EE 3114 Systems and Control

9. Controllability and Observability

Semester B, 2017-18

2018/4/6



LTI State-Space Systems

X = AX + Bu

y = (Cx+ Du

x € R™ is the state vector Apmxm is the system matrix

u € R" is the control vector B, xn is the control matrix

y € R¥ is the output vector Crxm is the observation matrix

Dy «n is the input matrix (often, D = 0)

Multi-Input Multi-Output (MIMO): n > 1, k> 1
Single-Input Single-Output (SISO): n=1, k=1
Multi-Input Single-Output (MISO): n>1, k=1
Single-Input Multi-Output (SIMO): n=1, k> 1



Reachability

Given an LTI system: x = Ax + Bu
Given a set of initial states: [ = {x(0)}

A state x™ is said to be reachable attime t =T if there
exist an initial state x, € I and an input u to drive the
state x trajectory fromxy at ¢t = 0 toarrive x*at t =T



Controllability

Given an LTl system: x = Ax + Bu
Given a set of initial states: I = {x(0)}

The LTI system is said to be (completely) controllable
if its reachable initial set I = R™
and thetime T < o

The LTI system is said to be controllable if there
exists an input u which can control the state x
trajectory to reach any final state from any initial
state in finite time



Controllability

The LTI system is said to be controllable if there exists an
input u which can control the state x trajectory to reach
any final state from any initial state in finite time

t =20




Controllability

Consider LTI system x = Ax + Bu, with A,,«,, and B,,«xm
Theorem

LTI system x = Ax 4+ Bu is controllable if and only if

Matrix [B AB A’B A3B--- A" 1B ] has full row-rank
(Proof given below)

Example:

1o 01 0010 1 _
A—lo 1 andB—l1 0] - [B AB] = 101 0 (Full row-rank)

== This LTI system (A,B) is controllable



Example:

A=[(1)

and B = [(1)

(1)] > [B 4B] =

This LTI system (A4, B) is controllable

0 1 0 1
1 0 1 0! (Full row-rank)

Q: Can the state x(t) of this system go, say, from (0,0) to (5, -5) ?

u
A: Yes, even for constant control input u = [uﬂ

x(t*) = e4'x(0) + [T e

)

[ 5]_0+J olo 1]<t*_r)[

1 0

0 1
1 0

- |, l” R

jt*
/0

*

el ~Tdt

J t* TdT_
0

0

Uq
Uy

|

& -DBudr

]udr

(et*—l)uz
(et*—l)lh

=

lull _ [—5/(et* -1)
5/(et’ —1)

This control input can drive
x to move from (0,0) at
t=0to(5 -5 att=t"



Theorem

LTI system x = Ax 4+ Bu is controllable if and only if

Matrix [B AB A*B A3B---A""1B] has a full row-rank

Proof:
Starting, say, from x(0) = 0 goingtoany x*at t = t*

x(t*) = €A x(0) + [ eA "D Bu()dr

—
x =0+ fOt*eA(t*_T)Bu(T)dT ﬁ Cayley-Hamilton Theorem
_ t* " ’Bn—l P 1
=Jy [1+pACE =0+ o + B At - ot Bu@ar

=[B AB ---A™" 'Blly; v - ¥n ¥ (y; containsu, t*, )

This has a solution (u, t*) if and only if [B AB --- A*~1B] has full row-rank



Example: [ i, (2 1 0|ll=]1] To a4

2 1 0 x 0 1
x5 |l=10 2 0] =] 1 0 [iilj
_.i'-_‘,_ _O 1 3_ _x3_ _O '1_ o
_xl_
y=[1 0 0] x
3]
0O 1 1 2 2 2
|B AB AZB] =1 0 2 0 4 O (Full row-rank)
0 113 5 9

=== Controllable

u
=== There exist a finite time t* and a finite control input [uﬂ

X1
such that [le can move from anywhere to anywhere else
X3



Not all systems are controllable

Example:
-2 0 0 2
A=]|10 -1 0] and B=]1
0 0 1 0
2 —4 8
[B AB AZB] =11 -1 1 (Not full row-rank)
O 0 O

