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1 Introduction

If A isa 3 X3 matrix and X is a vector in R3, then there is usually no general geometric
relationship between the vector X and the vector Ax, see figure (a). However, there are
often certain nonzero vectors X such that X and AX are scalar multiples of one another,
that is, Ax = Ax for some real number A, see figure (b). Such vectors arise naturally in the
study of vibrations, electrical systems, genetics, chemical reactions, quantum mechanics,

mechanical stress, economics, and geometry.

Az AX

i
Lt

(@ (®)

Let A be an n X n square matrix and consider the equation |Ax = Ax| A value of A for

- . . . = - . ° . .
which Ax = Ax has a non-trivial solution X # 0 is called an eigenvalue (or characteristic

value) of A and the corresponding solution X # 0 isan eigenvector (or characteristic vector).

The set of all eigenvalues of A is known as the spectrum of A.
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Application (for your reference) — Electric Circuit

Consider the electrical circuit
00000 00000 00000

hD::C i)::c )

The currents flowing in the loops satisfy
di

i
— 4 j(ll—lz)dt—() = LCi{ +i,—i,=0

dlz

1 1
Ld f(12—13)dt+ j(lz—ll)dt—() = LCiy +2i, —iz—i; =0

dl3 : .
j(lg—lz)dt—o = LCij +i;—i, =0

1 -1 0 i1 L1
-1 2 =1|lix]=-LC|ij |
0O -1 1 I3 ig

In matrix form,
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If we look for solutions which are sinusoidal and all have the same frequency, that is,

il — Al Sin(wt + 91), iz = AZ Sin((,()t + 02), i3 — A3 Sin((,l)t + 93),

then if = —w?i;, i} = —w?i, and i{ = —w?i3 and the problem becomes
1 -1 0\ /i Ly
-1 2 —1]liy]=w?LC|i, ),
0 -1 1/ \is L3
which is an eigenvalue problem with 1 = w?LC. ]
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2 Determination of Eigenvalues and Eigenvectors

AR =A% © AX =X © A¥—-UX=0 & (A—-ADx=0.
For this equation (A—A)Z =0 to have non-trivial solutions ¥ # 0, we must have

(A — AI)™! not existing, otherwise

A=ADZX=0= (A—AD1A-AD¥=U—-AD)"10>1x=0=> %=0
which is the unique (trivial) solution.
Hence,
A isaneigenvalue & (4 — A~ does not exist

& |det(A— Al = 0|

Consider det(A — AI). After expansion, det(4A — AI) is a polynomial of degree n in A,

known as the characteristic polynomial of A, and det(4 — AI) = 0 is the characteristic

equation of A.

Clearly, if repeated roots are also counted, an n X n square matrix A has n eigenvalues

including real and complex eigenvalues.
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Procedure for finding eigenvalues and their corresponding eigenvectors of a square matrix A

Step 1: Compute det(4 — AI).

Step 2: Set |det(A — AI) = 0| and solve for 4 (<« eigenvalues of A).

Step 3: For each eigenvalue A, solve the homogeneous system |(A — Al)Xx = 0| to find the

non-trivial solutions X (< eigenvectors of A corresponding to eigenvalue 7).

Remark: In step 3, for each eigenvalue A, the system (A — Al)Xx = 0 must have infinitely

many solutions. The number of free variables in the solution depends on the
number of zero rows in the row echelon form. This tells us the number of linearly

independent eigenvectors corresponding to that particular eigenvalue A.
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Example 1
Find the eigenvalues of A = (% ;L) and the corresponding eigenvectors.
Solution
(1 & _ /1 0y_(1-2 4
A_M‘(2:Q AQ)1)‘(2 3—1)
deta—an =|"74 * |=(1-DE-D-8=R-41-5=0-5A+D.

Setting |det(A —AI) =0, weget A =5 or 1 =—1.

.. The eigenvalues of A are

A=5and 1 =-1.

To find the corresponding eigenvectors X, we solve the system

(A—ADX =0

for each eigenvalue.
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For 1 =5,wesolve (A—5D% =0, i.e.
5 5)G)=0)

Using Gaussian Elimination,
(4 ¢ 0)R2+%R1(—4 4‘0)@)(1 ~1)0)
2 =210 0O 010 0 010/
This is equivalent to the equation
X1 — X, =0 = x4 = x>.

Let x, = k, then x; = x, = k.

. The corresponding eigenvectors of A for A =5 are

(2) =k (1), where k # 0.

(Note: One of the eigenvectorsof A for A =5 is (1) (when putting k = 1).)

Page 9



Semester A, 2023 -24 MA2001 Multi-variable Calauduns and Lineor Algebraw Chapter 1
For A=—1,wesolve (A+ D% =0, ie.
2 4\ (*1\ _ (0
G DG)=()
Using Gaussian Elimination,
2 410\RRi /2 410\2*f1/1 2710
2 2lo)™=G olo)™=( olo)
This is equivalent to the equation

x1 + sz - O
Let x, = k, then x; = —2x, = —2k.
. The corresponding eigenvectors of A for A = —1 are
X1\, (—2
(Xz) = k( 1 ), where k # 0.
(Note: Putting k =1, then (_1) is one of the corresponding eigenvectors of A for
A=-1) O

Page 10



Semester A, 2023 -24 MA2001 Multi-variable Calauduns and Lineor Algebraw Chapter 1

Example 2
1 -1 0
Find the eigenvalues of A = (—1 2 —1) and the corresponding eigenvectors.
0O -1 1
Solution
1-14 -1 0
A-All=] -1 2-1 -1
0 -1 1-2
1 2—-4 -1 _ , |1 -1
=3 ’D‘ —1 1—/1‘ ( 1)‘ 0 1—/1|
=1-D[EZ-HDA-2)-CDED+EDA - - (D(0)]
=1-DlEZ-HA-2)—-1-1]
=(1-21)?%-32)
=A1 -1 -3)
Setting |A — AI| = 0, we get the eigenvalues

A=0,1,3.
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Next, we find the corresponding eigenvectors for A = 0,1 and 3.

