MA2001 Vector Differential Calculus
1. Line Integrals

1.1 Line Integral of The First Kind

The line integral of the first kind is

[:/Cf(xvyaz>ds

where f(x,y, z) is a scalar function and s is arc length along C. If C' has the parametric representation

[2(t),y(t), 2(t)], t1 <t <ty , we have that ds = \/(dx)? + (dy)? + (dz)? and hence

I— /: f[x(t),y(t),z(t)]\/(fl—f>2 4 (%)2 4 (f;) dt

Example

Find the mass of an ideal wire with density p(x,y, z) = kz if it has the shape of the helix,

r = 3cost
y=3sint,0 <t < 7.

z =4t

Solution:

Mass = [, pds =k [ 4tV9sin®t + 9cos? t + 16dt = k [ 20tdt = 10kn?.

Example

Let the line density of the curve C': 2% + y?> = ax,a > 0 be f(x,y) \/m Find the mass of the
curve C': 22 + y? = ax,a > 0.

Solution:

% + y? —ax:>2x—|—2ydy:a:>

o a 2x
492 2_4 4. 2 2
1 + d.T _ |4y ta*—daz+t4zc +a az+ T /4ax+a 4axdl. _

For the upper part of the circle 2% + y? = ax @ = “I a > 0, we have
_ a _ a
ds = dex— Qde,Ogmga



mass of the line = [, /a2 + y?ds =2 [ Var; Z—dr = 2\/ag Jo /ZEmde = av/a [} \/;—i—xd(a — )

a
= — ay/a¥YEE| = 24?
z o

(Note: the mass of the upper part and the lower part of the circle

x2+y2 = ar & (a:— %)Z—I—yQ = ‘%f,a > 0 are equal.)
(Note: \/aa:w#ﬁ is not defined at = 0 and = = a so the integral foa \/ax%/#fxzdx we get is in the

sense of improper integral.)

U

Example

. . 4yt + 2t =a’ .
Let the line density of the curveC' : be f(z,y,z) = ? Find the mass of the curve

rT+y+z=0
2+ y?+ 22 =a?

C:

r+y+z2=0
Solution:

We observe that 2% + y? + 2% = a? is a sphere of radius a with center at (0,0,0) and z +y + z = 0 is plane
passing through (0,0,0). So, their intersection C'is a circle with center at (0,0,0) and radius a. From the
property of symmetry, we know that [, 2%ds = [,y*ds = [, Z%ds , that is, if (p,q,7) € C then

(—q, —p,—7r) € C (symmetry property). At (p, q, r) we have value p?ds at (p,q,r) € C for the integral
Jox*ds and at (—q, —p, —r) we have value p*ds at (—¢, —p, —r) too for the integral [, y*ds. Since C'is a
close path and the orientation of the line integral of the first kind is insignificant, we have

Joa?ds = [, yPds. Thus [, a%ds = 5 [, (2® +y* + 2%)ds = 5 [, a’ds = @ = %



1.2 Line Integral of The Second Kind

Consider a vector field F' = Fi(x,y, z)f—l— Fy(z,y, z)j—l— Fs(z,y, z)l; and a smooth curve C. Let A and B

be two points on the curve C.

Divide AB into n small segments. Let the i'" segment be from P; (z;, s, 2;) (Position vector 7;) to
%
Pii1 (%1, Yiv1, zir1) (position vector 7T+1> =73+ 0r;). At P; let the vector field assume the vector
F=F (24, Yi» %) i+ Fy (Qii,yz',zi)j‘i‘ F3 (5,3, %) k. Let P = {677 :1 <i<n},
= Fle1 <4< mntb.
1Pl = o 1671 < < )

The line integral of the second kind of F along C' is defined to be
[ F-dr= [,,F-dF= lim Y0 F-0F;

|P|—0

Remark:

A major difference between Line Integral of The First Kind and Line Integral of The Second Kind is:

For Line Integral of The Second Kind, the orientation of the integration along the curve is significant

and [, F.di=— [ o F' - d7, however, for Line Integral of The First Kind , the orientation of the

integration along the curve is in significant and we have [, fds = [, fds.

Example

|07;| cos @ represents

If E is an electric field and a unit charge moves from A to B along C, EZ 0T = ‘E,
the work done by the field in moving the charge from P, to P, (approximately). Hence [ e E - dF

represents the total work done in moving the charge from A to B, that is, the potential difference

between A and B.



The curve C is called the path of the integral. If the two end-points coincide (that is, A = B) we say we
have a closed path and usually write j;c F . dr

By convention we go anticlockwise around a closed path.
Usually a curve is given in parametric form = = x(t),y = y(t), 2 = 2(t),t1 <t <ty and we write

7(t) = x(t)i + y(t)] + 2(t)k, t; < t < ts, where ¢ may be the arc length.

Example
z(t) = acost
y(t) = asint , where 0 < ¢t < 27 describes the circle 22 + y? = a? lying in the plane z = 1 in positive

z=1
sense (anticlockwise). Note that t is not the arc length here.

We may then evaluate the line integral as
fC’F_: . dF: fcﬁ . %dt = §C |:F1(x7y7z)z+ FQ(:C,y, Z)j—i— Fg(x7y’ Z)];:] . <%;+ Z—ZZ;—i— %]g)
= 35‘0 [Fl(x,y, Z)(Cil—f + FQ(I7 Y, z)% + ]4”3(1;7y7 z)fl_ﬂ dt



Example
Determine the work done by the force

F=F\(z,y,2)i + Fy(z,y,2)] + Fs(x,y,2)k = (z2 —y) i+ (y2 — 2) ] + (22 — 2) k in moving a particle

from A(0,0,0) to B(1,1,1) along (i) the straight line C} : x = y = z , (ii) the curve Cy : V= xj
z=ux
Solution:
x=t Cfif =1
(i) Choose the parametric representation ¢ y =¢0<+¢ <1 ,then Z?Z =1.
z=1t fl—j =1
[ F- dr—fc F-
= Jo, (Bila(t), y(0), 207 + Bl (®), y(8), (01 + Falo(t), y(t), 2(O1F) - (%7 + %] + £F) b
= Jo, (Rl (0] + Fela(t), y(t), 2(0) G + Fla(t), y(t), 2(1)] ) dt
= [(* )><1+(t2—t) L+ (82 —t)x 1]dt = [ 3(t* —t)dt = —1
T=t Z—f =1
(ii) Choose ¢ y=1¢2,0<t <1 ,then ¢ & =2
2=t & — 3¢2

fo, Fodi= o, F et = [, (Fi+ Baj + BF) - (%0 + %5+ d—f%') dt = §, (F1 + B 4 Fy) dt
= Jo (2 = 82) + (t* = £3) 2t + (1° — ) 3% dt = [, (3t° + 267 — 24* — 3t%) dt = — 2
Note that the value of the integral in this case depends on the path taken (but not the parametric

representation chosen).



