations
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Electric Boundary Conditions

Medium 1
6‘1

¢ d
2n . AJ -
%)
Medium 2
- D2n ﬁ]
Figure 4-18: Interface between two dielectric media.
Ej = Ex (V/m). (4.90) ny -(D; — Dy) = ps (C/m?).
Din — Dyy = ps (C/mz)- (4.94)

Dyt Dy
—=—. (491
€1 €2 The normal component of D changes abruptly at a charged

boundary between two different media in an amount equal
fo the surface charge density. 31



Magnetic Boundary Conditions

2 .
H, b -l a . Medium 1
Hing---7 = - 7} A = H
H, O O] : OX | A2h® ® ;
© i }— Q"
2
H¢ > 2
H2n ¢ ;d :
H -— Al Medium 2
2
M2
D * C!S = Q * D]n — DZn = pOs. (578} o
jﬁ n, x (H — Hy) = Js.

S

By analogy, application of Gauss’s law for magnetism, as

expressed by Eq. (5.44), leads to the conclusion that Surface currents can exist only on the surfaces of perfect
conductors and superconductors. Hence, af the interface
% B-ds=0 =» | Biy = Bon. (5.79) between media with finite conductivities, Js = 0 and
S Hy = Hy. (5.85)

Thus the normal component of B is continuous across the
boundary between two adjacent media.
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Boundary Conditions

Table 6-2: Boundary conditions for the electric and magnetic fields.

mtd Componets | GeneratForm | ieiom 1 Yitiom 2T Netum 1 e 2
Tangential E nx(Ef —E»)) =0 E1t = Eo Eiit=Exy=0
Normal D n -(Dy — D7) = ps Din — Dyn = ps Din = ps Dy, =0
Tangential H nr» x (Hf —H»y) = Js Hiy = Hy Hy = Js Hy =0
Normal B nm-(By—B)=0 Bin = B Bin =By =0

Notes: (1) ps is the surface charge density at the boundary; (2) Js is the surface current density at the boundary: (3) normal
components of all fields are along f7, the outward unit vector of medium 2; (4) Ey; = E; implies that the tangential
components are equal in magnitude and parallel in direction; (5) direction of Js is orthogonal to (H; — H»>).

 Summary: Boundary Conditions remain the same
for electro/magneto-statics and electromagnetics
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Summary

* In this class we looked at

 Maxwell’s equations and how they relate electric and
magnetic fields

* Electromagnetic material properties (., u, o)

* Relationship between electromagnetic fields across a
boundary of two different materials
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