B 1 -1 0\ /%1\ /0
For A=0,wesolve (A—0Nx=0,ie. | =1 2 —1](x2]=(0].
0O -1 1 X3 0

Using Gaussian Elimination,

1 -1 010 R,+R, 1 -1 010 Ry+R, 1 -1 O

-1 2 -110)]—/™{0 1 -1]|]0)—0 1 -1
0O -1 110 0O -1 110 0 O 0

This is equivalent to the system

0
0
0

{xl_xZ =0
xZ_X3=O.

Let x3 =k, then x, =x3 =k, x; =x, =k.

. The eigenvectors of A correspondingto A =0 are

X1 1
(xz) =k (1), where k # 0.
X3 1

1
Note: One of the eigenvectorsof A for A =0 is (1) (Take k = 1)

1
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B 0 -1 0Y\/%1\ [0
For A=1,wesolve A—Dx=0,ie. |-1 1 —=1]{x2]=(0].
O -1 O X3 0

Using Gaussian Elimination,
0O -1 010 RiOR, -1 1 -110 Ry—R, -1 1 -1
-1 1 -1{0)—/™{ 0 -1 O ||O0O)—/™| O -1 O
0 0 0 0

Chapter 1

0O -1 010 0O -1 0
This is equivalent to the system

0
0
0

Let x3 =k, then x, =0, x; =x, —x3 =—k.

. The eigenvectors of A correspondingto A =1 are

X1 —1
<x2> = k( 0 >, where k # 0.
X3 1
—1

Note: One of the eigenvectorsof A for A =1 is ( 0 ) (Take k = 1)
1
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/=2 =1 0\ %1\ [0
For A=3,wesolve (A—3Nx=0,ie. | -1 -1 —1]({x2]=(0].
0 -1 -2/ \X3 0

Using Gaussian Elimination,

—2 =1 0 |0\ g p (~1 —1 =10\, o /—1 —1
-1 -1 -1|0)]—|-2 -1 o |o|]—=[o0 1
0o -1 -2lo 0o -1 -2lo 0 -1
(-1R
DR 1 10
=30 1 2|0
0 0 o0lo

x1+x2+ X3=0

This is equivalent to the system { Xy + 2% = 0
Let x3 = k,then x, = —2x3 = -2k, x; =-x,—x3=—(—2k)—k =k.

. The eigenvectors of A correspondingto A =3 are

X1 1
<x2> =k (—2), where k # 0.
X3 1

1
Note: One of the eigenvectorsof A for A =3 is (—2). (Take k = 1)
1

-1
2
—2

0
0
0

Chapter 1

|

Page 14



Semester A, 2023 -24 MA2001 Multi-variable Calauduns and Lineor Algebraw

Notice that the eigenvalues of a matrix could be complex numbers.

Example 3 (Complex eigenvalues)

Find the eigenvalues of A = (i _11) and the corresponding eigenvectors.

Solution

1-4

_ — _1 — _ 2 — _ 2
A=l =" 1_/1‘_(1 D2+4=0—-1)2+4.

Set [A—AI|=0=> A-1)2+4=0
> 1-1%=—-4
= A—1=1V-4=142i
> A=112i

.. The eigenvalues of A are A =1 + 2i.

Chapter 1
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For =1+ 2i,wesolve [A—(1+2)I]x =0, i.e.

(2 206 = ()

Using Gaussian Elimination,

_2i - iR 1
(2 9= =

This corresponds to the equation
i
| | X1 =Xy = 0.
Let x, = k, then x; = %xz = %k.
. The eigenvectors of A corresponding to the eigenvalue A =1+ 2i are

() =k (%) k # 0.

1
i
Note: One of the eigenvectors correspondingto A =14 2i is <E>
1
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For A=1-2i,solve [A—(1—-2i)I]x=0,i.e.

G -0
)

[
x1 +Ex2 — O

Using Gaussian Elimination,

_— iiR 1
(241 2”8)2_1’(1 -

This corresponds to the equation

Let x, = k, then x; = —éxz = —%k.
. The eigenvectors of A corresponding to the eigenvalue A =1 — 2i are

() =k (‘%) k # 0.

1

l
Note: One of the eigenvectors correspondingto A =1 — 2i is <_ E). []
1
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Discussion:

Let’s take a look at the results of Example 3:

i
» A =1+ 2i isacomplex eigenvalue of A with corresponding eigenvector <E>
1

i
» A =1-—2i isacomplex eigenvalue of A with corresponding eigenvector <_ E).
1

It seems that if A is a complex eigenvalue of A with corresponding eigenvector X, then A
(the complex conjugate of A) is also a complex eigenvalue of A with a corresponding

eigenvector which is the complex conjugate of x.

Question: Is this always true for any square matrix A?
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Example 4 (Repeated eigenvalue)

Find the eigenvalues of A = (_53 _31) and the corresponding eigenvectors.
Solution

_15=-A 3 _ Y _ 2
a-an =20 | =G DE1I-D - (D =2 -4+ a= (- 2)

Setting [A—A|=0 > (1—2)2=0 = A1=2,2 (i.,e. A =2 istheonlyeigenvalue.)
(We say that A has eigenvalue 2 of multiplicity 2.)

For 1 =2, solve (4—20% =0, i.e.