If we had integrated from B to A the results would have been % and % respectively, that is,

Jas F.di=— fBAF_” - di along the same path.
z

B(LLD)

4(0,0,0)

X

Hence, if C is the close path from A to B along C; and then back to A again along C , the result is

$oF-di= [ F-di+ [ F-di= [, F-di— [ F-di=—5-(-5)=—g
And this result is independent of the starting (= finishing) point.

An alternative notation for line integrals is

L@ﬁw%ﬁmﬂhwg+&@mmﬂwﬁ+m®:kﬂm+g@+&m

Remark: f the parametric representation for C'is C': ¢ y = y(t), t, <t <t; , then one of the



Example

Evaluate [, <y2f—|— 2xyj> (dxi + dyj) = Jo y*dx 4 2xydy from the origin (0,0,0) to the point (4,2,0)
along the paths:

(i) a straight line,

(i) the parabola y? = =,

(iii) part of the z -axis and then the line z = 4.

This is equivalent to evaluating [, F - d7, where F = y2i + 2zy].

Solution:

)

YA

Ci:y=32,0 <z <4 then % = 1 therefore dy = 1dx
Jo, v?da + 2xydy = [, (%)de + 22 (%) idw = f04 (%2 + %2) dr = f04 %dw = % =% _ 16

(i)

YA

zq._

Oy y? = 2,0 < 2 <4 then 2ydy = dx.
Jo, v?da + 2xydy = f04 rdx + xdr = f04 2edr = 22|y = 16
(iii)



YA
2
7y 4 > x
y=20 r=4 y=20
032031+032, where 0311 ,0321 . For 0311 we have dyzO,
0<xr<4 0<y<?2 0<x<4
=4
for (s, : dxr = 0.
0<y<2

sz y2dr + 2xydy = f031+032 y2dr + 2xydy = f031 y2dx + 2xydy + fc32 y2dr + 2xydy = f032 y2dr + 2xydy
2
= [, 8ydy = 472 =16

Is this just a coincidence? Unlikely!
If a field F is such that fAB F - dFis independent of the path from A to B, then F is said to be a

conservative field.

P
C

Consider fo F - d7 around any closed curve in a conservative field. Then

fc Fedi = fAPBQA F-dri = fAPB ﬁ'df+fBQA F-di = fAPB F"df’_ffBQA F-dr = fAPB ﬁ'dF_fAQB di = 0

in a conservative field.

If F = Vi, where ¢ is some scalar field, then



Jup Bdi= [y Vo di = [ (%7 + 527 + 268) - (%7 + %7 + k) dt = [, (362 + 9% + 22 %) at

= fAB d@dt B) - SO(A) A:(m:yl ) 2 ($2,y2,z2) — ¥ (xlaylyzl)
B=(12:y2122)

, independent of the path from A to B. Hence if F = Vo, F is conservative.

Example

Show that F(z,y,2) = Fi(z,y,2)i + Fa(z,y,2)] + F3(z,y, 2)k = y* + 2zyj + Ok is a conservative field
and hence evaluate [, F - dF along any path C from (0,0,0) to (4,2,0).

Solution:

F(z,y, z) is conservative if F = Vi = 8% +32 j + 8“"/{: Then (i) y? = g—f, (ii) 22y = 52 and (i) 0 = g—f.
Integrating (i) we have ¢(z,y, 2) = y*x + f(y, 2), where f(y,2) — an arbitrary functlon of y,z.

Then % = 2yx + af Matching with (ii) shows that 8f =0.

So f = g(z) and ¢(z,y,2) = y?z + g(z).From (iii), 0 = 82 =¢'(z) and g(z) = C.

It follows that ¢(z,y, 2) = y?z + C. Hence [, F - dif = (4,2,0) — ¢(0,0,0) = 16.

Note that f() F - d is the circulation of F around C and so an alternative definition of curl F is
- Fdi\ - Fdi\ - Fdr\ -
curl F' = <lim A0 ey " > i+ (lim A0 fCQAQ > j+ (lim A0 fC3A3 ) k, where C;, Cy and Cs are curves

parallel to the yz-plane, xz-plane and xy-plane respectively around a point (x,y,z) and A;, A; and Asz are

the areas enclosed by these three curves respectively. But fc F.di=0if F is conservative, and hence

curl F' if F' is conservative.



.. . = = . . = .
In fact it is also true that if curl F = 0 everywhere, then F is conservative (and F' may be written as

V¢ ) and this is sometimes taken as an alternative definition of a conservative field.

This gives us a very convenient test for deciding whether F' is conservative or not. We see if curl F' is

zero vector or not.
Hence the following are all equivalent:

Theorem

Let F be a vector field defined over the whole space.

) F' is conservative.

i) [,p F - d7 is independent of the path.

iii fc F - dF = 0 around any closed path (circulation is zero).

iv) F= Vg@ for some scalar field .

V) fAB ~dr'= p(B) — p(A).
FoT

(i
(
(ii)
(
(
(

vi) curlFF = 0 (F is irrotational).

Example

The electric field E and potential ¢ due to a point charge at the origin are E = yr= rﬁg and ¢ = 47?50%
where E = —Vy = V(—¢). Hence E is a conservative field. This is consistent with the work done in

moving a unit charge from A to B being the potential difference ¢(A) — ¢(B) between the points and
independent of the path taken between them.

Example

Show that F = yzi + (xz + 2y)j’—i— xy/g is a conservative field and find a scalar function f(z,y, z) such
that F = V.

Proof:

10



A S
0

ox oy

T Tz - z T 2 Tz 2)| 1. r~d
_ 659;/) o 8?:23;)] T [ag,z) 659;/)] j [a( +2y) Ay )] e

Q

7| o
curl F = = b =
yz xz+2y wy
Thus F (x,y, z) is conservative and a scalar function f exists such that F=V/.
Let F' = yzi+ (vz2+2y)j +wyk = Vf = i+ 37+ 5Lk, then. (i) 3L = yz,(ii) § = w2+ 2y, (i) 3 = =y.
Integrate (i) we have f(x,y, z) = zyz + g(y, z).Match with (ii) we have g—g =xz+ g—z = xz + 2y. Hence,

9(y,2z) = y* + h(z) and f(z,y,2) = zyz + y* + h(2). Match with (iii) & = zy + W/(2) = ay.
Hence 1/(z) = 0, therefore h(z) = ¢, ¢ is a constant. And f(z,y,2) = zyz + y* + c.

11



2. Surface integrals

2.1 Surface Integral of The First Kind

Consider integral of the form [ g(x,y, 2)dS, where g(x,y, z) is a scalar field, which is known as

the surface integral of the first kind, and can also, arise in its own right.

Example
(i) If g(x,y,2) = 1, then [[,1dS is the surface area of S.

