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MA3001           Solution of Take-home Assignment 3                Semester B, 2018-19 

 

1. (a)  𝑓(𝑡) = {
−𝑡 − 𝑡2  ,   if − 1 ≤ 𝑡 < 0

  𝑡 − 𝑡2  ,    if   0 ≤ 𝑡 < 1   
   and   𝑓(𝑡 + 2) = 𝑓(𝑡). 

 

Observe that 𝑓(𝑡) is an even function, since its graph is symmetrical about the 𝑦-axis. 

(b) Period 2𝑇 = 2 ⇒  𝑇 = 1 

 The Fourier series of 𝑓(𝑡) is  

𝑓(𝑡) =
𝑎0
2
+∑[𝑎𝑛 cos (

𝑛𝜋𝑡

𝑇
) + 𝑏𝑛 sin (

𝑛𝜋𝑡

𝑇
)]

∞

𝑛=1

 

=
𝑎0
2
+∑[𝑎𝑛 cos(𝑛𝜋𝑡) + 𝑏𝑛 sin(𝑛𝜋𝑡)]

∞

𝑛=1

, 

 where 

 𝑎0 =
2

𝑇
∫ 𝑓(𝑡)
𝑇

0
𝑑𝑡  (since 𝑓(𝑡) is an even function) 

=
2

1
∫ (𝑡 − 𝑡2)
1

0
𝑑𝑡 = 2 [

𝑡2

2
−
𝑡3

3
]
0

1

= 2 [(
1

2
−
1

3
) − 0] =

1

3
  

and for 𝑛 = 1, 2, 3, … ,  

𝑎𝑛 =
2

𝑇
∫ 𝑓(𝑡) cos (

𝑛𝜋𝑡

𝑇
)

𝑇

0
𝑑𝑡  (since 𝑓(𝑡) is an even function)   

=
2

1
∫ (𝑡 − 𝑡2) cos(𝑛𝜋𝑡)
1

0
𝑑𝑡  

= 2∫ (𝑡 − 𝑡2)
1

0
𝑑 [

sin(𝑛𝜋𝑡)

𝑛𝜋
]  

= 2 {[(𝑡 − 𝑡2)
sin(𝑛𝜋𝑡)

𝑛𝜋
]
0

1

− ∫
sin(𝑛𝜋𝑡)

𝑛𝜋

1

0
𝑑(𝑡 − 𝑡2)}  

= 2 {(0 − 0) −
1

𝑛𝜋
∫ sin(𝑛𝜋𝑡)
1

0
(1 − 2𝑡) 𝑑𝑡}  

=
2

𝑛𝜋
∫ (1 − 2𝑡)
1

0
𝑑 [

cos(𝑛𝜋𝑡)

𝑛𝜋
]  

=
2

(𝑛𝜋)2
{[(1 − 2𝑡) cos(𝑛𝜋𝑡)]0

1 − ∫ cos(𝑛𝜋𝑡)
1

0
𝑑(1 − 2𝑡)}  

=
2

𝑛2𝜋2
{(− cos(𝑛𝜋) − 1) + 2∫ cos(𝑛𝜋𝑡)

1

0
𝑑𝑡}  

=
−2

𝑛2𝜋2
[1 + cos(𝑛𝜋)] +

4

𝑛2𝜋2
[
sin(𝑛𝜋𝑡)

𝑛𝜋
]
0

1
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=
−2

𝑛2𝜋2
[1 + (−1)𝑛] +

4

𝑛2𝜋2
(0 − 0)  

= {
      0        if  𝑛  is odd   
−4

𝑛2𝜋2
      if  𝑛  is even

  

𝑏𝑛 = 0  (since 𝑓(𝑡) is an even function). 

Hence, the Fourier series of 𝑓(𝑡) is 

𝑓(𝑡) =
1

6
+∑

−4

(2𝑛)2𝜋2
cos[(2𝑛)𝜋𝑡]

∞

𝑛=1

=
1

6
−
1

𝜋2
∑

1

𝑛2
cos(2𝑛𝜋𝑡)

∞

𝑛=1

 

 

(c)  Choose 𝑡 ∈ [−1,1] such that cos(2𝑛𝜋𝑡) = (−1)𝑛, i.e. take 𝑡 =
1

2
.  

Since 𝑓(𝑡) is continuous at 𝑡 =
1

2
, the Fourier series converges to 𝑓 (

1

2
) =

1

2
− (

1

2
)
2

=
1

4
 at 𝑡 =

1

2
. 