Using Gaussian Elimination,

G5 Z10-2G 310G olo)
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This corresponds to the equation x; + x, = 0.
Let x, = k, then x; = —x, = —k.

. The eigenvectors of A corresponding to the eigenvalue A = 2 are

(2) =k (‘11) k # 0.

Note: One of the corresponding eigenvectors for A = 2 is (_11) Any other eigenvector

corresponding to A = 2 are not linearly independent with (_11) []

It is also possible to have a repeated eigenvalue which does lead to more than one linearly

independent eigenvector. (See the following example.)
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Example 5 (Repeated eigenvalue)

Find the eigenvalues of A = (g (2)) and the corresponding eigenvectors.

Solution

I N N

Setting [A—A|=0 = 2-21)?%?=0=> 1=2,2.

For =2, solve (A—2D%=0, ie. (8 8) (2) = (8), then x; and x, can be any

number except both x; = x, = 0.
Let x; =s and x, =t.

. The corresponding eigenvectors of A for A = 2 are

(2) =s ((1)) +t (2), where s*+t%# 0 (i.e. s,t # 0 atthe same time).

(Note: 1 and 0 are two linearly independent eigenvectors correspondingto A = 2.)
— \0 1

Page 21



Semester A, 2023 -24 MA2001 Multi-variable Calauduns and Lineor Algebraw Chapter 1
3 Eigenvalue Results

Definition

-

Two vectors X,y are called orthogonal if X'y =0 or x-y = 0.

2 —1
For example, x = (—1) and y = (—1) are orthogonal since
1 1

X y=2)FED+EDED + (D) =0.

A set of vectors {v{,V,,...,U,} is orthogonal if and only if each pair of vectors in this set is

orthogonal.

2 -1 0 2 —1
For example, the set of vectors {(—1) , (—1) : (1) } is orthogonal because <—1> : (—1) =0,
1 1 1 1 1
2 0 -1 0
(—1) - (1) =0 and (—1) - (1) = 0.
1 1 1 1
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Definition

A set of vectors {v{, V5, ..., 1, } is linearly independent if the only linear combination of them

that equals the zero vector is the trivial one, i.e. all the coefficients are O.
That is, ¢,U3 + ¢,Uy + -+ c,U, =0 if and only if ¢; =c,=--=c¢, =0 is the only

(trivial) solution.

Vectors that are not linearly independent are linearly dependent.

Note that linear independence and orthogonality are two different concepts.
> |If v{,v5,..,1, areorthogonal, then they must be linearly independent.
However, the converse may not be true.

> |If v{,v5,..,1, arelinearly independent, then they are not necessarily to be orthogonal.

Orthogonal = Linearlyindependent
&

Page 23



Semester A, 2023 -24 MA2001 Multi-variable Calauduns and Lineor Algebraw

Chapter 1

Theorem 1

Eigenvectors corresponding to distinct eigenvalues are linearly independent.

Proof of Theorem 1 (for your reference):

See course notes (p.6 of Chapter 1).
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lllustration of Theorem 1

1 -1 0

Take the matrix A = (—1 2 —1) from Example 2. Recall from Example 2 that the
0O -1 1

eigenvalues of A are A = 0,1, 3, and one of their corresponding eigenvectors are as follows:

1 —1 1
v_1’=<1> for A=0, v,=( 0 | forA=1, v3=|-=2] for 1 =3.
1 1 1

Note that the eigenvalues 4 = 0,1,3 of A are all distinct.

To check if V7, v, and 3 are linearly independent or not, we solve the system of equations
C1U; + €275 + ¢33 = 0,
R,—R
o1 -1 1 NIRRT -1 1 0\, e/l -1 1[0
le. {11 0 -2]1]0]—/™{0 1 -3(0]—/(0 1 -=-31]10]
0

1 1 1 10 0 2 0O 10 0 O 6
. The eigenvectors v;, v, and V3 corresponding to distinct eigenvalues 1 =0,1,3 are

Solving backward gives ¢; = ¢, = ¢3 = 0, which is the only (trivial) solution.

linearly independent. []
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As seen in Example 5 before, it is also possible to have a repeated eigenvalue which does lead

to more than one linearly independent eigenvector. Here is another example:

Example 6 (for your reference)

Let J,, n=2,3,... beasquare matrix with all its entries being 1, that is,
1 1 - 1
Jo=1: : =~ i
1 1 - 1

(b)  Find n linearly independent eigenvectors.

(a)  Find all eigenvalues of J,,.

Solution

1 1 - 1\ /1 n 1
First observethat [ ¢ ¢ =~ : ( = () =n E>,
1 1 --- 1/ \1 n 1

1
so A =n isan eigenvalue of J,, and one of its eigenvectors is ()
1
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(o) o (o)
o)D)

[o)

so A =0 isan eigenvalue of J,, and one of its eigenvectors is k : )
0

1 1 1
In addition, we observethat | : : =~
1 1 - 1

-1

For 2 =0, we solve (J, — 0% =0, i.e.

R2—R;
11 - 1oy, i (Lo 10
I B =y e R
1 1 - 1lo R I

We have x; + x, + x3 + -+ x,, = 0.
Let x; = a4, X, = a,, .., X1 = an—1, Where aq,a,, ..., a,_1 are arbitrary real numbers.
Then x, = —a; —a, — - — a,_1.
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.. The eigenvectors of J,, corresponding to the eigenvalue A =0 are

e ][]
) e

1 0 0
0 1 0
The eigenvectors A I R I B are linearly independent, because if we solve the

1 0 0 €1 0
0 1 0 C2 0
system ¢, | ¢ |+c| |+t o= : =1 : | we
0 0 1 Cn—1 0
—1 —1 —1 —C —C 7T Ch 0
find that ¢; = ¢, =+ = ¢,,_1 = 0 is the only solution.
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1
We have found an eigenvalue A = n with corresponding eigenvector (

1

1 0 0
RN
A =0 with n—1 linearly independent eigenvectors N % T I - B
EYASYRRY

—1 —1 —1

Our remaining work is to show that these n vectors are linearly independent.