(ii) If g(x, y, z) =electrostatic charge density, then [f1dS =total charge on S.

To evaluate this integral suppose we project S onto one of the coordinate planes where the surface
integral becomes a double integral. Suppose the surface is given implicitly by ¢(z,y,z) = 0 and we
decide to project S onto the xy-plane, where its projection is the region o,,. Let v be the angle between

the normal n to 65 and k, that is, cosy = 7 - k. Now dzdy = 65| cos~| = 057 - k|, therefore 65 = 2%

|7i-k|

and in the limit, we have [[¢ g(x,y, 2)dS = [[qg(x,y, 2) Z=dady = ffgzy g(x,y, z(x, y))—wdxdy.

|-k =]

i C‘wgn\ 58

LA~ 8xBy

12



If the surface is given explicitly by z = ¢(z,y), then dS = —dedy = /1 +¢: + ¢;drdy and

1]
[Js9(z,y,2)dS = ffory 9(7,y,2)\/1+ ¢2 + ¢2dxdy.

Example

Compute [/ 5 ydS where S is the part of z = z(x,y) =z + y? whose projection onto xy-plane is the
region 0., : 0 <2 <1,0 <y < 2.

Solution:

The projection of S onto xy-plane is the region 0., : 0 <2 < 1,0 <y < 2.

So dS = mdxdy = \/T(Qy)?dxdy = \/dedy.

Therefore

JJsydS = ffawy y\/rély?dxdy = fol (fo2y\/mdy> dr = fol [f02 %\/Wd(z + 43/2)] dx

2 .
= [T1(2) (24 42)? dr= i (18% - 2%> dr = L (18% - 2%) = 127(2v/2) — 2v/2] = 522 — 132

Example
Compute [[o(z +y+ 2)dS over the surface S : 2° +y* + 2° = a®, 2 > 0.
Solution:

Since we are going to project the open surface S : 22 + y? + 22 = a?, 2 > 0 onto xy-plane, we will use the

formula [[¢g(x,y,2)dS = ffgzy g(x,y, Z)—Wdl‘dy.

|-
The projection of 22 + y? 4+ 2% = a?, z > 0 onto xy-plane is o,,, which is 2% 4+ y* < a?.
2 2 2 2 . o . (b(l', y? Z) = 0 .
Let o(z,y,2) = x* + y* + z° — a®, then the surface S is just the equation : , that is,
z2>0

22 4+ y? + 22 = a,z > 0 and this equation defines z as an implicit function of z, y. Also,

0, 0 0\
5 = 27,52 =2y, 52 = 22 And

13



dS = \/ded —V 4z? +4y2+4z2d dy = gdl’dy = g—ZdlCdy = %d!l?d’y

= —dxd
v\ a2—x2— y

Or you can ﬁgure out in the following way, of course, the following method requires more being able in

mathematics:

2
ds = \/1 + (g_;)? + (2—2) dxdy = \/1 + (5)2 N (%)qu:dy — \/ﬁdxdy
So

ffs(xy,zdS:ff%y<x+y+\/ —x2—y> — :1:2 dxdy
= [ f_a%;fm (a:—i—y—i—\/ —xZ—y> — z2 dy]dw

2

__ ra VaZ—z2 g (z+y)d _ ra a’—ux axdyffd(a —z2—y )

- f—a f Va2 —z2 \/az i/Q = + ady:| dr = f—a 5 5 \/&27I2 + ady dx
—Va?—z

a Va2—z2 ax a?—z2 *d —z2—y Va2—z
= f—a f Va2 —x2 \/az f; :| f |:f Va2 —z2 \/az 22— ):| dz + f [f—\/a2—x ady] dx
Observe that

fa a2 — 22 azdy de _ fa ar l dy dr
—a \ J—va2—2? Va2 —a2—y? = —a -l f12_,2

N —y
=12=a?—2?
a . a? — z?
= [ ax (arcsin 4= ) | dx
J —aarcsin & e 2 2
1/12 - 1] —Vva s —x
. /a2 —12 c o —VaZ—z2 __ra . .
= f_a ax (arcsm V= —arcsin D=5 ) do = [, axlarcsin 1 — arcsin(—1)]dx
a . T a
= ar |5 — (—5)| dor = arzdr = 0
f [ ( 2)} ffa amx is odd
Vai—zZ %d anx —y ) a 5 3 3 Va?—z?
f f\/2 . d:)::f ar/a®> —x? —y dx

e [GW 2t (V= 2) —ayfa? — 2t (_m)ﬂ dz = [* 0dz =0

14



[ <f_\;% ady) de = [ 2ava? —22dz = iseven da [ Va? — a2dx

2ava?—x2
2 _ 2 2 iy L

f\/a2_ac2dz:%<m\/a2—x2+a2arcsinﬁ) |:2(L (I a L7+ a” arcsin |a‘>i| 0

= 2a% arcsin ¢ — a® arcsin ¢ = 2a® x T = 7a?
Assume a>0 a @ 2
Therefore,

a Va?—z? ax Va?—z? *d a Va?—z?
ffS(ZL’—i—y—i—Z)dS - f, |:f \/(1,27.’172 a2 ig y :| f |:f \/CL27(E2 a2 r2— y >:| dx—i_ff |:f va2—z2 a
= 1a’
Or
ffs(x+y—|—z)d5:ffa (x+y—|-\/ —x2—y) . dacdy
. 27
= Iy [f (rcos+rsinf + ﬁ) rd@] dr = [§ <\7}‘;§sz - \775059 + m9> . dr
=rsinf

diydyzsrdedr

Assume a>0

= |y 2mardr = (mar?)|; = ma®

15
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2.2 Surface Integral of The Second Kind

Consider a vector field F and a surface S in the field.Divide the surface into N small area elements 0.5;
(Approximately flat). Define 65; as the vector whose magnitude is 65; and whose direction is normal to
the element of surface 0.5; (usually outwards if S is closed). Then 53 = 531-52, where ﬁz} is a unit vector
normal to the region 6.5;. Let F’Z be the vector field evaluated at some point on 9.5;.

Then ﬁl . (55} = F’Z <05 = F’Z 0S; cos 0 represents the flux of F through the element of surface 45; . We

define the total flux of F through S to be the surface integral of the second kind
[[o F-dS =limy o S0, F, - 65

Example

(i) If ¥ is the velocity field of a fluid, [, 7 dS represents the total volume of fluid crossing S in a unit
time. Replacing ¥ by pv/ (p = density) gives mass flux.

(ii) If J is an electric current vector, [[. s J-dS represents the rate at which electric charge crosses S.
(iii) If £ is an electric field vector, [, E - dS represents the electric flux through S.

(iv) If ¢'is a heat conduction vector, f f e ds represents the rate at which heat flows through S.

16



Example
Evaluate [/ F - dS where F = 2% + zyj + 22k and S is the surface of the cube bounded by
r=0r=2,y=0y=2,2=0,z = 2.