=== Uncontrollable



Controllability Canonical Form (1)

Y(S) _ b()Sn + bls"—l 2 kel bn—ls + bﬂ
U(S) Sn + alsn_1 7. /5l a,—1S ry a,

0 1 0 ... 07x]7To
0 1 0|l x| |0
: +| (U
Xn—l
| d, —d,; —a,, o al_ B Xn i _1_

+by,u



Block diagram representation of the system
-- Controllability canonical form (1)

A AR S S

by —aby — arby bp_1 — a,_1bg b, — a,by

%%% 7]
S &>




Example:

Y(s)  s+3
U(s) s2+4+3s+2
—
" o I 0 1 I 0
BRI RN
_ ) X1
iy = 3 1}[3:2]
Recall:

Y(S) B b()S” + bIS”_l + oe o bn—IS - = bn
U(s) "+ ais"+ -+ a, s + a,

Y= [bn —-ab, b,,—a,by - - - b—ab, b- albo]



Controllability Canonical Form (2)

Diagonal Canonical Form

Y(s) _ bys®tbys® Sdbrock by g5 +b;
U(s) (s + pi)(s + p2)---(s + pn)

Cq Cr Cp
et bO -+ + . 4 .-+
STPp ST P § T Pp

X1 — P 0 X1
Xy P2 X2

= < u

_".:II_ MBS O _pﬂ_ _’rll_. _l_
—x1—
Xo
y = [C1 g o c,,] + byu




Y(s)  (s+5)(s+4) 6 6

1

Us)  G+DG+2)(5+3) s+1 s+2

-1 0 0 1
— x=(0 -2 0 [x+|1]|wu
| 0 0 —3] 1]
=6 —6 1]x

s+ 3



Controllability Canonical Form (3)

Jordan Canonical Form

Y(s)
U(s) o

—

e

Y(s) bys" + bys" '+ -+ b,_;s+ b,
. _ 3
U(s) (s + pi)(s + pa(s + ps)--(s + p,)
@ ! - & G sk ?3 L, Ca
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..t1— —_pl 1 O 0 O T _xl—
X B =m 1 : : X2
‘i‘3 0 0 —P1 0 0 X3
.X.'4 _ 0 0 _p.4 O Xy
xn__ B O 0 0 _pﬂ_ .__'xll._.
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Example:

Gla) = oot
(s+1)"(s+3)

1.5 1.25
:(s+1)2+s+1_

—

-1 1 0]

x=|10 -1 0

0 0 -3

0.25
s+ 3

X+

y=[15 125 —0.25]




Gramian Controllability Condition

Recall: .
x(t) = @(t)x(0) + [, ®(t — t)Bu(r)dr

For simplicity, let x(0) = 0

x(t) = [, ®(t — D)Bu(r)dr

= f(feA(t_T)Bu(T)dT

Gramian Matrix:

G.(t*) = fot* eAt-DBBTA'(t"~Dgr (1 x n)
Theorem:

LTI system is controllable if and only if thereisat™ > 0
such that G.(t*) has full rank (i.e., is non-singular)



LTI State-Space Systems

X = Ax + Bu
y = (Cx+ Du
Theorem:

LTI system is controllable if and only if the Gramian matrix
Ge(t) = [ e4"BBTeA Tdr (1 x n)

has full rank forany t* > 0 (e.g, ¢ = +0)



Observability

Consider LTI system

X = AX + Bu
y = CxX+ Du

This LTI system is said to be observable if given any
input-output pair (u,y), the initial state x, of the
system can be uniquely determined (observed).