); and an eigenvalue

1 0 0 1 0
0 1 0 1 0
For this, we solve the system ¢; | : |+c¢,| ¢ |+ +cp_q]| ¢ |Feul i | =]
0 0 1 1 0
-1 -1 -1 1 0
1 0 0O 110 1 0 0 1,0
0 1 0 10 g pprmgrry| O 1 0 10
o o0 - 1 110 0O 0 -1 110
-1 -1 = =1 110 0 0 -0 n'!oO
Solving backward, we find that ¢, = ¢, =+ = ¢,,_1 = ¢,, = 0 is the only solution.
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Hence, : , :

\%/ |

0
1

0
—1
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\

0
0

1
-1

.
\

1
1
1
1

are n linearly independent eigenvectors of J,,.
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Definition
The square matrix A is symmetric if and only if AT = A.

3 4 8 -2 3 :
E.g. (4 _2) and (—2 1 O) are symmetric.

3 0 4

Theorem 2
If A isareal symmetric matrix, then
(a) the eigenvalues are all real (but not necessarily distinct),
(b) eigenvectors corresponding to distinct eigenvalues are orthogonal.
Proof of Theorem 2 (for your reference):
See course notes (p.10 of Chapter 1). []
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lllustration of Theorem 2

1 -1 0
Again,take A=|—-1 2 —1] from Example 2.
0o -1 1

Since AT = A, the matrix A is symmetric. Furthermore, all entries in A are real numbers.

Thus, A is a real symmetric matrix.

Recall from Example 2 that the eigenvalues of A are A =0,1,3, and the corresponding

eigenvectors are as follows:

1 —1 1
vi=[(1) for A=0, v, = O)for/1=1, v3=|-=2] for 1 =3.
1 1 1

Note that the eigenvalues A =0,1,3 of A areallreal. « (a) Vv

Then for the distinct eigenvalues A =0,1,3 , their corresponding eigenvectors

1 —1 1
v_1>= <1>, v_2)= ( 0) and v_3’= (—2) are orthogonal, as we can easily check that
1 1 1

V'V =0, U7 v3 =0 and U, V3 =0. «— (b)V 0
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Theorem 3

If A is an n X n real symmetric matrix, then it is possible to find n_linearly independent

eigenvectors (even though the eigenvalues may not be distinct).

Proof of Theorem 3: Omitted
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lllustration of Theorem 3

1 1 1
Consider the matrix J; = (1 1 1). Note that /5 is real symmetric.
1 1 1
1-21 1 1
Js—All =] 1 1—-A 1
1 1 1-21

] I B S L
=1-DA-H*-1]-[A-D-1]+1[1- 1A -]
=1-2)3-31-2)+2
=1—-31+322-23-31-2)+2
= —23 + 32°
=13 -1
Setting |J3—AI| =0 = A2=3,0,0.
Thus, J3 has eigenvalue 3 of multiplicity 1 and eigenvalue 0 of multiplicity 2. All these
eigenvalues are real.
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For A =3, wesolve (J3 —3)x =0:

R>—R
—2 1 1|0\, /1 1 =210\ 1 1 —2]0
1 -2 1lo]—S1 =2 1l0]=(0 =3 3|0
1 1 =210 2 1 110 0 3 =3lo0
1 1 =210 1 1 =210
R=:+R R, /(—3)
3—2><0 3 3 0)2—><0 1 -1 o)
0o 0 olo 0 0 010

{x1+x2—2x3=0
Xy — x3=0

Let x3 = k, where k # 0.
Then x, =x3 =k and x; = —x, + 2x3 = —k + 2k = k.

The eigenvectors of J; correspondingto A =3 are

X1 1
<x2> =k (1), where k # 0.
X3 1

1
For A = 3, one of its corresponding eigenvectors is <1>
1
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For 1 =0, we solve (J; — 01X = 0:
111022‘?11110
37— v
(1 1 1 0)—><0 0 0 0)
0 0 0 010

1 1 1

x1+x2+x3=0
let x; =s and x, = t, where s? +t? % 0.
Then x3 = —s —t.

The eigenvectors of J; corresponding to the eigenvalue A =0 are

X1 1 0
Xy | = O>+t 1>, where s? +t% # 0.
X3 —1 —1

1 0
For A = 0, its linearly independent eigenvectors are ( 0 >, ( 1 )
—1 —1

These results can also be obtained from Example 6 (with n = 3).

Chapter 1
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1 1 0
Next, we check if (1), ( 0 ), ( 1 ) are linearly independent or not.

1 -1 -1

1 1 0 0
We solve the system ¢y (1 |+c¢c,| O |+c3| 1 |={0]
1 —1 —1 0

R,-R
1 1 010 Ri—Ri 1 1 010 Ry—2R, 1 1 0 (0
1 O 1({0)—{0 -1 1 |0])]——(0 -1 1 ]0
1 -1 =110 0 -2 -110 0 0 =310

Solving backward, we get ¢; =c¢, = c3 =0 (the trivial solution) as its only solution,

therefore the three eigenvectors are linearly independent. []
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3.1 Diagonalization

Definition

An n Xn matrix A is said to be diagonalizable if there is a non-singular (or invertible) n X n

matrix P such that

D =P 1AP|

where D is a diagonal matrix.