Solution:

! F
D (o
OE 2
PR e E Y
5.
A B

We observe that the surface S of the cube is a close surface. A close surface S is a surface which divides
the space into two parts, one has finite volume and the other has infinite volume. For a close surface S
the normal to S is always assumed to be the outer normal which is directed from the part with finite
volume to the part with infinite volume.

If a surface S is not a close surface then it is called an open surface.

We integrate over each face in turn and sum the results.

For the face ABCD:

—

dS = dydz, the outward normal 77 = 7,z = 2.

Jasen F-dS = Jasen <I2Z+ wyj + Z2E) S = [ apep©dS = f02 [f02 226@] dz =16

For the face BEFC"

dS = dydz, the outward normal @ = j,y = 2.

Hpere F-dS= Hpere (xQZ"" yj + Z2E) jds = JpprcTydS = foQ [foQ 2‘7“12] dx = f02 dvdr =8

Similarly, [[ezqp F-dS =16, Joere F.dS = JJoane F-dS = JJoanse F-dS=0.
Hence ffsﬁ - dS = 40.

If part of S is not parallel to one of the coordinate planes, we proceed as follows:

17



If the surface S is written as ¢(z,y, z) = constant then Vo = tgradyp is normal to the surface and hence

the unit normals are

20 | Z0p | 1.0p
i5- 4750 k52
T_i — :t oz dy Oz

V(@) (%) (%)’

If the surface is given in the form z = ¢(x,y), define ®(z,y,2) = z — ¢(x,y), then

O(z,y,2) =2z — ¢(x,y) =0 < z = ¢(x,y), the unit normals are

- B TREk TR L ek
VO3 +(30)° =5 (3 (5"
y="3y
9% _q

0z

Let C : 7(t) = a(t)i + y(t)] + z(t)k, —0 < t < § be a curve in the surface S : ¢(z,y, z) = 0, that is,
ola(t),y(t), 2(t)] = 0, -8 < t < 8, and 7(0) = z(0)7 + y(0)] + 2(0)k = 207 + yo] + 2ok. We would like to
show that £V (zo, Yo, 20) is perpendicular to the tangent to C': 7(t) = z(t)i + y(£)] + 2()k,—6 <t < §
at (o, Yo, 20), that is, 2V (0, yo, 20) is perpendicular to the tangent plane 7" to S at (xo, yo, 20), that is,
+V o (20, Y0, 20) is perpendicular to S at (xo, Yo, 20)-

plz(t), y(t), 2(t)] = 0,—0 < t < § where § > 0= Lo[x(t), y(t), 2(t)] = 0

Opdr | Opdy | Opdz _ ¢ dz Op dy dp dz _ _
:8xdt 8ydt+8zdt_0$ dt\tzo—i_ + =0

T = Ty T = Zo = %o
9z y = yo Wl Y= Yo %Y=
2 =2 Z= % T
= £V (20, Yo, 20) - <%|t=0;+ Ccll_ztllt=0;+ %“:()E) =0

There are two normals to the open surface at each point which are of the same magnitude but are of

18



opposite directions. The ways to decide the required normal are explained through examples:

Example
Consider the surface S:¢(z,y,2) = 2* + y? + 22 = a?, 2z > 0 (the upper sphere).
At the point (x,y,z), there are two unit vectors (normals) which are perpendicular to the surface S:

&(z,y,2) = 2* + y* + 22 = a?, where z > 0. They are the vectors

vy _ E(eitdyite-k) R S P S Sy o W Gl T sl)
Vel VB2 +d2 442 VA2 [ e3+ el /2402 +62 2a

=+ <£;+ Q;%— 513) = +[(cos a)f+ (cos B)] + (cos7)k]

.where « is the angle between ~

o4l ¢| and the positive direction of x-axis (or the angle between V¢ and the

positive direction of x-axis ) , 3 is the angle between ~2 and the positive direction of y-axis and ~ is the

\V¢>|

angle between ~2 and the positive direction of z-axis.

\V¢|

So cosine of the angle between the normals and the positive direction of x-axis is
— 4%
*cosa ==+ T

So cosine of the angle between the normals and the positive direction of y-axis is

+cosff = i—\/m

So cosine of the angle between the normals and the positive direction of z-axis is

+cosy ==+ bz

\/ P2 +p2+2

We observe that the outward normal at the point (x, y, z) to the upper sphere

22 +y? 4 22 = a2

z>0
makes an acute angle 6 with the positive direction of z-axis, so cosf > 0 , therefore the normal we need

g Ty YT z)
is 21+ 25 + k.

19



' _ 2+ y* 4 22 = a?
As for the inward normal at the point (x, y, z) to the upper sphere makes an acute
z>0

angle # makes an obtuse angle # with the positive direction of z-axis, so cos < 0, therefore the normal
we need is — <§Z+ %;+ §E>

o ' 2+ y?+ 22 =a?
Similarly, the outward normal at the point (x, y, z) to the lower sphere makes an
2 <0

obtuse angle 6 with the positive direction of z-axis, so cos @ < 0, therefore the normal at the point (x, y,
x2+y2+z2:a2 T T . .
z) to the lower sphere 0 we need is i + 25 + Zk (note: z is negative).
z
. ' 2?4 y? 22 = a?
As for the inward normal at the point (x, y, z) to the lower sphere makes an acute
z <0

angle 6 with the positive direction of z-axis, so cos @ > 0, therefore the normal at the point (x, y, z) to
22y + 22 = a? e e . .
the lower sphere we need is — (fz + 45+ §k> (note: z is negative).
2 <0
[

We call the normal to a surface S: which makes an acute angle with the positive direction of z-axis an

upper normal. Also we call the normal to a surface S: which makes an obtuse angle with the positive

direction of z-axis a lower normal.

If the surface S given is an explicit function z = ¢(z,y), then the normals to surface S at the point

B . o - £(Pait®yj+@:k)  £(—dai—gyi+k)
(x,y, Z) - (xvya gO(iL',y)) 18: q)(l', Y, Z) =z ¢(37, y) - 0 = \/¢%+¢5+¢2 - \/¢%+¢§+1

Once the normal to the open surface has been decided, we have

= s [ 55
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Now we are going to make a few concluding remarks on the ways of computing the surface integral of
second kind, that is, compute [ f(x, Y, 2) - dS, where ﬁ(x, Yy, z) is a vector field defined on S.

Suppose the surface is given implicitly by ¢(z,y,z) = 0 and we are going to project S onto xy-plane with
the projection, the region o,,. Assume we have chosen the normal n to S at the point (x,y,z) by

considering the cosine of the included angle between the normal and the positive direction of z-axis.

—

Then [[g F-dS = [[(F-7idS = [[{F-52dS = [[, F-EEededy = [, F-(+Ve)ldedy

Whether the positive sign or the negative sign is chosen is depending on the problem raised.

