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Outline

• Terminated TLs
• Multiple Reflections in TLs
• Power Flow in TLs
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Review and Preview
• Last class we introduced the concept of the 

transmission line (TL), and examined basic wave 
propagation in the TL.

• This class, we will continue look at what happens at 
terminated TLs
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Terminated Lossless TL

• 𝑉𝑉 𝑧𝑧  and 𝐼𝐼 𝑧𝑧  are solutions to 2nd-order linear ODEs, and 
feature two unknowns: 𝑉𝑉0+ and 𝑉𝑉0−.

• We can reduce one unknown if we know the load impedance.

• Method: i.e. use �𝑉𝑉 𝑧𝑧
𝐼𝐼 𝑧𝑧 𝑧𝑧=0

= 𝑍𝑍 𝑧𝑧 = 0 = 𝑍𝑍𝐿𝐿
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𝑍𝑍𝐿𝐿𝑍𝑍0,𝛽𝛽

𝑧𝑧 = 0−𝑧𝑧

𝑉𝑉 𝑧𝑧 , 𝐼𝐼(𝑧𝑧)
𝑉𝑉 𝑧𝑧 = 𝑉𝑉0+𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 + 𝑉𝑉0−𝑒𝑒+𝑗𝑗𝑗𝑗𝑗𝑗

𝐼𝐼 𝑧𝑧 =
𝑉𝑉0+

𝑍𝑍0
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 −

𝑉𝑉0−

𝑍𝑍0
𝑒𝑒+𝑗𝑗𝑗𝑗𝑗𝑗



At the load (𝑧𝑧 = 0):

𝑉𝑉 𝑧𝑧 = 0 = 𝑉𝑉0+ 1 + Γ𝐿𝐿

𝐼𝐼 𝑧𝑧 = 0 =
𝑉𝑉0+

𝑍𝑍0
1 − Γ𝐿𝐿

Reflection Coefficient
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𝑍𝑍𝐿𝐿 = 𝑍𝑍 𝑧𝑧 = 0 = �𝑍𝑍0
𝑉𝑉0+𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 + 𝑉𝑉0−𝑒𝑒+𝑗𝑗𝑗𝑗𝑗𝑗

𝑉𝑉0+𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 − 𝑉𝑉0−𝑒𝑒+𝑗𝑗𝑗𝑗𝑗𝑗 𝑧𝑧=0

= 𝑍𝑍0
𝑉𝑉0+ + 𝑉𝑉0−

𝑉𝑉0+ − 𝑉𝑉0−

Define:

Γ𝐿𝐿 =
𝑉𝑉0−

𝑉𝑉0+
≡ reflection coefficient

Substitute and rearrange to get:

𝑍𝑍𝐿𝐿 = 𝑍𝑍0
1 + Γ𝐿𝐿
1 − Γ𝐿𝐿

 ⇔ Γ𝐿𝐿 =
𝑍𝑍𝐿𝐿 − 𝑍𝑍0
𝑍𝑍𝐿𝐿 + 𝑍𝑍0

𝑉𝑉 𝑧𝑧  and 𝐼𝐼(𝑧𝑧) become:

𝑉𝑉 𝑧𝑧 = 𝑉𝑉0+𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 1 + Γ𝐿𝐿𝑒𝑒+𝑗𝑗2𝛽𝛽𝛽𝛽

𝐼𝐼 𝑧𝑧 =
𝑉𝑉0+

𝑍𝑍0
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 1 − Γ𝐿𝐿𝑒𝑒+𝑗𝑗2𝛽𝛽𝛽𝛽

+ve’ly travelling (incident) wave
-ve’ly travelling (reflected) wave

Γ𝐿𝐿

𝑍𝑍𝐿𝐿𝑍𝑍0,𝛽𝛽

𝑧𝑧 = 0−𝑧𝑧

𝑉𝑉 𝑧𝑧 , 𝐼𝐼(𝑧𝑧)

𝑙𝑙 = 0+𝑙𝑙



Reflection Coefficient along the TL 
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Look at these equations again:

𝑉𝑉 𝑧𝑧 = 𝑉𝑉0+𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 1 + Γ𝐿𝐿𝑒𝑒+𝑗𝑗2𝛽𝛽𝛽𝛽

𝐼𝐼 𝑧𝑧 =
𝑉𝑉0+

𝑍𝑍0
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 1 − Γ𝐿𝐿𝑒𝑒+𝑗𝑗2𝛽𝛽𝛽𝛽

Define:
Γ 𝑧𝑧 = Γ𝐿𝐿𝑒𝑒+𝑗𝑗𝑗𝑗𝑗𝑗𝑗 , s. t.

