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Problem 1

Solution.
yn+1(t) = y(0) +

∫ t

t0

f (τ, yn(τ))dτ,

y0(t) = y(0),
dy1(t)

dt
= 4t + y0(t) = 4t− 2.

Integrate:

y1(t) = y(0) +
∫ t

0
(4τ − 2)dτ = −2 + 4 · 1

2
t2 − 2t = 2(t2 − t− 1)

dy2(t)
dt

= f (t, y1(t)) = y1(t) + 4t = 2(t2 + t− 1)

y2(t) = y(0) +
∫ t

0
(τ, y1(τ))dτ = −2 +

∫ t

0
2(τ2 + τ − 1)dτ =

2
3

t3 + t2 − 2t− 2

dy3(t)
dt

= f (t, y2(t)) = y2(t) + 4t =
2
3

t3 + t2 + 2t− 2

y3(t) = y(0)+
∫ t

0
(τ, y2(τ))dτ = −2+

∫ t

0

2
3

τ3 + τ2 + 2τ − 2dτ =
1
6

t4 +
1
3

t3 + t2− 2t− 2

Problem 2

Solution. Equilibrium Points:
dy
dt

= 0

⇒ 3y2 − 33y + 84 = 0

⇒ 3(y− 4)(y− 7) = 0

Equilibrium Points:
y1 = 4, y2 = 7

y > 7 : dy
dt = 3(y− 4)(y− 7) > 0

4 < y < 7 : dy
dt < 0

y < 4 : dy
dt > 0
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Problem 2

Solution. Solve the D.E. ∫ y(t)

y(0)

√
1− ydy =

∫ t

0
dt

∫ y(t)

y(0)
d
(
−2

3
(1− y)

3
2

)
=
∫ t

0
dt

⇒ −2
3
(1− y(t))

3
2 +

2
3
= t

⇒ 2
3
− t =

2
3
(1− y (t))

3
2

Real range:

t <
2
3

1− 3
2

t = (1− y (t))
3
2

⇒ y(t) = 1−
(

1− 3
2

t
) 2

3

Estimate tE without solving the equation

|t− t0| ≤ min
{

a,
b
M

}
| f (t, y)| ≤ M
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Recall the equation
dy
dt

=
1√

1− y
, y(0) = 0

| f (t, y1)− f (t, y2)| =
∣∣∣∣∣ 1√

1− y1
− 1√

1− y2

∣∣∣∣∣ =
∣∣∣∣∣
√

1− y2 −
√

1− y1√
1− y1 ·

√
1− y2

∣∣∣∣∣
Use Taylor series to show that the error ≤ K.

y ≤ b < 1

| f (t, y)| = 1√
1− y

y ↑→ 1√
1− y

↑

| f (t, y)| = 1√
1− y

≤ 1√
1− b

= M

Select a > b
M

tE = min
{

a,
b
M

}
=

b
M

= b
√

1− b

g(b) = b
√

1− b, g′(b) =
√

1− b− b
2
· 1√

1− b
=

1√
1− b

(1− b− b
2
) =

1√
1− b

(1− 3
2

b) = 0

b∗ =
2
3

Estimate:

max tE = b∗
√

1− b∗ =
2
3

√
1− 2

3
=

(
1√
3

)
2
3