In addition, if the surface is given explicitly by z = ¢(z,y) = 0 nd still we are going to project S onto
xy-plane with the projection, the region o,,, then
73 5= 5 E(—dal—¢yitk)

= E(—pai—yitk) \/92+2+1 L . Lo
IS, F- (\/¢%+¢§il WA oy = [, F- [ (=i — 67 + )| dady

Example
Evaluate [ F - dS where S is the closed surface of the region bounded by the cylinder 22 + 22 = 4 and

the planes x =0,y = 0,2 =0 and y = 4, andﬁ:zf—l—z}—ylg.
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Solution:
Consider first the integral over the curved surface BC'ED which is the level surface ¢ = 22 + 2% = 4. The
curved surface is projected on xy-plane with the projection o, which is the rectangle OADE bounded
by y=0,y=4,2=01=2.0=1>+ 22 = Vi =221 + 22k, p, = 22
= = - e Pt - P 4
[ F-dS = [[,opp(zi + 2] — yk) - (21 + 22k)5-dedy = f02 [fo (x — y)dy] dr = —8
The other surfaces are all planes and give the results
Joapc F-dS = =8, [[oupp ¥ -dS =16, [[opo I+ dS = _g’
ffABDﬁ~d§:%Withsumffsﬁ-dgz()

Example

Calculate ffs F - dS where ﬁ(af, y,z) = —92i — 2]'— 2]2, the open surface S is the part of the plane

r + z = 1 which is enclosed by the cylinder 2% + ? = 1 and the normal to S is pointing to xy-plane.
Solution:

Let ¢(z,y,2) = x + z, then Vo = %;%— %5;’—1— %Ezh—%amd g—‘; = 1,2—2’ :0,%‘5 =1.

Since the normal to S makes an obtuse angle with the positive direction of z- axis, we choose 77 = %
or the direction —Vp = —i— k.

And we are going to project S onto the xy- plane and the projection, say, 0,,. The following formula will
be used:

Ifs F.dS = ffgzy F Y2 dpdy = ffgzy —F - Vdazdy (note that |¢,| =1)

oz
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= [f, —F-Vededy = [[, (2(+2]+2k) - ((+k)dedy = [[ ., .., ddedy = [§ [ Jm 4”19} dr = 47

Example

Find ffsﬁ -dS, where F(z,y, 2) = 2%yi — 3zy*] + 44k and S is the part of z = z(z,y) = 22 + 3> — 9
whose projection onto xy-plane is the region o,,:

0<x<20<y<1 Thenormal to S at (x,y,z) we choose is the lower normal, that is the normal which
makes an obtuse angle with the positive direction of z-axis.

Solution:

The direction of the normal is the same as the direction of —(—QxZ— 2] + E)

since the normal to S at (x,y,z) makes an obtuse angle with the positive direction of z-axis.
I/ <x2yf— 3zy?) + 4y3/;> - dS = ffazy (ny'f— 3ry?) + 4y312) (27 4 2y] — k)dady

= J[,., 2% — 6y’ — 4y®) dedy = [ [fo1 (22°y — 6y — 4y°) dy] de = [; (z%* = 3wy — ¢

9 2
= [7(a® — 32— 1) de = (%‘%‘x>’0:4_3_2:_1

1

dx
0

Example

Find [/ F-dS where F(z,y,2) = (y— 2)i + (z — x)j + (z — y)k, S is the close surface which is bounded
by 22 + y? = 22&2z = h where h > 0.

Solution:

For a close surface if the direction of the normal is not specifically mentioned, then it is understood that
the normal is assumed to be outward.

2 2 2
¢+ vy < h
S consists of two parts, say, S; : 2% + y? = 22, where 0 < 2z < h& S, : Y

>

z =

J[gF-dS=[[, F-dS+ [[, F-dS
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For [, s, F-dS , there are two directions which are perpendicular to Sy, they are £+ gradient, i.e. £V ¢:
d(r,y,2) =22 -2 —y = £V =+ <8¢2 + 8¢ ‘%k) +(—221 — 2yj + 22k)

Since the question requires the direction Wthh makes an obtuse angle with the positive direction of
Z-axis,

—Vo¢p=— <8¢2 + d¢ 3¢k) (—2x;— 27 + 2z/2) = 227 + 2yj — 22k is the direction we want.

We project Sy : 22 + y? = 22, where 0 < z < h onto xy-plane, we have o, which is 0., : 22 + y* < h%
Then

ff ﬁ-dngfamyF dxdy—ff (y—2)i+ (z—2)] + (& — )"].(2xf+|2§;;—2z1¥)dxdy
( -\ 2+y) y(v x24y? fx) B _
= ffamy ( \/x2+y + \/z2+y2 (ZE y) dl’dy
— 0 fo <rcos€(rrs1n9 r) + rsin@(r;r cos ) iy cosf + - sin Q) Td?”i| do
or [

= Jo foh(T’COSQSiHQ—TCOS@—i-TSin@—T’COSQSiH@—TCOS@—FT’Sin@)T’dT} do

2w

- h
= " (22 cosO + 22sin0) dr| df = [*™ (=213 cosf + 2 ar 3sinf)| db
0 0
0

0 3

= f0271' 2h3(— cos 6 + sin 0)df = 2h*(—sin 6 — cos 0>|0ﬂ _0
I : z? +y? < h? . . 2 2
For ff52 F-dS, S, is whose projection of onto xy-plane is o, : 2° 4+ y* < h.
z=nh

Since the outward normal to S; makes 0 radian with the positive direction of z-axis so k is chosen.
The projection of Sy onto xy-plane, is 0., : 2% + y* < h%

So

I/s, F.dS = ff F - kdzdy = ff — y)dxdy = fo% [foh(r cos ) — rsin G)Tdr] df

= fo (cos® — sinh) %r?"o df = f027r %h?’ (cosf — sin@)df = 0
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Finallywehaveffsﬁ-dgzffslﬁ-d§+ffs2ﬁ-d§:0m
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3. Surface Given Parametrically by Three Equations (Optional)

Let a surface S be given in space. The surface S can be represented parametrically by equations

x=z(u,v),y = y(u,v), 2z = z(u,v), where u and v vary in a region R,, of the uv-plane.

Let 7= z(u, v)i 4+ y(u, v)] + z(u, v)k, then the surface area element dS is given by dS = |rodu x Tpdv|,
where 7, = g—zf—i- %j—i— %l;, Ty = g—ﬁ?—i— %;—l— %IZ.

Observe that

|Pudu X Fydv| = \/(Fudu X 7ydv) - (Tadu X Tadv) = /(e X T2) - (Ta X 73 )dudv = /|7 % 7, dudv. And
|7, % 7|* = |7 |7,|? sin? (the angle between 7, and 7,) = |7,|* |7,|* [1 — cos? ( the angle between 7, and
) =17
[ @) (8] (27 (207 (8] - (2ot 4 2 4 a2y’

= /|7 x 7P dudv = VEG = Fdudv, where B = (%) + ()" + ()G = (2)*+ (22)° + (&)°,
TR T

The area of the surface then is given by S = dS = [[, VEG — F2dudv.

