MA3001 Solution of Take-home Assignment 3 Semester B, 2018-19

—t?, if-1<t<0
L@ O ={[ 5 oy ad S+ = o).
1
1
4
2 1 0 1 2 !

Observe that f(t) is an even function, since its graph is symmetrical about the y-axis.
(b) Period2T =2 = T=1

The Fourier series of f(t) is
a nit nit
f(t)—— Z[ cos(T>+bnsm(T)]

a
_do, Z [a, cos(nmt) + by sin(nmt)],

n=1

where

ap = %fOTf(t) dt (since f(t) is an even function)

1

-t ea=2lf -5 =2[G-) -0 =
andforn=1,2,3, ...,

= -f f(#) cos ( ) dt (since f(¢) is an even function)
- %fol(t — t%) cos(nmt) dt

2 afs

_ _ sin(nmt)]! __ (1sin(nmt) _

=2 {[(t t?) —— ]0 fO - d(t tZ)}

=2 {(0 —0) — = [ sin(nmt) (1 — 2t) dt}

_ _f (1 _ Zt) d [cos(nnt)]

= {[(1 — 2t) cos(nmt)]} f cos(nmt) d(1 — Zt)}

(mt)2

{( cos(nm) — 1) + Zf cos(nmt) dt}

Tl27l'2

4 [sin(nn’t)] 1
0

2772

;22 [1+ cos(nm)] +

n<m nm
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0

{ 0 if n is odd
= 4 . .
if n is even

n2m?
b, = 0 (since f(t) is an even function).

Hence, the Fourier series of f(t) is

1 < 1 1v1
f(t)=€ Z(Z Yen > €OS (2n)nt]=€—;2ﬁcos(2nnt)

n=1

(c) Choose t € [—1,1] such that cos(2nmt) = (—1)", i.e. take t = %

Since f(t) is continuous at t = % the Fourier series converges to f G) =I_ (

Putting t = % into the Fourier series:

1 1 1 (-n™
1"t =2 —cos(nm) = - —— —
n=1 n=1
i(—nn 2(1 1> 2
= = —_— =
. T \6 2 12
n=
( 0%u u x. 3
dydx F +4e’y
2 ou

_ 3 9 (ou )_ x4,3
6y6x Zay 6y(6x+2u = de y

Integrating both sides w.r.t. y: Z—Z + 2u = e*y* + F(x)

Integrating factor: e/ 2dx = ¢2*
Then % (e*u) = e3*y* + F(x)e?*
Integrating both sides w.r.t. x: e**u = §e3xy4 + [F(x)e** dx + G(y)
— 1 X a4 —-2x 2x —-2x
= u(x,y)—ge y*+e F(x)e*dx + e “*G(y)
— 1 X a4 —2Xx
= 3e y*+H(x)+e “*G(y)

where H(x) = e [ F(x)e** dx.
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= 2e"yd 4 e TG (y)

Then 3y

From the condition Z—; (0,y) = y* — 2, we have
Ju 4
Y9 =— =—y3 !
y 3y 0,y)=3y"+6'0)

4
= O =yt-gy’ -2

4
y
— -2

3 y+C

5
Y
= GO =7~

5 4
soulxy) = iexy4 + H(x) +e™** (y?—y?— 2y + C).

From the condition u(x,0) = e3*,
e* =u(x,00)=0+H(x)+e>(0—-0—-0+C) = H(x)=e3*—-Ce %

Hence, the solution is

1 ys y4
u(e,y) =g e y* + (e —Ce™™) + e (- -2y +C
1 5 4
= §e"y4 + e e <y? — y?_ 2y>
2
{ W_2Yiw=o0, 0<x<4,t>0
at 0x2
3. ou _ou _
6x(0’t)_ax(4’t)_0' t>0
kU(X:())=4—X, 0<x<4
Let U(x,t) = X(x)T(t) be a non-trivial solution.

Then XT' — X"T+2XT =0 = X(TI+2T)=X”T N X7=T:2T.

The equality holds only when X7 =T ;ZT =c =2 X'—-cX=0and T'+2—-¢c)T =0.