............. »| Syste m

- O. (observed)



Observability

x(t) = ®(©)x(0) + [ d(t — 1)Bu(r)dr
y(t) = Cx(t) + Du(t)
Unigueness means:

y(t) = CO()x1(0) + C [, ®(t — ©)Bu(r)dr + Du(t)
y(t) = CO()x,(0) + C f; ®(t — 1)Bu(r)dr + Du(t)

- x1(0) = x,(0)

Condition:
There exists t* > 0 such that C®(t*) has full column-rank

(Proof on next page)



Proof:
Subtraction ==
CO()x,(0) — CO()x,(0) = 0
2> CP(t)[x1(0) —x,(0)] =0
> [Co®)]"CP(t)[x,(0) —x,(0)] =0
2> [®T@®)CTCP(t)][x,(0) —x,(0)] =0

If there exists t* > 0 such that C®(t*) has full column rank,
then [®T(t*)CTCP(t*)] has full rank (i.e., is non-singular)

2 [x,(0) = x,(0)] =0

- x1(0) = x,(0)



LTI State-Space Systems

X = Ax + Bu

O(t — 1) = At-D
y = (Cx+ Du
Theorem:

LTI system is observable if and only if the Gramian matrix

Go(t") = [ A" DT A Ddr (1 x )

or, simply,
Go(t") = JL e4"TCTCe™dT  (n x n)

has full rank forany t* > 0 (e.g, t* = +00)



LTI State-Space Systems

X = Ax + Bu
y = CxX+ Du
Theorem

LTI system (A, B, C, D) is observable if and only if

C

CA
Matrix | A2 has a full column-rank

_CA;l—l_

(Proof is similar to the controllability condition above)



Observability Canonical Form

Y(s) bps" + bys" ' + -

X bn—IS - bn

U(s)

s+ (I]Sn—] T

0
0 0
0 0
0 0

0
0
0

1

+by,u

-a, ]
_ a‘n—l

_a2

_a‘]_

o a,18 5 an

X, | | b —ahb,
Xy bn—l o an—lbO

c |+ : u
X, 4 b, —a,h,

X, | | b—ab, |

Note: Similarly
to controllability
canonical forms,
there are other
observability
canonical forms



Block Diagram Representation
(Observabllity Canonical Form)

! 4 G

bn - anbO bn—l - an—lbO bl - albO

% } i
Xt f A2 xj—l f Xn

ay ap-1 aj

f 1 f




Example:
Y(s)  s+3
U(s) s2+3s+2

1

—
;1:1 . [ 0 -2 T 3
[ 9 ] |1 -3 ] [ T ] ™ [
w = [ 1][2}
C1_10 1
[CA] = [1 _3] (Full column-rank) = Observable
Recall:

Y(S) B b()Sn + blsn—l o im0 o bn—ls & bn
U(S) Sn + alsn_l + v e _.|._ an_ls + an

| bﬂ _anbO |

bn—l o an—lbO

b, —a,b,
b, — a,b,




Example: 7 O E §F<T Th i

X1 0 Xq 0 1
i'2=020x2—10|:ulj
L] 1o s allel e 1 ]2
w] 10 0]
Y2 .| B 0O 1 0 2
- —LX3_
O 1 0 2 0 4
[BAB A’B]l=|1 0 2 0 4 0 (Full row-rank)
0O 1 31 9 1
1 0 O]
0O 1 O
CC;‘l 12 0 0
10 2 0 (Not full column-rank)
CA?
4 0 O
0 4 O

=== Controllable but not Observable



Equivalence Transformation

Consider
X =AX +BuU

y =Cx +Du

Equivalence Transformation: x = Px (P is nonsingular)



Theorem:

The controllability and observability of an LTI system
remain unchanged after an equivalence transformation

Proof: Because

[B AB "“1B1=P[B AB - A" 1B]
cT1 1 C
TA CA
& | = | ca? | P
f/_l.n—l_ _CA;”L—l_




Theorem:
The Transfer Matrix (Function) of an LTI system remains

unchanged after an equivalence transformation

Recall:
X(t) = AX()+Bu(t) ~ — R(t) = AR(t) + Bu(t)
y(t) =Cx(t)+ Du(t)  x(t)=p&(t)  y(t)=CR(t)+ Du(t)

P is nonsingular
G(s) = G(s)

These two LTI systems are equivalent



Pole-Zero Cancelation of Transfer Functions

Example:

A= [‘02 g],B — [;],c= [1 0L,D = [0]

s=3 1
(s=3)(s+2)  s+2

Transfer Function: G(s) = C(s] —A)™'B =

* There is a pole-zero cancelation - reduced order

* Transfer function G(s) = i is stable, but system (4, B, C, D) is not:

r1(t) = 21(0)e™ + [y e 2 Du(r)dr(= y(t))
= 29(0)e¥ + 2 [ 2Tu(1)dr

o
N}
i
N
St
|



Minimum Realization

Theorem:

If an LTI system is both controllable and observable, then
its transfer function has no pole-zero cancelation.