> — |7, [* |7,]? cos? (the angle between 7, and 7,) = |F,|* |7, — (7, - 7)?

Example
. . Pyt t=4 .
Find the area of the part of the upper hemisphere which is enclosed by the cylinder
z>0
4y =1
Solution:
. . . . vty 42t =4
Using spherical coordinates, the upper hemisphere can be represented

z>0
parametrically by

xr = 2sinpcost,y =2sinpsinf, 2z = 2cosp where 0 < 0 < 27,0 < p < 7.
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‘ vy =4 .
The part of the upper hemisphere which is enclosed by the cylinder 22 + y* = 1 can
z>0

be represented parametrically by z = 2sin¢cosf,y = 2sin psinf, z = 2 cos p, where
0§8§27r,0§<p§%.
And £ is found by the following way:

Ayt 42 =4

z>0 :>z2:3:>z:\/§.Thereforez:2008¢:\/§:>cosg0:\/ngﬂp:%
4yt =1
2 o0\ 2 2
E (g—;) +<WZ> +(£> = 4 cos? pcos? § + 4cos? psin? O + 4sin® p = 4
G = (‘g’of)z + (8—3)2 + (%)2 = 4sin® psin? § + 4sin? p cos? O = 4sin?

_ Owdr | ydy | 9z 0=
F=£%Z4 +

So
S::j]ﬁwx/ﬁk?——ﬁqdpdezzﬁﬁ[jg”\/16$n2@d9}d¢
=27 fog V/16sin? pdp = 27 fog 4sin pdp = (8 — 4v/3)7

= 4sin p cosf cos psinf — 4sin @ sin f cos p cosf = 0

Let the surface S be represented parametrically by equations x = z(u,v),y = y(u,v), z = z(u,v), where
u and v vary in a region R, of the uv-plane, the surface integral of the first kind for f(x,y, z) which is
defined on S is given by [f, f(z,y,2)dS = fle fz(u,v),y(u,v), z(u,v))vV EG — F2dudv, where

) 2 2\ 2 2\ 2 2 2\ 2 x Ox z Oz
E=(5)+(3) +(5) .G=(5) +(G) +(F) F=58%+aa+55

u Ov

Example
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Let the density p(z,y, z) of the upper hemisphere at (x,y, z) is
z>0

p(r,y,2) = /2?2 + 2.

. . Ayttt =4 .

Find the mass of the part of the upper hemisphere which is enclosed by the cylinder
z>0

224+ y? = 1.

Solution:

Mass = [, , fa(u,v), y(u,v), 2(u, v))VEG — F2dpdd
=[5 | [7"\/4sin? @ cos? 0 + 4sin® psin® 04/16 sin? pdf | dp = G| (27 /4sin? 0/ 16sin® pdf | dp
o [Jo o |Jo

= 167, sin® pdp = 167 [, =022dp — 167 (5 — 222) | £ = 167 (5 — )

Suppose the surface S is represented parametrically by equations z = z(u,v),y = y(u,v), z = z(u, v),
where u and v vary in a region R,, of the uv-plane.

Then the unit normals to S at (x,y,z) is :

[(Q28z—9u 92 )7y (920292 02)7 (g2 2u_ 92 2u )]
Ou dv___ Ov du Ou Ov___ Qv du Odu Ov___ Ov Ou

mu x| VPP = (Fu-)?

0(.2) 7, D) 7, Aaw) T
4 IR RAR ICRDEAR ORI

VI +E (813 + (3 +(3) ] -(B g e e 5252

O(.2) 7, 0(za) 7, Naw) |
_ 4 Btw) ot Btun

VEG—F2

The normal chosen is decided by the included angle between the normal and the positive direction of

some axis. For instance, if the normal is making an acute angle with the positive direction of z-axis , then
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we have i% > (0 and whether the + sign or — sign chosen is depending on the inequality, say if g((%"zg

O(y,2) 7, O(zx) 7, O(zy) 1
a(z,i)"*‘a(i,z)J‘*‘a(i,g)k)

is negative, then 17 = — ( Ve

Example
Let F' =i. Find I/ F - idS where S is the portion of the sphere 22 + y% + 22 = 4 enclosed by the planes

= Tr — = 0
z=1,2=—3, Y and Y , 17 is the unit normal to S pointing to the origin.
x>0 x>0

Solution:

Using spherical coordinates, S , the portion of the sphere 22 + 4% + 22 = 4 enclosed by the planes z = 1,

2= —/3, i and i be represented parametrically by
x>0 x>0
T =2sinpcost,y =2sinpsing, z =2cosp where 0 <0 < 7,5 < p < %”.

0.2) 7, 0(z2) 7, D(aw)

S - o) 7, S |
[ F-7dS = fpra Flz(p,0),y(p,0), z(p,0)] - £2£2 \Z%‘?;z A2l \/EG — F2dpd
= [[5,, Fle(0.0),y(¢,0). 2(0,6)] - £ (S((};’;))z' + Jedj 4 Sey k) dipdo)

. ) P . .
x = 2sin pcosf ﬁchosgpcos@,a—z:—Qsmgpsme
y=2sinpsinf = g—Z:QcoscpsinQ,%:2sing0cose
_ 0z __ 9 0z __
z=2cosp 9 = 2sinp, 5 =0
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2cospsinf  2sin pcosf

g((f;’;)) = = 4sin? ¢ cos b,
’ —2sinp 0
—2sin 0
gg;’zg = 4 = 4sin? psin 6,
’ 2cospcosf —2sinpsinf
2cospcosf 2sinpsinf
ggz’gg = 4 4 = 4 sin ¢ cos p cos? ) — 4sin ¢ cos psin® @ = 4sin p cos .

2cospsinf  2sinycosf

Observe that the normal 7 to S makes an obtuse angle with 7 and

2cospsinf  2sin g cosf -y 5
= =4sin“pcos >0for 0 <O < 7,2 <p<F
—2sing 0

therefore, choose — [g((y 'Z)) + BEZ I% J+ gg;zgg E} as the normal to S.

