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1. Given the expression of the B-field at distance z directly above the center of a circular coil
of radius a carrying current / is

_H la®
e
(22 +a’)
A stack of'the coils are connected in series to form a solenoid of turn density ». The solenoid

is centered along the z-axis. It has a finite length extending from z = —d/2 to 0. By
superposition, find B at the (x, y, z) = (0, 0, +d/2).

Solution:
Consider the segment from z to z + dz:

| (0,0,d/2)

-

(0,0,—d/2)

The number of turns included is ndz.
So the differential B-field is:

dB = a27 dz
(z% + a?)2
0 nla? nla? (° 1
-2 7 (z2 4+ a?)2 —2(z% 4+ a?)2
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But
z=atanf = dz = asec? 6 do
72 +a? =a?(1+tan*0) = a?sec? 9

So we have
_ Monla? fel 1 2 ~ #onlfgl _ dond . g
B = secc0df =ad,— cosfdf =d,——sin0 |’
%73 g, a®sec3 “ %73 0, %73 lo,
where at the extremes:
—d
sinf;, = ——
! V4a? + d?
ino —d
sinf, = ———
2 va? + d?
Therefore,
d nld 1 1
B (0, 0,—) _Ho — )a,
2 2 Wa¥+d? 4aZ+d?
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2. Consider a long coaxial cable of inner and outer radii « and b, respectively. The gap is filled
with air. The length of the cable is L. Find
(a) the capacitance C using Gauss’s law,
(b) the inductance L using Ampere’s law, and
(c) calculate a value called the characteristic impedance Z = (L/C)"? if b= 5 mm, and a =
I mm.

Solution:
The cross-section of the coaxial cable is shown below:

0 a b p
(a) Assume the inner conduction is charged with a charge density of +p;, (C/m).
Gauss’ law is applied for a cylindrical surface S of radius p and length L, we have the E-field

derived as follows (based on the approach in the lecture notes 4-25):
i) By symmetry, D = D(p)a,

i) Then,
§fD-ds=p,L
s
[(pa,)-(dsa.)+ [(pa,)(as(-a.)+ [(Da,)-(dsa,)=p,L
Stop Shottom Scurved
JD(p)dS = p,L
Scurved
D(p) [dS=p,L
Scurved
iii) Therefore,
__Pu i
2megp P
iv) The voltage can be calculated as:
V)
_ “ oy “ _ hL ﬁ
V=- fp:bE dL = L:b Amep dp = e In (a)

We can obtain the capacitance (as the inner conductor carries a total charge of prL)
c pLL  2meyl

V nd
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(b) Assume a current Id,is flowing along the positive z direction via the inner conductor and
a current —/@, along the negative z-direction via the outer conductor.

Ampere’ law is applied over a closed integration loop C of radius p on a plane perpendicular to
the z-axis. We have the B-field derived as follows (based on the approach in the lecture notes

9-14):
1) By symmetry, H = H(p)@yg
i) Using the Ampere’s Law, we have in between the two conductors:
f H-dL =1,
c
f HdL = I,
c
H@)§ dL =1,
c
H(p)2mp = Iy ;
Holo .
B =
2mp %o
i) The magnetic flux through a surface S in the figure below can be written as:
L X,
I buol Iy b
@:f“”ds= ff Pol dpdz =151 )
2mp p=q 2T 2m a
s
b z
v) Finally, the inductance is given by: b
@y b ®©@ ® ®© © ®
L===2m(2)L
I 2m \a —d
0 b T
a’ ]
¥ ¥ Y & s &
b
« L
(c) Combining the above results, we have for the impedance: P
b 2megl 1 b
7= JLJC = g—oln(—)L]/ == 1n<—)
T \a In (5) T | & a

When b =5 mm and ¢ = 1 mm,

_ A
Z=.LJC _jz 1n(1) - = 96.6()
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3. An infinitely long wire of current / flowing towards the +y-direction is put on the y-axis. The
current is:
I = Iy exp(=Yot)
where /o is the amplitude and y is a rate. A rectangular open wire loop of height / and width
b is put at distance d away, as the following figure shows. Find the induced voltage } across

the loop.
Y A
]
_l’_
4 V
I(t
o ) |
< d » ;.x
Solution:
The magnetic field on the xy-plane is
kol . uolg ~
B = Zﬂxaz - 27X exp( YOt) a,
The flux contained by the coil is
ol husol b
Holo ~ ~ Holo
b = f B-dS = f ﬁexp(—yot) (—da,-—da,)hdx = - exp(—Yot) In (1 + E)
coil area x=d
According to the Faraday’s law, the induced voltage is
y= 92 ol Dy t
=~ 3r = 2, 0+ Dyvehexp(=vot)
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4. The following considers electromagnetic wave propagating in air (without charges or

currents).
(a) State the Maxwell’s equations in terms of E and H for the free-space

(b) Show that the four equations are satisfied by:
z

E=E -—t))x

0 COS (a)(c )) x

E, Z
H=— -—t))y
ity cos (w(c )) y
for some constants £y and o.

Solution:

(a) Because of the absence of charges, the charge density p, and current density J are both
zero. The Maxwell’s equations become:
Vs E 0B
XE=——
at
VXH= oD
C ot
V-D=0
V-B=0

Because of the absence of materials, there is no polarization P nor magnetization M. So we

have
D = SOE
B = H()H
The Maxwell’s equations further reduce to:
UxE OH
XE=—puy—
Ho ot
VXH = i
~ 0 %¢
V-E=0
V-H=0
(b) For the first equation,
x y z
9 9 9
0x dy 0z

LHS:Vx[E0 cos(w (-t i]
( ) Eocos(w(——t)) 0 0

9 ( z_
=—y 0— [EoCOS - t _waEOSin<w(§_t)>

RHS: —po— Py [— cos (a)(f - t)) ?] = —?wTEOsin (a)(g - t))

which equals LHS.

S C Chan
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For the second equation,

2low
2le w

= XegwE, sin <w (g - t))

RHS: g, % [EO cos (w(g - t)) x ] = XeqwE, sin (w(g - t))

which equals LHS.

For the third equation,

LHS: V - (Eq cos (a) (- t))i )
(54 25:95) (& (ZtA =0
= ax @y &Z oCOS| w E ) X =

which is the RHS.

For the fourth equation,

LHs:v-(ﬂcos((uG—t))y )=0

CHo
which equals RHS.

Hence, the four equations are statisfied.
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