* Note: The converse may not be true.

* Recall: Equivalence transformation does not change the
Transfer matrix (Function) of an LTI system.

* An LTl system is called a minimal realization if its order
cannot be reduced by any equivalence transformation.

Theorem:

LTI system (4, B, C, D) is a minimal realization if and only if
it is both controllable and observable.



Duality

x = Ax + Bu

y=Cx+ Du

is controllable (observable)
if and only if
x=ATx+C"u
y=BTx+D"u

is observable (controllable)

Proof:

The controllability (observability) matrix of the
1st system is the transpose of the observability
(controllability) matrix of the 2nd system



State Space Decomposition

Diagonal Canonical Form

_XCO_ _A:O O O O __XCO_
Xco _ 0 Ag O 0 | Xeo N
Xeo 0 0 Ao 0 | X5

_Xéc_)_ I 0 0 0 =5 || Xeo

y= [Cco 0 Cq O]X

C - Controllable
C - Uncontrollable

O - Observable
O - Unobservable




State Space Decomposition

General Case

i fl:\TCO AACO AO 1{113 AO -%C'O | [ BCO
Tco An Aog A An Tco | 4 | Beo
Teo 0 0 AﬁO 0 o 0

L Tao i 0 0 Ays A@ | Leo 0

T e
7 A j: Vel
y=[Cco 0 Cgo 0]| .9 |+ Du
ACO
| dom |
where
A 0 B |
([ L ] [ s ]) 1s controllable
A Aco Beo
o A A A ¢ v
[ Cco Cgp } ; ol o 1s observable.
>

G(s)=C(sI — A 'B+ D =Cco(sI — Aco) *Beco + D



Transfer Matrix Decomposition

[ Ay1 Ajgg 0 0 B4
0 Ao 0 0 0
G (S) — .fl:fal ~-{.‘_};:;’; .""’v;_ -)):;;
0 0 Aga | 0
i Ci C U 0 D
States | Decomposition
T1 controllable and observable
T2 uncontrollable and observable

259

L4

controllable and unobservable

uncontrollable and unobservable




Block Diagram

u

D e
T
R 4 (SI = All)_l
A12
xTro I
Cy | 2
Y
Asi
(s — Az3)™! le—H< -
;'\;Z*,,Jx
x4 ,
<—I (s — Agq) ™' [e—De—




State-Space Decomposition

controllable and unobservable

- A 1 T =

Uu

controllable and observable

A4

uncontrollable and unobservable

19

uncontrollable and observable



LTV State-Space Systems

x=A(t)x+ B(t)u
y=C(t)x+D(t)u

x € R™ is the state vector Apmxm 1S the system matrix
u € R™ is the control vector B,«xn 1S the control matrix
y € RF is the output vector Cixm 1S the observation matrix

Dy «n is the input matrix (often, D = 0)

Multi-Input Multi-Output (MIMO): n > 1, k> 1
Single-Input Single-Output (SISO): n=1, k=1
Multi-Input Single-Output (MISO): n>1, k=1
Single-Input Multi-Output (SIMO): n=1, k> 1



LTV State-Space Systems

x=A(t)x + B(t)u
y=C(t)x+D(t)u

Theorem:

LTI system is controllable if and only if the Gramian matrix

Ge(t?) = [} ®(t* —DBBTOT(t* —1)dr  (n % n)

has full rank forany t* > 0 (e.g, t" = +0)

Note: For LTV systems, ®(t — 1) # 47



LTV State-Space Systems

x=A(t)x + B(t)u
y=Ct)x+D(t)u

Theorem:

LTV system is observable if and only if the Gramian matrix
Go(t") = fot* OT(t* —D)CTCO(t* —1)dt  (n xn)

has full rank forany t* > 0 (e.g., t* = +0)

Note: For LTV systems, ®(t — 1) # 4D



END