Putting 𝑡 =
1

2
 into the Fourier series: 

1

4
=
1

6
−
1

𝜋2
∑

1

𝑛2
cos(𝑛𝜋)

∞

𝑛=1

=
1

6
−
1

𝜋2
∑

(−1)𝑛

𝑛2

∞

𝑛=1

 

⇒   ∑
(−1)𝑛

𝑛2

∞

𝑛=1

= 𝜋2 (
1

6
−
1

4
) = −

𝜋2

12
 

 

2.   

{
 
 

 
 

  

𝜕2𝑢

𝜕𝑦𝜕𝑥
= −2

𝜕𝑢

𝜕𝑦
+ 4𝑒𝑥𝑦3    

𝜕𝑢

𝜕𝑦
(0, 𝑦) = 𝑦4 − 2            

𝑢(𝑥, 0) = 𝑒3𝑥                    

 

𝜕2𝑢

𝜕𝑦𝜕𝑥
= −2

𝜕𝑢

𝜕𝑦
+ 4𝑒𝑥𝑦3   ⇒   

𝜕

𝜕𝑦
(
𝜕𝑢

𝜕𝑥
+ 2𝑢) = 4𝑒𝑥𝑦3  

 Integrating both sides w.r.t. 𝑦:   
𝜕𝑢

𝜕𝑥
+ 2𝑢 = 𝑒𝑥𝑦4 + 𝐹(𝑥)  

Integrating factor:  𝑒∫2𝑑𝑥 = 𝑒2𝑥  

Then 
𝜕

𝜕𝑥
(𝑒2𝑥𝑢) = 𝑒3𝑥𝑦4 + 𝐹(𝑥)𝑒2𝑥 

Integrating both sides w.r.t. 𝑥:   𝑒2𝑥𝑢 =
1

3
𝑒3𝑥𝑦4 + ∫𝐹(𝑥)𝑒2𝑥 𝑑𝑥 + 𝐺(𝑦) 

⇒   𝑢(𝑥, 𝑦) =
1

3
𝑒𝑥𝑦4 + 𝑒−2𝑥∫𝐹(𝑥)𝑒2𝑥 𝑑𝑥 + 𝑒−2𝑥𝐺(𝑦) 

=
1

3
𝑒𝑥𝑦4 + 𝐻(𝑥) + 𝑒−2𝑥𝐺(𝑦) 

where 𝐻(𝑥) = 𝑒−2𝑥 ∫𝐹(𝑥)𝑒2𝑥 𝑑𝑥. 
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Then  
𝜕𝑢

𝜕𝑦
=

4

3
𝑒𝑥𝑦3 + 𝑒−2𝑥𝐺′(𝑦) 

From the condition 
𝜕𝑢

𝜕𝑦
(0, 𝑦) = 𝑦4 − 2, we have 

𝑦4 − 2 =
𝜕𝑢

𝜕𝑦
(0, 𝑦) =

4

3
𝑦3 + 𝐺′(𝑦) 

⇒   𝐺′(𝑦) = 𝑦4 −
4

3
𝑦3 − 2    

⇒    𝐺(𝑦) =
𝑦5

5
−
𝑦4

3
− 2𝑦 + 𝐶 

 𝑢(𝑥, 𝑦) =
1

3
𝑒𝑥𝑦4 +𝐻(𝑥) + 𝑒−2𝑥 (

𝑦5

5
−
𝑦4

3
− 2𝑦 + 𝐶). 

From the condition  𝑢(𝑥, 0) = 𝑒3𝑥, 

𝑒3𝑥 = 𝑢(𝑥, 0) = 0 + 𝐻(𝑥) + 𝑒−2𝑥(0 − 0 − 0 + 𝐶)     ⇒     𝐻(𝑥) = 𝑒3𝑥 − 𝐶𝑒−2𝑥 

Hence, the solution is  

𝑢(𝑥, 𝑦) =
1

3
𝑒𝑥𝑦4 + (𝑒3𝑥 − 𝐶𝑒−2𝑥) + 𝑒−2𝑥 (

𝑦5

5
−
𝑦4

3
− 2𝑦 + 𝐶) 

=
1

3
𝑒𝑥𝑦4 + 𝑒3𝑥 + 𝑒−2𝑥 (

𝑦5

5
−
𝑦4

3
− 2𝑦) 

 

3.   

{
 

 

  

𝜕𝑈

𝜕𝑡
−
𝜕2𝑈

𝜕𝑥2
+ 2𝑈 = 0 ,               0 < 𝑥 < 4 ,   𝑡 > 0

𝜕𝑈

𝜕𝑥
(0, 𝑡) =

𝜕𝑈

𝜕𝑥
(4, 𝑡) = 0,         𝑡 > 0                        

𝑈(𝑥, 0) = 4 − 𝑥 ,                         0 < 𝑥 < 4               

 

 Let 𝑈(𝑥, 𝑡) = 𝑋(𝑥)𝑇(𝑡) be a non-trivial solution.  