Observe that
det(D — AI) = det(P~1AP — AP~ 1IP)
= det[P~1(4 — A)P]
= det(P~1) det(4 — AI) det(P)

=T B det(A — Al) det(P) = det(4 — Al)

Therefore, A and D = P"1AP have the same characteristic polynomial and thus they have
the same eigenvalues. We also notice that the eigenvalues of D are just the main diagonal
entries of D.
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Theorem 4

If an n X n matrix A has n linearly independent eigenvectors, then it is diagonalizable.

Before we prove Theorem 4, let’s recall the following results on matrix multiplication.

Remark on matrix multiplication:

Let A be a p Xm matrix and B be an m X n matrix. Recall that the product AB can be

evaluated in two different ways:

11 A1z 7 Qim a1 A1m
A= a:21 a:22 al;m = (a;laz|-*- lay,), where aj = a?l o, Uy = “2m
dp1  Ap2 ' Apm ap1 Aym
bi1 b1z -+ biq b11 bin,
B = b;21 bfz bZ:" = (b_1>|b_2)| IZ), where b_{ = bfl ,...,Z _ | ban
b1 bmz -+ bymn b1 bmn
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We observe that

all a12 alm b11 b12 bln
a a a . . .
ap =7 T S P b ban ) (47| AB; || 4By )
Ap1 Ap2 " Apm/ \bpm1 bmz * bmn
and also
AB = (blla_l)-l' et bmlm | blza_l)'l' et bmzﬁ |- | blna_1>+ et bmn@))-

Proof of Theorem 4: (for your reference)

Suppose A isan n X n matrix, and X5, ...,X,, are n linearly independent eigenvectors of A

with corresponding eigenvalues A4, ..., 4, such that
Ax{ = Mxq , ..., Ax, = A, x,,.
Construct an nXn matrix P=(x; |x; |-+ |x,) with x{,...,x,, as its columns, where
— — .
X{, ..., X, arethe eigenvectors of A.

Then
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AP = (Ax{ | Axz | -+ | Axy) = (Agxq | A5 | -+ | A )
= (4x7 +0x; 4+ -+ 0x, | 07 + Ayx5 + -+ 0x;) | =+ | 07 + -+ 4+ 0x, 1 + A Xy )
Al 0O ... 0
A EARTE~>1 I By )
0 0 -~ Ay
Al 0O ... 0
where D = ? 112 8 = diag(Ay, ..., 1,).
0 0 - A,
Since Xx{,...,x, arelinearly independent, then detP # 0 and P~ 1 exist.
Thus, we have P71AP = P~'PD = D, i.e. A is diagonalizable. [
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Summary of Theorems 1 to 4

Theorem 1: Eigenvectors corresponding to distinct eigenvalues are linearly independent.

Theorem 2: If A is areal symmetric matrix, then

(a) the eigenvalues are all real (but not necessarily distinct),

(b) eigenvectors corresponding to distinct eigenvalues are orthogonal.

Theorem 3: If A is an n X n real symmetric matrix, then it is possible to find n_linearly

independent eigenvectors (even though the eigenvalues may not be distinct).

Theorem 4: |If an n Xn matrix A has n linearly independent eigenvectors, then it is

diagonalizable.
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Useful results: From the above theorems, we notice that

(i) All n X n real symmetric matrices are diagonalizable;

(ii) If an n X n matrix has n distinct eigenvalues, then it is diagonalizable.

Reason for result (i):

If A is an n Xn real symmetric matrix, by Theorem 3, it is possible to find n_linearly

independent eigenvectors (even though the eigenvalues may not be distinct). Then by

Theorem 4, A is diagonalizable.

Reason for result (ii):

If an nXn matrix A has n_distinct eigenvalues, by Theorem 1, there must be n

corresponding eigenvectors which are linearly independent. Then by Theorem 4, A is

diagonalizable.
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Example 7

Consider the matrix A = G ;L)

(a) Is A diagonalizable?

(b) Express A intothe form PDP~1, where D is a diagonal matrix.

Solution
_11—=A 4 |1 _ 4 oy
(@) [A—Al| = 5 3_/1—(1 ANB—-1)—8
=12 —41 -5
=MA-=-5A+1).

Set |A—AI| =0 = A=50r — 1.
. The eigenvalues of A are
Ay =5 and 4, = —1.

Since the eigenvalues are all distinct, then A is diagonalizable.

Chapter 1
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(b) For A, =5, solve (4—50%=0.
Using Gaussian Elimination,
(4 419 Ry 3R (-4 49 (—)xRa (119
e _ )
2 =210 0O 010 0O 010
This corresponds to the equation x; —x, = 0.

Let x, = s, then x; = x, = s.

. The eigenvectors of A correspondingto A; =5 are

= () =5() =0

.. One of the corresponding eigenvectors of A for A; =5 is (i)

For 1, = —1, solve (A + )% = 0.

Using Gaussian Elimination,

_ IxR
G 310G ol ™= olo)
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This corresponds to the equation x; + 2x, = 0.

Let x, = k, then x; = —2x, = —2k.

. The eigenvectors of A correspondingto A, = —1 are
- X _2
x=(x;)=k( 1) (k # 0).

.. One of the corresponding eigenvectors of A for 4, = —1 is (_12)

Let P = (i _12) and D = (g _01)

As the eigenvectors of A are linearly independent, P~! exists.

To find P~1, we may use the formula or the Gauss-Jordan elimination method.

By the formula,

T
11 . 1 1 -1\ 11 2y _ [ 3
b= det(P) adj(P) = 1x1—(-2)x1 (—(—2) 1 ) 3 (—1 1) B 1

Wik, wWwiN
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OR By Gauss-Jordan elimination method,

(P|12)=(1 211 0)@)(1 211 0)@)(1 _2‘ 1

wlkm O
N——

1 110 1 O 3 1-1 1 01_5

2

R1+2R210_§

o 1]_1 1

3
12
-1 _ 3 3
Ph=1 " 3

3 3

Note that P"YAP = D, as A is diagonalizable.