Note that v _ X'T.
ox

From the boundary conditions Z—Z (0,t) = Z—Z 4,t) =0,
au
0=—1(0,t) =X'(0)T(¢t)
0x

ou
0=—04,1t) =X"(4T(t)
ox

Since T(t) is a non-trivial function, we must have X'(0) = X'(4) = 0.

X"—cX=0

Then X (x) satisfies {X’(O) —X'(4)=0 " (1).
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Casel: c=0
Equation (1) becomes X" =0 = X'(x) =¢; = X(x) =cx+cy.
From the boundary conditions,

0=X'0)=X'4)=c¢c; = ¢;,=0
. X(x) = c,. Take c, = 1. Then X(x) = 1 is a non-trivial solution of (1).
ThenT’ + (2 —¢)T = 0becomesT' + 2T =0 = T(t) = cze™ %L,
Take c; = 1. Then T(t) = e~2t is a non-trivial solution of T’ +2T =0 .
Ul t) = X()T(t) =1-e %t = e~2t isanon-trivial solution of

2
W _ 90U oy=0, 0<x<4, t>0

at 0x2 (2)
au au
a(O,t)—a(éL,t)—O, t>0

Case2:c>0

X'—cX=0 = X(x)= 046‘5" + c5e‘*/zx.

Then X'(x) = c,VceVe* — coyJce™Vex,

From the boundary conditions,

X'(0)=0 = 0=cyc—csvVc=+c(cs—c5) = c4=cs

X'(4)=0 = 0=cy/ce®V —csce V¢ = /(e — e=4V0)
= ¢,=0 wetVe—eCcx0forallc>0.

Les=¢c,=0 = X(x)=0 (notaccepted).

.. We cannot have ¢ > 0.

Case3:c <0

X'—cX=0 = X(x)=cecos(vV—cx) + ¢; sin(~/=cx).

Then X'(x) = —cgvV—c sin(v—cx) + c;v/—c cos(v/—cx).

From the boundary conditions,

X(0)=0 = 0=c/—c = ¢=0

X'(4)=0 = 0=—ceV—csin(4V—c) = c¢¢ =0 (rejected) or sin(4v/—c) =10
n?n?

sin(4\/—c) =0 2 4y—-—c=nm, n=123,.. == c=—, n=1,23,..

16

Then X(x) = ¢ cos (%), n=123,..

Take ¢g = 1, then X,,(x) = cos (%) n =1,2,3,... are non-trivial solutions of (1).
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2.2
The corresponding ODE for T is T’ + (2 + %) T = 0, which has the general solution

2.2
2+"”)t

T(t) = cge‘( 16, n=123,..

n?n?

Take cg = 1, then T,,(t) = e_<2+7)t, n = 1,2,3, ... are non-trivial solutions of

T’+(2+%)T=O.

n?n?

Then U, (x, t) = X,(x)T,(t) = e‘(2+T>t cos (%) n = 1,2,3, ... are non-trivial solutions of
2).

By the principle of superposition,

U(x,t) = coe 2t + i cne_(2+ 16 )t cos (—) . (3)
n=1

satisfies (2).

From the initial condition U(x,0) = 4 — x, 0 < x < 4, we have
- nmx
4 —x=u(x0)=cy +chcos(T) for 0 <x<4 ..(4).
n=1

The Half-range Fourier cosine series for 4 — x defined on (0,4) is

_ Qo nmnx
4—x= 7+ZanCOS(T) (5)
n=

where ag = 2 (4 — x) dx = %[4x—"2—2]z =1[(16-2)-0] =4,

ap = %f:(zl — X) cos (%) dx = %f04(4 —x)d lsmg_?x)l

4

nmnx

- 2= (- o () = Eo- 0 [=47)] |
0

4

8
n2m2

[1-(-1)"] =

= nzgnz [1— cos(nm)] =

0 if n is even
ifnis odd

n2m?
Comparing (4) with (5), we have
0 ifniseven

4
Ch=—=-=2 & C, =Qa, = 16 . .
0 > n n { — ifnisodd
nem

Hence, the solution of the given problem is

_1\272
_2+(2n 1)°m

= 16 @y’  1(2n - Dnx
_ 9,2t § 16 e
U(x,t) =2e ' + 1 (Zn = D)z e cos[ 2 ]
n=
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