As a result,
Jfs F-7idS = [fy, Fle(e,0),y(¢,0), 2(5,0)] - (- [ng, ?+ detd 7+ 2EE] ) didt
oNy,z) 7 d(z,x) 7 g
, Fla(0.0).5(0.0),2(0,0)] - (= |57+ 3537 + 5] ) doas
57 —b

J=5 0 [ <4sm ¢ cos 07 4 4sin? gps1n93+4smgocoscpk)} dgp) de
3

vv

/\/\

I

S

o»
/N N

57 5 5m
_ (7 Y _ (1 5 B (e _ 6
= i fg 4 sin” @ cos 9d<p) do = [ (f% 2(cos2¢ — 1) cos 9d<p) do = [ (sin2¢p — 2¢) . cos 0db
= fog (sin 2 — 2% —sin 2 + 27) cosBdf = (sin T — 2F —sin 2F + 2F) sin b

_ (in BT 5t 2w 20\ 1 _ —3ox
—(sm3 3 —sing A+ )\f NG
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4. Divergence Theorem (Gauss’s Theorem)

The net outward flux of a vector field ¢ through a closed surface S'is [, U dS. If we take a point P and
surround it by a surface S enclosing a volume V' we have

Average flux per unit volume = % If OR dS

Now let V' — 0 so that the volume shrinks to the point P. The limiting value of the average flux per unit

volume is then the divergence of v at P. This gives an alternative definition of div ¢

div & = limy o (& [[;7- dS)

Divergence Theorem (Gauss’s Theorem):

For any closed surface S, enclosing a region V in a vector field F, IIf divFdzdydz = I/ F -dS, that is,

the total divergence of F from a volume V = total outward flux of F through S.
Proof:
Divide the volume V into N small blocks §V; with surface 9.5;.

For each small volume, We have approximately div F= %‘/i ffds,- F-dS or divEFsV; = ffdsi F- d§, that is,
div F6V; = total outward flux of F across §5;. Summing over all blocks and letting N — oo as 0V; — 0
we have LHS = [[[,, divFdzdydz For the RHS we observe that flux out of a face of one block equals
the flux into the face of an adjacent block, unless that face is part of the surface S. Hence for all internal
faces the flux cancels, leaving RHS = [, 5 F - dS and the theorem is proved.

Example

Verify the divergence theorem for F(z,y,z) = i + yj + 2k and the region bounded by z = 4 — 2% — 3?2
and the plane z = 0.
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Solution:

divF =3
o= 222 4*962*312
fffvddea:dydz:ffS (f04 Y 3d2’> = ff51(32)‘0 :ff513(4—x2—y2)da:dy
4 2 ™
I 3@ =y rar| do =3 [ (202 - %)‘Odez?)fj 4d9 = 24
y 7 sin

Now consider [ F - dS. For the circular “base” we have

I/s, (i + yj + zk) - (—=k)dzdy = [fs, —2dxdy =0 as z =0 on S

For the curved surface p(z,y,2) =2z + 22 +y?> =4,V = 2w + 2yf+ E, p, =1

I/s, F.dS = [, oy (i + yj + 2k) - (221 + 2yj + E)ldxdy = ffx2+y2§4 (222 + 2y + 2) dady
:ffx2+y2§4 (222 4+ 2¢y* + 4 — 2° — y?) dady fo[ 4+7’)rd@]dr:2ﬂ<2r2+%)‘22247r

= rcos@
y=rsin 6

Hence [ F.dS = I divFdzdydz

Example
Calculate [ F - dS where F(x,y,2) = ayi + (y2 + ea’22> 7 +sin(zy)k , S is the close surface which is
bounded by z =1—22,2=0,y =0 and y + 2z = 2

Solution:

32



It is difficult to compute [, s F-dS directly, by Divergence theorem we compute
1)22
fffv div Fdxdydz = fffv [ o (y e ) + 8(51”‘1" ] dzxdydzinstead, where V' is the solid enclosed by

Jy

The projection of V onto xz-plane is o,, which is bounded by z = 0,2z =1 — 2%. So

fffv divﬁdxdydz = fffv 3ydrdydz = ffgzz [ 027Z Sydy] drdz = f_ll folflﬂ [fO%Z 3ydy} dz) dor =
fl < 01_22 32— )2d2> dx

= [ =3 =2y de = =4 1 [+ ) - 8] de = 4 [ [0 4+ 30t + 30 — 7] do =
—fo 25 + 3zt + 322 — 7] dx

(—%7 B _ g +7x>‘;:—%—§—1+7:%

If you prefer to project V on xy-plane, [[[,, divFdzdydz should be as follows:

z=1-—2?
We observe that the surface z = 1 — 22 and the plane y + z = 2 intersect at the line and
y+z=2

the projection of the line on xy-plane is y + 1 — 2% = 2 & y — 22 = 1. The projection of V' onto xy-plane
is 0., which consists of two parts, say, 04y = Guy + Ouy, 04y 18 bounded by
r=-1,r=1,y=0,y—2*=1and 7, is bounded by x = —1,2 = 1,y — 2? = 1,y = 2. And over 7, he
upper surface of the solid is z = 1 — 2% and the lower surface is z = 0. Over 7, he upper surface of the

solid is y + z = 2 and the lower surface is z = 0. Thus
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JIy 3ydedydz = [f, [ Jy™ 3ydz] dudy + [ [ J; " 3ydz] dudy

=N [ ( ) dy| de+ 1 ()2 (S5 3ydz) dy do

= f [ L+ — x?) dy] dx + f_ll [f12+x2 3y(2 — y)dy] dz

e <- a —1—332)2 (=) do+ [ G2 =), de

= L4 (1 —a?)dr+ [ (4—3(1+m2)2+(1+x2)3) dz

= [13(1+222+a) (1 —a?)de+2 [ (4—3(1+22% +2%) + (1 + 322 + 32* + 2°)) do
= f013(1+:v2—934—1:6)d17+2f01(2—3x2+$6)d$:fol (7 —32% = 32* — 25) dx

_ _ .3 _3 5_;7‘1_ _q_3_1_ 184
_(73'j ™ — 5T 79”)0_7 l—5—5=7%

Example- Gauss’s Law

Gauss’s law for an electric field states that the total displacement flux (of 505) through a closed surface
equals the total charge within the volume enclosed by the surface, that is,

ffs ek - dS = fffv pdV ; where E is the electric intensity and p is the charge density.