1
Then A=ppp~t=(1 ~H)(> 03[ 3

1 1/7\0 -1 !

3

Wik wWilN
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Check:
1z 1 2
pop=(1 )G D0 3)=C DI 1)=G = -
3 3 3 3
Remark:
If P = (Z Z) isa 2 X 2 invertible matrix, then
_ . 1 —c\" 1 d —b
P 1:det(P)ad](P):ad—bc(—db ac) :ad—bc(—c a)'
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Example 8
(5 3 : :
Is A = (_3 _1) diagonalizable?
Solution
_15=4 3 _ Y _ 2
a-al="7"0 7 = G-DE1-D - (D=2 -4+ 4=(1-2)

Set |JA—A|=0 = A1=2,2 (i.,e. A =2 isthe onlyeigenvalue.)

For 1 =2, solve (4—20% =0, i.e. ( 3 3 )(xl) = (0)

-3 =3/ \X2 0
1
Using Gaussian Elimination, (_33 _33 8) ﬂ (?) (3) | 0) ﬁ) (é (1) | 8)

This corresponds to the equation x; + x, = 0.
Let x, = k, then x; = —x, = —k.

. The eigenvectors of A corresponding to the eigenvalue A = 2 are

(z)zk(f)kio.

As there is only one linearly independent eigenvector, matrix A is not diagonalizable. []
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Example 9
1 3 3
Diagonalize A = -3 —5 —3 |, if possible, by finding the matrices P, P~1 and D such
3 3 1
that P~1AP = D.
Solution
1—-A 3 3
|A—-All=| -3 -5—-1 -3
3 3 1—-2
1 —-5—-4 =3] 4|73 -3 -3 —-5-21
RSOl R o] ISP E] R

=(1-D[5-DA-2D)+9]-3[-3(1—21) +9] +3[-9—3(-5—-21)]
=(1-2DA%*+41+4)—-33B21+6)+3(3B1+6)
= (1 -+ 2)2

Setting |[A — AI| = 0 gives 4 =1 (of multiplicity 1) and A = —2 (of multiplicity 2) as the

eigenvalues.
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B 0 3 3\ /%\ [0
For A=1,solve (A—DNx=0,i.e. | -3 —6 =3|[x2]={0].
3 3 0 X3 0

By Gaussian Elimination,

0 3 310 RiOR; 3 3 010 Ry+Ry 3 3 010
-3 -6 -3|10]——™|—-3 -6 -3|0]—10 -3 =310
3 3 010 0 3 310 0 3 310
R1/3
Ry+R, 3 3 010 R, /1(_3) 1 1 0]60
—> {0 -3 =-3|10|—(0 1 110
0 O 010 0O 0 010
This corresponds to the system
{xl + X5 =0
X, +x3 =0
Let x3 = s,then x, = —x3 = —5, x; = —Xx, = s.

X1 1
X = (Xz) =S (—1), s # 0 arethe eigenvectors of A correspondingto A = 1.
X3 1

1
. One of the corresponding eigenvectors for A =1 is (—1).
1

Chapter 1
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B 3 3 3 X1 0
For 1= —2,solve (A+2)x =0, i.e. (—3 -3 —3) <x2> = (O)
3 3 3 X3 0

By Gaussian Elimination,

3 3 3|0\t s3 3 310\, /1 1 10
3—R; 1/3
(—3 -3 =3 0>—><0 0 0 O>—><O 0 0 0)
3 3 310 0 0 ofo0 0 0 0fO0
which corresponds to the equation x; + x, + x3 = 0.
Let x, =s, x3 =t,then xy = —x, —x3 = —s —t.
.. The eigenvectors correspondingto A = —2 are

X1 —s—t -1 —1
f=<X2>=< S )=s<1>+t<0>,where52+t2¢0.
X3 t 0 1

-1 -1
g ( 1 ) and ( 0 ) are two linearly independent eigenvectors corresponding to A = —2.
0 1

Since A is a 3 X 3 matrix and it has three linearly independent eigenvectors, then A4 is

diagonalizable.
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1 -1 -1 1 0 0
Take P = (—1 1 0 ), D = (O -2 0 )
1 0 1 O 0 -2

By Gauss-Jordan elimination method,

1—1—1100§2+§11—1—1100
3~ 11
(P|I3)=<—1 1 oo10>—><0 0 -—-1|1 10)
1 0 110 0 1 o 1 21I1-1 0 1
Ri—R
Ror, (1 1 -1 1 0 0 Rov2h, 1 -1 010 —-1 0
——>(o 1 2(-1 0 1|]—/3|0 1 o1 2 1
o0 0 -—-111 1 o0 0o 0 -1l1 1 o0
R{+R,
N 1 0 0o]1 1 1 D
— 1 0|1 2 1]=(LIPYH
0 0 1l-1 =1 0

1 1 1
L Pl=[ 1 2 1.
-1 -1 0

Then we have P™1AP = D, that is

1 1 1 1 3 3 1 -1 -1 1 O 0
1 2 1) -3 =5 =-3]|-1 1 0O |=(0 -2 0 |
-1 -1 O 3 3 1 1 0 1 0 0 =2
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Diagonalization is useful when it is required to raise a matrix A to a high power, thatis, A™.

If P71AP = D,then A =PDP™1.

Then
A™ = (PDP~1)(PDP~1) --- (PDP™1)
= PDP~'PD PP DP~L--PD PP D PP PP
“ln =l “n =l
— ppmp-?
where
L0 0
p=( Y % = diag(Ay, Ay, -+, )
0 0 An
™0 0
= pm=( O A" 0 ) gigga™ " 2™
0 0 2
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An important application of diagonalization occurs in the solution of systems of differential

equations.