𝑉𝑉 𝑧𝑧 = 𝑉𝑉0+𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 1 + Γ(𝑧𝑧)

𝐼𝐼 𝑧𝑧 =
𝑉𝑉0+

𝑍𝑍0
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 1 − Γ(𝑧𝑧) +ve’ly travelling (incident) wave

-ve’ly travelling (reflected) wave

Γ(𝑧𝑧) is the reflection coefficient at TL location 𝑧𝑧 looking toward the load.

Γ𝐿𝐿

𝑍𝑍𝐿𝐿𝑍𝑍0,𝛽𝛽

𝑧𝑧 = 0−𝑧𝑧

𝑉𝑉 𝑧𝑧 , 𝐼𝐼(𝑧𝑧)

𝑙𝑙 = 0+𝑙𝑙

Γ(𝑧𝑧)



Impedance along the TL
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Similarly, impedance can be defined as a function of TL 
location:

𝑍𝑍 𝑧𝑧 = 𝑍𝑍0
1 + Γ 𝑧𝑧
1 − Γ 𝑧𝑧

= 𝑍𝑍0
1 + Γ𝐿𝐿𝑒𝑒+𝑗𝑗𝑗𝑗𝑗𝑗𝑗

1 − Γ𝐿𝐿𝑒𝑒+𝑗𝑗𝑗𝑗𝑗𝑗𝑗

For a transmission line of length 𝑙𝑙, the input impedance is:

𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑍𝑍 𝑙𝑙 = 𝑍𝑍0
1 + Γ𝐿𝐿𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑙𝑙

1 − Γ𝐿𝐿𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑙𝑙
⋮

𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑍𝑍0
𝑍𝑍𝐿𝐿 + 𝑗𝑗𝑍𝑍0 tan𝛽𝛽𝛽𝛽
𝑍𝑍0 + 𝑗𝑗𝑍𝑍𝐿𝐿 tan𝛽𝛽𝛽𝛽

𝑍𝑍𝐿𝐿𝑍𝑍0,𝛽𝛽
𝑍𝑍(𝑧𝑧)𝑍𝑍𝑖𝑖𝑖𝑖

𝑧𝑧 = 0−𝑧𝑧
𝑙𝑙 = 0+𝑙𝑙

(You can derive this using: Γ𝐿𝐿 = 𝑍𝑍𝐿𝐿−𝑍𝑍0
𝑍𝑍𝐿𝐿+𝑍𝑍0

 ; sin𝛽𝛽𝛽𝛽 = 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗−𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

2𝑗𝑗
 ; cos𝛽𝛽𝛽𝛽 = 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗+𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

2
 )



The derivation for 𝑍𝑍𝑖𝑖𝑖𝑖 
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𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑍𝑍 𝑙𝑙 = 𝑍𝑍0
1 + Γ𝐿𝐿𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑙𝑙

1 − Γ𝐿𝐿𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑙𝑙
= 𝑍𝑍0

1 + 𝑍𝑍𝐿𝐿 − 𝑍𝑍0
𝑍𝑍𝐿𝐿 + 𝑍𝑍0

𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗

1 − 𝑍𝑍𝐿𝐿 − 𝑍𝑍0
𝑍𝑍𝐿𝐿 + 𝑍𝑍0

𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗

= 𝑍𝑍0
𝑍𝑍𝐿𝐿 + 𝑍𝑍0 + 𝑍𝑍𝐿𝐿 − 𝑍𝑍0 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗

𝑍𝑍𝐿𝐿 + 𝑍𝑍0 − 𝑍𝑍𝐿𝐿 − 𝑍𝑍0 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗
= 𝑍𝑍0

𝑍𝑍𝐿𝐿 1 + 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗 + 𝑍𝑍0 1 − 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗

𝑍𝑍0 1 + 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗 + 𝑍𝑍𝐿𝐿 1 − 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗

= 𝑍𝑍0
𝑍𝑍𝐿𝐿 + 𝑍𝑍0Ψ
𝑍𝑍0 + 𝑍𝑍𝐿𝐿Ψ

 ,  where

Ψ =
1 − 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗

1 + 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗
=

𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗
2𝑗𝑗 2𝑗𝑗 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 + 𝑒𝑒−𝑗𝑗𝑗𝑗𝑙𝑙
2 2 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

=
sin𝛽𝛽𝛽𝛽 2𝑗𝑗 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

cos𝛽𝛽𝛽𝛽 2 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗
= 𝑗𝑗 tan𝛽𝛽𝛽𝛽

So, as required, 

𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑍𝑍0
𝑍𝑍𝐿𝐿 + 𝑗𝑗𝑍𝑍0 tan𝛽𝛽𝛽𝛽
𝑍𝑍0 + 𝑗𝑗𝑍𝑍𝐿𝐿 tan𝛽𝛽𝛽𝛽