Proof: Applying the divergence theorem to the LHS gives [ ek - dS = [J [, €0 div EdV = [Jf, pdV.
Since the region V is arbitrary, it must be true that ¢ divE = p, that is, div E = ﬁ, one of Mxwell’s
equations of electromagnetism. Since E = —V where ¢ is the electrostatic potential,

—divgrad ¢ = —ﬁ or V-Vp = V3p= p , V2 = arg + 8y2 + 8 =, which is Poisson’s equation. In a

region of no charge (p = 0) the electrostatlc potential satisfies Laplace’s equation VZ2p = 0. These are

important equations in electromagnetic field theory.
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5. Stokes’ Theorem

Stokes’ Theorem:

For any open surface S, having a closed curve C as its edge, in a vector field [[g curlF - dS = b F.dr
that is, the flux of curl F through an open surface S= the circulation around the boundary curve C.
Proof:

Divide the surface S into N small patches §.S; with edge 6C; and normal 77; . For each small area 4.5; we
have approximately curlﬁi ST = %Si 56601- F - dF or curlﬁi -1;05; = féci F. ﬁ"

Summing over all patches and letting N — oo as 6.5; — 0 we have LHS = ffs curl F' - dS. For the RHS
we observe that the flow along an edge of §C; is equal and opposite to the flow along that edge of an
adjacent element, unless that edge is part of the boundary C'. Hence for all internal edges the flow
cancels leaving RHS = fc F - d and the theorem is proved.

curl F,

N-—>w as &5, >0

Example

Verify Stokes’ theorem for F = 2xyf+ xQJ — xk where S is the hemisphere 22 + 3% + 22 = 1,y > 0

i 7k
o 9 9 9 | -7
VX F = % 3 =7
2oy 2 —x

Solution:
We project S onto the xz-plane where S,, is the disc 22 + 22 < 1. We choose the outward normal which
makes an acute angle with j. Thus for ¢(z,y, 2) = 2* + > + 2% = 1 we choose

Vi = 2xi + 2yj + QZE, oy =2y
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ffs curlF - dS = ffx2+z2§1j . 2gﬂ#@%ﬂz};dacdz = ffx2+z2§1 ldxdz = m

C' is the circle 22 + 22 = 1 in the xz-plane. According to Stokes’ Theorem, looking from the positive
direction of y axis the direction of the line integral along the circle 22 4+ 22 = 1 is anticlockwise. Let the
parametric equations of C' be z = cost,x =sint,y = 0,0 <t < 27w

[ F.di = fo% <2xy;+ %) — xE) : (Z—‘fﬂi— %j+ %E) dt = 027r sintdt = 7

Hence the theorem is verified.

Note the positive direction of C' taken in the zx-plane, relative to the normal of .S,

c (T

[
Example
= = - - = . . z? + y2 =a’
Compute §, F' - di where F' = (y — 2)i+ (2 — x)j + (z — y)k and C is the ellipse , where
SEES
a,h >0

The direction of the path C'is anticlockwise when looking from the positive direction of x-axis.

Solution:

For Stokes” Theorem, the index finger of the right hand represents the direction of the line integral along
the curve, the middle finger of the right hand points to the interior of the open surface which is enclosed
by the curve, that is, the boundary of the open surface and the thumb finger of the right hand represents
the normal to the surface which is closed the boundary. Notice the three vectors form a so called positive
triple.

According to Stokes’ Theorem we instead compute the corresponding surface integral rather than the

line integral. By Stokes’ Theorem §,, F-di = ([ 8 curlF' - dS , where S is the open surface with C' as its

boundary.
i j k
P 8 8 d — 9. _97 _ 9ok
curl F' = det = B = =—21—27 -2k

Yy—2z 22— T —Y

The normal to S : ¢(z,y,2) =2+ 7 = £Vo(x,y,2) = £ (%Z—i— %lg) =+ (%Z—i— %IZ>

a
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Since the direction of the line integral along the path C' is anticlockwise when looking from the positive
direction of x-axis and we are going to project the surface onto xy-plane according to Stokes” Theorem,
we have to choose +V ¢, that is, éﬂ— %E So

Fodi = [[.curlF-dS = [[.(—27 — 2] — 2k) - dS = 97— 97 — ok LR gy
fC S S T

7]
= [ oy can (=20 — 27 — 2k) - (gﬂ /Z) drdy = [[ioy e (=2 = 2) dady = =2 [[ o, _ 0 "todady
—2@ = —2ma(h + a)

24 42<q?2

Example — Green’s Theorem in the Plane

If the region S lies completely in the xy-plane, and F=Fi+ Fgf, then
curlF = (a—% — %> k,dS = kdxdy and we have

S curl B-dS = [, (%2 = %) Ededyli = [, (%2 — %) dedy = §, F-di = §, (Fii + Bj)-(dei"+dy))

¥\

giving [ (ﬁ — @> drdy = §,, Fidx 4 Fydy , which is known as_Green’s Theorem in the Plane.

Example
Faraday’s Law for a time-varying electric field states that the tangential component of E , the electric
intensity, measured around a closed curve C' equals the negative rate of change with respect to time of the

total magnetic flux through any surface bounded by C', that is, 550 E-dF = —% If g B-dS , Where B is the
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magnetic flux density.

Solution:

Applying Stoke’s theorem to the LHS gives §,, E-dr= [/ curl E-dS

Hence, [/, g curlE - dS = [[s— g 8t -dS and since the surface S is arbitrary we have curl E = %—Jf.

This is another of Maxwell’s equations.

Example

(a) Let F = (42— 22)i+ (2> — 22 ]+ (2® — P k.

Find a vector field H = hy(,y, 2)i + ha(z,y, 2)] + ha(z,y, 2)k with hs(z,y, z) = 0 such that F = V x H.
(b) Compute fc H - d7 where C' is the path which is the intersection of the plane y + z = 1 and the faces

=72 =1 -
of a surface formed by Y and Y . The direction of the line integral fc H - dr
—-1<z<1 —1<z<1

along the path C' is clockwise when observing at the point (0,2,0).

Solution:

(a)

F=(?—22)i+ (22— 22+ (22 — y*) k. Observe that V- F = 0.

~—

i j ok
Vol =der| g g = (5 82) T (- e (8 -5
hi he hg
VxHandh3_0:>y z—x)3+($ _y)]z 8’122_’_3}11]_’_(%_%_21)];
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o2 =T
That is, { 22 — 22 = 9
0z
_ Ohy _ b
v’ -yt = G2 -
3 3
Pot=F =50 yP-L=-F2=h=5-y2+C@y)
8h oh oC 3 9
2 —y* mz—a—;z—;‘c(af,y)z%—xy
Thus, he = ——yz_|___ zy?

So, H = (% - z> i+ (7 + 33 —y?z — a:yQ) 7. (Notice that H is not unique.)

(b)

According to the Stokes’ theorem, we have §, H-di = [JsV x H-dS = I/ F-dS , where S is the
surface lying in y + z = 1 with C as its boundary. According to the right hand rule, the normal to .S
makes an obtuse angle with k.

B(x,y,2) =y + 2= £Ve¢ = £(j + k).We choose —V¢ = —(j + k) and observe that |¢,| = 1. The
projection of S onto xy-plane is the region in xy-plane bounded by y = 22,y = 1.

$o H-di = [[(V x H-dS = [[(F-dS = [[(F-qidS = [[, F-
=/, |( [ y2—22)Z+(z2—x2)j'+(x2—y2)lg] : J+k = dxdy = ff (2 — 22 +y* — 2?) dady
—ffgz y? — 22 d:vdy—ff d:rdy—ff (2y —1 dasdy—f_ [fx2(2y—1)dy} dx
= [Py LleE

L@ =t e = 2 =)o = (3 - )

‘(ﬁ | da:dy
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