Then 𝑋𝑇′ − 𝑋′′𝑇 + 2𝑋𝑇 = 0  ⇒   𝑋(𝑇′ + 2𝑇) = 𝑋′′𝑇  ⇒   
𝑋′′

𝑋
=

𝑇′+2𝑇

𝑇
. 

 The equality holds only when 
𝑋′′

𝑋
=

𝑇′+2𝑇

𝑇
= 𝑐   ⇒    𝑋′′ − 𝑐𝑋 = 0  and  𝑇′ + (2 − 𝑐)𝑇 = 0. 

 Note that 
𝜕𝑈

𝜕𝑥
= 𝑋′𝑇. 

 From the boundary conditions  
𝜕𝑈

𝜕𝑥
(0, 𝑡) =

𝜕𝑈

𝜕𝑥
(4, 𝑡) = 0, 

0 =
𝜕𝑈

𝜕𝑥
(0, 𝑡) = 𝑋′(0)𝑇(𝑡) 

0 =
𝜕𝑈

𝜕𝑥
(4, 𝑡) = 𝑋′(4)𝑇(𝑡) 

Since  𝑇(𝑡) is a non-trivial function, we must have  𝑋′(0) = 𝑋′(4) = 0. 

Then 𝑋(𝑥) satisfies {
𝑋′′ − 𝑐𝑋 = 0           
𝑋′(0) = 𝑋′(4) = 0

   … (1). 
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Case 1:  𝑐 = 0 

Equation (1) becomes 𝑋′′ = 0  ⇒   𝑋′(𝑥) = 𝑐1   ⇒   𝑋(𝑥) = 𝑐1𝑥 + 𝑐2. 

From the boundary conditions, 

0 = 𝑋′(0) = 𝑋′(4) = 𝑐1   ⇒    𝑐1 = 0 

  𝑋(𝑥) = 𝑐2.  Take 𝑐2 = 1. Then 𝑋(𝑥) = 1 is a non-trivial solution of (1). 

Then 𝑇′ + (2 − 𝑐)𝑇 = 0 becomes 𝑇′ + 2𝑇 = 0  ⇒   𝑇(𝑡) = 𝑐3𝑒
−2𝑡.  

Take 𝑐3 = 1. Then 𝑇(𝑡) = 𝑒−2𝑡 is a non-trivial solution of  𝑇′ + 2𝑇 = 0  . 

  𝑈(𝑥, 𝑡) = 𝑋(𝑥)𝑇(𝑡) = 1 ∙ 𝑒−2𝑡 = 𝑒−2𝑡  is a non-trivial solution of  

{

𝜕𝑈

𝜕𝑡
−
𝜕2𝑈

𝜕𝑥2
+ 2𝑈 = 0  ,   0 < 𝑥 < 4 ,   𝑡 > 0

𝜕𝑈

𝜕𝑥
(0, 𝑡) =

𝜕𝑈

𝜕𝑥
(4, 𝑡) = 0,         𝑡 > 0 

  … (2) 

 

Case 2: 𝑐 > 0 

𝑋′′ − 𝑐𝑋 = 0   ⇒    𝑋(𝑥) = 𝑐4𝑒
√𝑐𝑥 + 𝑐5𝑒

−√𝑐𝑥. 

Then 𝑋′(𝑥) = 𝑐4√𝑐𝑒
√𝑐𝑥 − 𝑐5√𝑐𝑒

−√𝑐𝑥. 

From the boundary conditions, 

𝑋′(0) = 0   ⇒   0 = 𝑐4√𝑐 − 𝑐5√𝑐 = √𝑐(𝑐4 − 𝑐5)    ⇒    𝑐4 = 𝑐5 

𝑋′(4) = 0  ⇒   0 = 𝑐4√𝑐𝑒
4√𝑐 − 𝑐5√𝑐𝑒

−4√𝑐 = 𝑐4√𝑐(𝑒
4√𝑐 − 𝑒−4√𝑐)     

        ⇒   𝑐4 = 0  ∵ 𝑒
4√𝑐 − 𝑒−4√𝑐 ≠ 0 for all 𝑐 > 0. 

 𝑐5 = 𝑐4 = 0   ⇒    𝑋(𝑥) = 0 (not accepted). 

 We cannot have 𝑐 > 0. 

 

Case 3: 𝑐 < 0 

𝑋′′ − 𝑐𝑋 = 0   ⇒    𝑋(𝑥) = 𝑐6 cos(√−𝑐𝑥) + 𝑐7 sin(√−𝑐𝑥). 

Then 𝑋′(𝑥) = −𝑐6√−𝑐 sin(√−𝑐𝑥) + 𝑐7√−𝑐 cos(√−𝑐𝑥). 

