MA2001
Review Exercises for Chapter 2 Vector Integral Calculus

Line Integrals

1. Evaluate the following line integrals.
(a) L xy’ds, where C is the semi-circle x =—/25—y? from (0,5) to (0,—5).

Solution:

Parametrize C as x =5cost and y =5sint for %St 33—7[.
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(b) L xyds , where C is the portion of the parabola z = y?in the plane from x =2 from (2,1, 1) to

(2,3,9).
Solution:
Parametrize Cas x=2, y=t and z=t*> for1<t<3.
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2. A wire is in the shape of a straight line segment from (1,0,1) to (2,—2,2). Find its mass if the
density p atapoint (x,y,2) is p(x,y,z)=x*+2°.

Solution:
The mass is given by L p(x,y,2)ds, where C is the straight line segment from (1,0,1) to (2,—2,2).

Parametrize Cas x=z=1+t, y=-2t for 0<t<1.
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3. Evaluate Llf-df, where F =(—ysinz)i +(xsinz)j +(xycosz)k , C is the circle cut from the

cylinder x*+y*=9 by the plane z=-2. C is oriented clockwise as viewed above from the

positive direction of the z-axis.
Solution:
Method 1

Note that the cylinder x* + y* =9 by the plane z =—-2 intersect at the circle C: {X

Parametrize C as x=3cost, y=-3sint, z=-2  for 0<t<2r.

dl_;(t)_%—> ﬂ—: %”__ - e _ e
b b B k =(=3sint)i +(-3cost)j
i.e. dF(t)=[(~3sint)i +(—3cost)j]dt

J.CIE -dF = L [(~ ysin z)i +(xsinz)] +(xy cos z)k]-dF

= IOZH[(Ssin tsin(—2))-3sint)+(3costsin(-2))~3cost)]dt

Then,

= I02”[95in2 tsin 2+ 9cos’ tsin 2]dt

= 9sin 2j02”dt ~187sin2
Method 2 (To refer to the Remark in P.4 of Notes Chapter 2)
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Note that the cylinder x*+y* =9 by the plane z =-2 intersect at the circle C: {X " ); .
Z=—
Parametrize C as x =3cos(—t +27)=3cost, y =3sin(-t+27)=-3sint, z=-2 for 0<t<2zx.
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Lﬁ dF = jc [(— ysinz)i +(xsinz)] +(xy cos z)k]-dF
= jOZ”[(Bsintsin(—2))(—33int)+(3costsin(—2))(—3cost)]dt
= _[02”[93in2 tsin 2+9cos” tsin 2]dt

= 9sin 2_[02” dt =18xsin2

4, Find the work done by the force field F(x,y)=(x’+xy )i +(y—x?y)j in moving a particle along

the curve xy =1 from (1,1) to (2%) in the first quadrant.

Solution:
Method 1

The work done is Llf -dF, where C is the curve xy =1 from (1,1) to (2%) in the first quadrant.
Parametrize C as X=t, y:} for 1<t<2.
Then, drt) _ _OXp, By j=i-
dt dt t t
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Method 2

The work done is Llf -dF, where C is the curve xy =1 from (1,1) to (2%) in the first quadrant.
Then, df =dxi +dyj

Lﬁdf = j [X2+Xyﬁ+( —Xx? )T]-(dxf+dyj7)
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5. Let  F(x,y,z)=(2xy+az)i +bx*j +(x+2z)k be a vector field on R?, where a and b are real
constants.

@ Find the values of a and b such that F is conservative.

(b) With the values of a and b obtained in (a), evaluate Llf -dr, where C is the shorter path from

(5,0,0) to (0,0,5) formed by the intersection of the surfaces x+y+z=5 and x*+y? +z* = 25.
Solution:
(@)  Since F is conservative, we have VxF =0.
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(b)  Note that F(x,y,z)=(2xy +z)i + x*] +(x+2z)k is conservative.
Let ¢ be ascalar field on R® such that Vo =F , i.e.,

g—f:2xy+z...(1), %p:xz...(z), a;3—620:x+22...(3).

From (1), ¢(x,y,2)= j(2xy +2)dx = x?y +xz + f(y, z), where f is a function to be determined.

Then, 0P o
oy oy
Equating this with the equality 99 _y2 gives a_ 0
oy oy

It follows that f(y,z)=g(z) for a function g.
ie.  oxyz)=xty+xz+9(z)

o9 :

“L=x+9'(z).

= ~x+9()

Comparing with (3), we have g'(z)=2z, so that
9(z)= 2% +c (where c is an arbitrary constant.)

A potential function ¢ is

o(x,y,2)=x*y+xz+2% +c.

[F-di = Vo-dr =(0,0,5)-¢(50,0)
=(25+¢)-c=25