Impedance along the TL

Special Cases:

1. Open Circuit (𝑍𝑍𝐿𝐿 = ∞):
𝑍𝑍𝑖𝑖𝑖𝑖 = −𝑗𝑗𝑍𝑍0 cot𝛽𝛽𝛽𝛽

2. Short Circuit (𝑍𝑍𝐿𝐿 = 0):
𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑗𝑗𝑍𝑍0 tan𝛽𝛽𝛽𝛽

3. Cap. or Ind. (𝑍𝑍𝐿𝐿 = 𝑗𝑗𝑋𝑋𝐿𝐿):
𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑗𝑗𝑋𝑋𝑖𝑖𝑖𝑖

4. Matched Circuit (𝑍𝑍𝐿𝐿 = 𝑍𝑍0):
𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑍𝑍0
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𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑍𝑍0
𝑍𝑍𝐿𝐿 + 𝑗𝑗𝑍𝑍0 tan𝛽𝛽𝛽𝛽
𝑍𝑍0 + 𝑗𝑗𝑍𝑍𝐿𝐿 tan𝛽𝛽𝛽𝛽

5.  ¼-Wave Transformer (𝑙𝑙 = 𝜆𝜆/4):
𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑍𝑍02/𝑍𝑍𝐿𝐿

6.  ½-Wave Transformer (𝑙𝑙 = 𝜆𝜆/2):
𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑍𝑍𝐿𝐿

Eg. 

𝑍𝑍𝐴𝐴𝑍𝑍0,𝛽𝛽, 𝜆𝜆/4

𝑍𝑍(𝑧𝑧)

𝑍𝑍𝑖𝑖𝑖𝑖 = ? 𝑍𝑍𝐵𝐵

𝑍𝑍𝑖𝑖𝑖𝑖 = 𝑍𝑍02 𝑌𝑌𝐴𝐴 + 𝑌𝑌𝐵𝐵?
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VSWR in the Real World
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Some Questions for YOU….

1. Find 𝑍𝑍𝑖𝑖𝑖𝑖 for the previous loaded transmission line.

2. How do you find the nearest 𝑉𝑉𝑚𝑚𝑚𝑚𝑚𝑚 / 𝐼𝐼𝑚𝑚𝑚𝑚𝑚𝑚  from the 
load?

3. What would 𝑆𝑆 be, and how would the plot of 𝑉𝑉(𝑧𝑧)
and 𝐼𝐼(𝑧𝑧) look, if the load is:
(a) An open circuit?
(b) A short circuit?
(c) A reactive element?
(d) A matched termination?
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Finding distance to the nearest 
𝑉𝑉max and 𝑉𝑉min from the load

Let Γ𝐿𝐿 = Γ𝐿𝐿 𝑒𝑒𝑗𝑗 𝜃𝜃𝐿𝐿 . Then,
𝑉𝑉 𝑧𝑧 = 𝑉𝑉0+𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 1 + Γ𝐿𝐿 𝑒𝑒+𝑗𝑗 2𝛽𝛽𝛽𝛽+𝜃𝜃𝐿𝐿

𝐼𝐼 𝑧𝑧 =
𝑉𝑉0+

𝑍𝑍0
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 1 − Γ𝐿𝐿 𝑒𝑒+𝑗𝑗 2𝛽𝛽𝛽𝛽+𝜃𝜃𝐿𝐿

𝑉𝑉max occurs when the phase of the second term is an even multiple of 𝜋𝜋, i.e. 2𝛽𝛽𝛽𝛽 +
𝜃𝜃𝐿𝐿 = 2𝑚𝑚𝑚𝑚 (Equation A) where 𝑚𝑚 is an integer, b/c in this case the incident and 
reflected voltage waves will constructively interfere.
𝑉𝑉min occurs when the phase of the second term is an odd multiple of 𝜋𝜋, i.e. 2𝛽𝛽𝛽𝛽 + 𝜃𝜃𝐿𝐿 =
2𝑚𝑚 + 1 𝜋𝜋 (Equation B) where 𝑚𝑚 is an integer, b/c in this case the incident and 

reflected voltage waves will destructively interfere.
If we know 𝑍𝑍𝐿𝐿, we can find 𝜃𝜃𝐿𝐿. Using 𝜃𝜃𝐿𝐿 and equations (A) and (B) above, you can find 
the smallest |z| that will satisfy the equations above. These will give you the distances 
to the nearest voltage maximum and minimum. 
Remember:
(i) z, as defined in class, is a negative number: eg. 3 mm from the load will be 𝑧𝑧 =