Example 10 (for your

reference)

Consider a system of n first order linear differential equations for the dependent variables

X1, X3, ..., Xy as follows

A

(dxq

E = Aq11X1 + A12X9 + + A1nXn

dx,

I~ %1 T AzpXy + o+ AppXy L. (E),
dx,,
T = Ap1X1 T+ Xy + -+ AppXy

where the a;;’s are given constants. The system (E) can be written as the following matrix

du —
form i Au - (F),

X1 a1 - Qqn
where i = : | and A= : .
Xn Apn1 - Qpn
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Suppose A is diagonalizable, then there exists non-singular matrix P such that D = P~1AP,

where D is a diagonal matrix.

y1(t) x1 () y1(t)
Let ( : ) = P‘1< : ), that is, ( : >= P~ 1%4. Then
Yn (1) Xn (t) v, (t)

d (Yi(t) d di y1(t)

I : = EP_lﬁ = P‘la =P 1Au=DP =D :
Yn(t) Yn(t)

Observe that D is diagonal so that each row of the system is of the form %yi(t) = d; y;(t),

which is easy to solve.

4 y1(0) y1(t) y1(0)
The solution of = : =D : is easy to obtain. Once : is found, then

@) \n(®) Yn(0)
<x1 (ﬂ) <x1 (0) (3’1 (t)>
: can be obtained by using : =P : : []
Xn (£) Xn (£) Yn(t)

(Note: Topics on differential equations are not required in this course.)
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Example 11

1 1 1
(a) Use Gauss-Jordan elimination method to compute the inverse of (1 2 1).
0 0 1

(b) Let A bea 3 X 3 matrix which has eigenvalues —1,1,0 with corresponding

1 1 1
eigenvectors <1>, (2), <1>, respectively. Using part (a), find A°.

0 0 1
Solution
1 1 111 0 O Ry—Ry 1 1 111 0 0
(a) 1 2 1{0 1 0)J]—/10 1 Of—-1 1 O
O 0 110 0 1 O 0 110 o0 1
Ri—Rs 1 1 0] 1 0 -1 Ri—R, 1 0 0] 2 -1 -1
—(0 1 0[-1 1 O |—™{0 1 Oo(—-1 1 0
O 0 1o o0 1 O 0 110 0 1

1 1 1\1 2 -1 -1
; (1 2 1) =(—1 1 0).
0 0 1 0 0 1
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1 1 1 1 1 1\N/-1 0 O
(b) Wehave A1 2 1])=(1 2 1 0O 1 0)
0 0 1 0 0 1 0O 0 O

Then

1 1 1 1 O 0Oh/1 1 1 1 1 1\N/-1 0 O 2 -1 -1
A= (1 2 1)( )(1 2 1) = (1 2 1)( 0 1 0) (—1 1 0 )
0 0 1 0 0 1 0 0 1 0 0 O 0 0 1

111—10010 -1 -1

= A0 = (1 2 1)(0 1 0) (—1 1 o)
0 0 1/\0 0 O 0 0 1
1 1 1\/-D¥P° 0 0 2 -1 -1
G 2 26
0 0 1 0 0 010 0 0 1
1 1 1\/1 0 0\/2 -1 -1 1 1 0/2 -1 -1
=<1 2 1><0 1 o><—1 1 0>=<1 2 0)(—1 1 0)
0 0 1/\0 0 0/\0 O 1 0 0 0/\0o 0 1
1 0 -1
=<01—1> ]
0 0 O
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Example 12

(a)

(b)

Let B be a 3 X3 matrix and A;,4,,4; be the eigenvalues of B. Write down the
characteristic equation of B and show that A;4,4; = detB.

Let A3;43 be areal symmetric matrix. Suppose

ine )-C) (3)-0)

(i) Use part (a), or otherwise, find the eigenvalues of A.

(ii) Find a matrix P having its columns to be the unit eigenvectors of A and show
that PTP = 1.

(iii) Show that A is diagonalizable and find the matrix A.

Solution

(a)

bll b12 b13
Let B = b21 bzz bzg .
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The characteristic equation is given by det(B — Al) = 0.

b1y —4 by b1z
det(B—AI) =| b,y by, —2 by (Coefficient of A3 is —1)
b3q bz, b3z —A4

=—A-1)A—-2,)A—-243) (+ A4, 1,, A3 arethe eigenvalues of B)
= =23 = (A + A, + A3) 12+ (A4, + A A5 + A,43) A — A, A,A4]
The characteristic equation is
—[2B3 = (A + A, + A3) A2+ (AA, + 423 + A,A3) A — A 4,43] = 0
or written as

2= (A + Ay + A3) 22 + (A Ay + A s + Ayds) A — A, 545 = 0.

Putting A = 0 into
det(B - AI) - _[AS - (Al + Az + Ag) AZ + ().112 + Alﬂ.g + Azlg) A - ).112).3],
we get

det(B) - Allzﬂ.g .
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(b)(i) Let A4,4,, A3 be the eigenvalues of A.

1 —1 1 -2
Given that A(Z) = (—2) and A( 0 ) = ( 0 >
1 —1 —1 2

1 -1 1
Since A (2) = (—2) = — (2), then A, = —1 is an eigenvalue of A and one of its

1 -1 1

1
corresponding eigenvectors is <2>
1

1 —2 1
Also, A( 0 > = ( 0 ) = (—2)( 0 ), then A, = —2 is an eigenvalue of A and one
-1 2 —1

1
of its corresponding eigenvectors is ( 0 )
—1
It is also given that detA = 1. Then using by part (a),
detA =03 = 1=(-1)(-213 = A3 ==,

Hence, the eigenvaluesof A are A, =—1, A, =-2, 13 = %
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(Remark: Observe that the real symmetric matrix A has distinct simple (of multiplicity 1)

eigenvalues, therefore, A has the orthonormal (orthogonal unit) eigenvectors which are

linearly independent.)