From the boundary conditions, 

𝑋′(0) = 0   ⇒   0 = 𝑐7√−𝑐    ⇒    𝑐7 = 0 

𝑋′(4) = 0  ⇒   0 = −𝑐6√−𝑐 sin(4√−𝑐)    ⇒    𝑐6 = 0  (rejected)  or  sin(4√−𝑐) = 0  

 sin(4√−𝑐) = 0   ⇒    4√−𝑐 = 𝑛𝜋,    𝑛 = 1,2,3, …    ⇒    𝑐 = −
𝑛2𝜋2

16
,   𝑛 = 1,2,3, …  

Then 𝑋(𝑥) = 𝑐6 cos (
𝑛𝜋𝑥

4
),   𝑛 = 1,2,3, … 

Take 𝑐6 = 1, then 𝑋𝑛(𝑥) = cos (
𝑛𝜋𝑥

4
) ,   𝑛 = 1,2,3, …  are non-trivial solutions of (1). 
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The corresponding ODE for 𝑇 is 𝑇′ + (2 +
𝑛2𝜋2

16
)𝑇 = 0, which has the general solution  

𝑇(𝑡) = 𝑐8𝑒
−(2+

𝑛2𝜋2

16
)𝑡

,   𝑛 = 1,2,3,….   

Take 𝑐8 = 1, then 𝑇𝑛(𝑡) = 𝑒
−(2+

𝑛2𝜋2

16
)𝑡

, 𝑛 = 1,2,3, … are non-trivial solutions of  

𝑇′ + (2 +
𝑛2𝜋2

16
)𝑇 = 0.  

Then 𝑈𝑛(𝑥, 𝑡) = 𝑋𝑛(𝑥)𝑇𝑛(𝑡) = 𝑒
−(2+

𝑛2𝜋2

16
)𝑡
cos (

𝑛𝜋𝑥

4
),  𝑛 = 1,2,3, …  are non-trivial solutions of 

(2).  

By the principle of superposition,  

𝑈(𝑥, 𝑡) = 𝑐0𝑒
−2𝑡 +∑𝑐𝑛𝑒

−(2+
𝑛2𝜋2

16
)𝑡
cos (

𝑛𝜋𝑥

4
)

∞

𝑛=1

  … (3) 

satisfies (2). 

From the initial condition 𝑈(𝑥, 0) = 4 − 𝑥, 0 < 𝑥 < 4, we have 

4 − 𝑥 = 𝑢(𝑥, 0) = 𝑐0 +∑𝑐𝑛 cos (
𝑛𝜋𝑥

4
)

∞

𝑛=1

   for  0 < 𝑥 < 4  … (4). 

The Half-range Fourier cosine series for  4 − 𝑥 defined on (0,4) is 

4 − 𝑥 =
𝑎0
2
+∑𝑎𝑛 cos (

𝑛𝜋𝑥

4
)

∞

𝑛=1

 … (5) 

where 𝑎0 =
2

4
∫ (4 − 𝑥)
4

0
𝑑𝑥 =

1

2
[4𝑥 −

𝑥2

2
]
0

4

=
1

2
[(16 −

16

2
) − 0] = 4, 

𝑎𝑛 =
2

4
∫ (4 − 𝑥) cos (

𝑛𝜋𝑥

4
)

4

0
𝑑𝑥 =

1

2
∫ (4 − 𝑥)
4

0
𝑑 [

sin(
𝑛𝜋𝑥

4
)

𝑛𝜋

4

]  

=
2

𝑛𝜋
{[(4 − 𝑥) sin (

𝑛𝜋𝑥

4
)]
0

4

− ∫ sin (
𝑛𝜋𝑥

4
) (−1)

4

0
𝑑𝑥} =

2

𝑛𝜋
{(0 − 0) − [

cos(
𝑛𝜋𝑥

4
)

𝑛𝜋

4

]
0

4

}  

=
8

𝑛2𝜋2
[1 − cos(𝑛𝜋)] =

8

𝑛2𝜋2
[1 − (−1)𝑛] = {

       0       if 𝑛 is even  
16

𝑛2𝜋2
    if 𝑛 is odd

  

Comparing (4) with (5), we have 

𝑐0 =
𝑎0

2
=

4

2
= 2     &     𝑐𝑛 = 𝑎𝑛 = {

       0       if 𝑛 is even  
16

𝑛2𝜋2
    if 𝑛 is odd

. 

Hence, the solution of the given problem is 

𝑈(𝑥, 𝑡) = 2𝑒−2𝑡 +∑
16

(2𝑛 − 1)2𝜋2
𝑒
−[2+

(2𝑛−1)2𝜋2

16
]𝑡
cos [

(2𝑛 − 1)𝜋𝑥

4
]

∞

𝑛=1

. 