− 3 [mm].
(ii) If the voltage is at a maximum value, then the current is at a minimum value, and 

vice versa.
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𝑍𝑍𝐿𝐿𝑍𝑍0,𝛽𝛽

𝑧𝑧 = 0−𝑧𝑧

𝑉𝑉 𝑧𝑧 , 𝐼𝐼(𝑧𝑧)

𝑙𝑙 = 0+𝑙𝑙



Outline

• Terminated TLs
• Multiple Reflections in TLs
• Power Flow in TLs
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Terminated Lossless TL with a 
Generator Impedance

𝑉𝑉 𝑧𝑧 = 𝑉𝑉0+𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 1 + Γ𝐿𝐿𝑒𝑒+𝑗𝑗2𝛽𝛽𝛽𝛽

𝐼𝐼 𝑧𝑧 =
𝑉𝑉0+

𝑍𝑍0
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 1 − Γ𝐿𝐿𝑒𝑒+𝑗𝑗2𝛽𝛽𝛽𝛽
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Transient Perspective
1. When the circuit is closed, and initial wave 𝑉𝑉1+ travels from the generator to the 

load, without first observing the load ⇒ 𝑉𝑉1+ = 𝑍𝑍0𝐼𝐼1+ ⇒ 𝑉𝑉1+ = 𝑉𝑉𝑔𝑔
𝑍𝑍0

𝑅𝑅𝑔𝑔+𝑍𝑍0
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 .

2. More wave components are created after reflections from the load and generator: 
𝑉𝑉1− = Γ𝐿𝐿𝑉𝑉1+; 𝑉𝑉2+ = Γ𝐺𝐺𝑒𝑒−𝑗𝑗2𝛽𝛽𝛽𝛽𝑉𝑉1− = Γ𝐿𝐿Γ𝐺𝐺𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑉𝑉1+; 𝑉𝑉2− = Γ𝐿𝐿 2Γ𝐺𝐺𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗𝑉𝑉1+…

3. The positively travelling waves superimpose to form 𝑉𝑉0+:

𝑉𝑉0+ = 𝑉𝑉1+ + 𝑉𝑉2+ + 𝑉𝑉3+ + ⋯ = 𝑉𝑉1+�
𝑛𝑛=0

∞

Γ𝐿𝐿Γ𝐺𝐺𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗
𝑛𝑛 =

𝑉𝑉1+

1 − Γ𝐿𝐿Γ𝐺𝐺𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗

⇒ 𝑉𝑉0+ = 𝑉𝑉𝑔𝑔
𝑍𝑍0

𝑅𝑅𝑔𝑔 + 𝑍𝑍0
𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

1 − Γ𝐿𝐿Γ𝐺𝐺𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗𝑗
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Power Along a Terminated TL
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Power along a TL: 𝑃𝑃(𝑧𝑧, 𝑡𝑡) = 𝑉𝑉 𝑧𝑧, 𝑡𝑡 𝐼𝐼(𝑧𝑧, 𝑡𝑡)

Time Averaged Power:

𝑃𝑃(𝑧𝑧) =
1
2
𝑅𝑅𝑅𝑅 𝑉𝑉(𝑧𝑧)𝐼𝐼(𝑧𝑧)∗

=
𝑉𝑉0+ 2

2𝑍𝑍0
𝑅𝑅𝑅𝑅 𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗 + Γ𝐿𝐿𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 𝑒𝑒𝑗𝑗𝑗𝑗𝑗𝑗 − Γ𝐿𝐿∗𝑒𝑒−𝑗𝑗𝑗𝑗𝑗𝑗

=
𝑉𝑉0+ 2

2𝑍𝑍0
𝑅𝑅𝑅𝑅 1 − Γ𝐿𝐿∗𝑒𝑒−𝑗𝑗2𝛽𝛽𝛽𝛽 + Γ𝐿𝐿𝑒𝑒𝑗𝑗2𝛽𝛽𝛽𝛽 − Γ𝐿𝐿 2

=
𝑉𝑉0+ 2

2𝑍𝑍0
− Γ𝐿𝐿 2 𝑉𝑉0+ 2

2𝑍𝑍0

Return Loss: 𝑅𝑅𝑅𝑅 = −10 log
𝑃𝑃𝑟𝑟
𝑃𝑃𝑖𝑖

= −20 log |Γ𝐿𝐿|

Incident Power

Reflected Power
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Summary

• In this class we examined what happens when a TL 
is terminated by a load. We introduced the 
concepts of

• Impedance at the load and along the TL
• Reflection coefficient at the load and along the TL
• Voltage Standing Wave Ratio
• Multiple Reflections in a TL
• Power along the TL
• Return Loss
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