EF2452: Mathematics for Economics and Finance Sem A 2024-2025

Practice Problem Set 4 Solutions

Question 1: The function f is given by

F@,y) = 2y In (5)

for z,y > 0. Find the partial derivatives ﬁ and —— of

ox 8y
Verify that xg—f + ygf =2f(z,y).

2 -n(s)cnf2)) ()
on(z)en(2)(-3) )

We have

Then

Question 2: Show that the function f(z,y) = (2% +y?)%/22'/2y'/2 is homogeneous of degree

4, and verify that
(9 f (9 af 4y
81; 8y

To show that the function is homogeneous of degree 4, we observe that
3/2
Flersen) = ({0 + (@) (e en)! = ()92 4 )2 2 ot 22

= cM(2® +y?)¥ P2y = A f (3, y)

Next,
of (3 ) 1
Y) 2 /2(0,.1/2,1/2 2 2y3/2( 2 ,.—1/2,1/2
0 (5 )2eta ) g2 (o
of 3 1 _
e <—>2y($2+y2)1/2(x1/2y1/2) + (x2+y2)3/2 (_xl/Qy 1/2>
Y 2 2
It follows that
Lof  9f
ax +yay (31,2+3y2)(1,2+y2)1/2(x1/2y1/2)+(x1/2y1/2)(x2+y2)3/2
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= 4(2? +y*)*2(2'2y'?) = 4f (2, y)

Question 3: The notation min(z, y) stands for ‘the smaller of the values of x and y’. Sketch

. . . . . 2
typical contours for the function m(x,y) = min(x,y) in RZ.

A contour for m has equation min(z,y) = ¢. Now, if x < y, min(x,y) = x. This means in
the region where x < y (the part of R? which lies above the line x = y), a contour is just a
line x = ¢. Similarly, if x > y (the region below the line x = y), a contour is a line y = c.

The contours, therefore, have the form shown below:

yA

=Y

Question 4: The function f is given, for x,y # 0 by

4 2x
flr,y)=—-———+y
Ty

Show that f has one critical point and determine what type of critical point this is.

The first-order conditions are

4 2

2x
fl<x>y):_ﬁ_§20 fz(ﬂ%y):?Jrl:O

= y=—(1/2)a? & 20 = —y°
== =2,y =—2

Therefore, f has one critical point (-2, —2).

The second derivatives are
f11(=757y) = 8/$3a f12(x7y) = 2/92 f22($ay) = _41‘/93
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At (—2, —2), we have f11 = —].,flg = 1/2,f22 = —]_, and
D= fufe—fl=FDE)-(01/2°>0  fu=-1<0
Therefore, the critical point is a maximum.

Question 5: A monopoly manufactures two commodities, X and Y, the markets for which
interact, such that the demand functions are given by (z and y are quantities of X and Y,

respectively, and pX and p¥ are prices of X and Y, respectively)
z = 800(p* — p¥) y = 400(9 + 2p™ — 4p")
How much of each commodity should be manufactured to maximize the profit, given that it

costs $1 to produce one unit of X and $1.50 to produce one unit of Y?

Writing p* and p¥ in terms of x and y, we get

X:3600—2x—y pY:3600—x—y
P 800 800

The cost function is = + %y and so the profit function is

(z,y) = 2p™ +yp* — C(z,y)

1 3

_ o 2 2 o 2 o =
200 (36009& x° —xy+ 3600y —xy —y ) x 2y

_ L 28002 — 22% — 2xy + 2400y —
800
The first-order conditions for a critical point are
2800 — 4z — 2y 2400 — 2y — 2x
11 = =0 IT = =

Thus, we have
2z +y = 1400 x4y = 1200

Solving these yields z = 200 and y = 1000. The second partial derivatives are
Hn(m,y) = —1/200, Hm(l’,y) == —1/400, HQQ(ZL’,y) = —1/400

So II;; < 0 and II;;I19y — H%Q > 0. Therefore, the critical point is a maximum.
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