1 1
(b)(ii) For 4; = —1, we have A (2) = — (2)
1 1

1
One of its corresponding eigenvectors is (2)

1
Then the corresponding unit eigenvector (with magnitude 1) is

%

V6

1 % | 2

V12 +22 +1%7\4 V6
7/

V6
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1 1
For A, = —2, we have A( 0 ) = (—2)( 0 )
—1 —1

1
One of its corresponding eigenvectors is ( 0 )
—1

Then the corresponding unit eigenvector is

1
1 1 V2
V12402 4 (—=1)? (_01> - 01

V2

X X
(y), where (y) is a corresponding eigenvector.

X
For A3 = %, we have A (y) = ;
Z Z

Z

Since A is real symmetric, then by Theorem 2(b), eigenvectors corresponding to

distinct eigenvalues are orthogonal. Thus, we have
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(5 (L
() (2) ~ 0
z 1
X 1
y) ( 0 ) =0
L(Z —1

let z=1,then x =1 and y = —1.

A

{x+2y+z=0
x—z=0

1
Then (—1) is an eigenvector of A for A3 = %
1

The corresponding unit eigenvector is

1 1
J1Z2+ (-1)2 + 12 <_11>

/

\

—
=< =

ol

a

I
N — N

\
/

~ Sl

MA2001 Multi-variable Calcuds and Linear Algebrov

(—x—2)=—z

Chapter 1
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1 1
/ % Vv \

2
Le’EP=\/—g 0

i _1 i

V6 V2 V3

1r 2 1N/ 1 1

/66 6\/62\/5\100
Then PTP=|~ 0o =22|[lZ2 o —-ZX|=(0 1 o
en — 12 2 6 V3|

Y A VE T T 0 01

v3 V3 43 6 V2 43

Hence, PTP =1,

(Remark: Observe that the matrix P, which is formed by the orthonormal eigenvectors

of A, has its inverse that is just its transpose. Thatis, P~ = PT))
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(b)(iii) Since A ais real symmetric matrix, it is diagonalizable.
That is, there exists an invertible matrix P and diagonal matrix D such that
P~1AP =D

or written as AP = PD,

1 1 1 1 1 1
/\/5 V2 \/5\ /6 2 \/5\ -1 0 O
ie A 2 0 _1 1 £ 0 _1 0O -2 0
i.e. k% ﬁ)—kﬁ ﬁ) o o1
1 _1 1 1 1 1 2
V6 V2 3 V6 V2 3
P~ 1AP =D
= A=PDP™1! = pppPT
From (ii)
1 1 1 1 2 1
V6 V2 V3 -1 0 O\[+Vve e V6
2 oo -1 0 -2 0|lLX o -1
V6 V3 0 0o 1 V2 V2
1 1 1 2/ \+ _ 1 1
6 V2 3 V3 V3 3
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-
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o

—1
_1
2

1

O\IHO\INO\IH

4 1
2

A-l_r _1 1
2 2

1 —= -1
2

éll"‘ox

_|_

b—\Ob—‘-

_|_

_ L L
2V3 || V2
1 1
23 V3
12,41
6 6 6
—2 —ii0+4-
6 6 6
I P
6 6 6
1
_1
2
—1
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Chapter 1
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4 Quadratic Forms

4.1 Introduction

A guadratic form is an expression of the form

33

n
=1

Z al-j Xi .X'j

n
j=1
where a;;’s are constants, X, ..., X, are the variables.

Note that each term in a quadratic form is of degree two.

Examples:

> q = 3x? + 4x,x, — x2 is a quadratic form in two variables x; and x,.

> q = x% — x1X, + 3x;x3 + 4x3 is a quadratic form in three variables x;, x, and xs.
> q = 2x% + 3y? is aquadratic form in the variables x and y.
> q = 2x? — x + 3y? is not a quadratic form (because the term “—x” has degree 1).

> q =x?+ 3xy + 1 is not a quadratic form (because the term “+1” has degree 0).
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Example 13 (for your reference)

The 3-mass, 2-spring system

has kinetic energy

and potential energy

Chapter 1

k(x, —x:)% k(x;—x,)? x? x2
V=m b, — 1) + (xs 2)]zmk(%+x22+—3—x1x2—x2x3>.

2 2 2

Observe that T is a quadraticformin x4, x, and xj;.

V' is a quadratic formin x4, x, and xj.
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Every quadratic form is associated with a symmetric matrix, i.e.

n n
q= aij xi Xj -+ (%)
i=1 j=1
can be written as
q=x"Ax
X1
where x = [ : ], A= [aij] and A = AT (i.e. symmetric).
le

The diagonal entries of A are the coefficients a;; appearing in (*), while the off-diagonal

entries are half the corresponding coefficients.
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Example 14

Express

q = 3x%2 + 4x;x, — x5

in the form g = xTAx, where A is a symmetric matrix.

Solution
q = 3x? + 4x;x, — x5
3 21r0M*
= | X X
X1 X2] [2 —1] [le'
symmetric
Remark:

It is also possible to write g in terms of non-symmetric matrices, e.g.

a=ba ml[ A][g] o a=tm o ml[p ]
non-— non-—
symmetric symmetric

X1
X2

Chapter 1

], etc.
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Example 15

Express
q = x% + 2x2 + 7x3 — 2x,x, + 4x1X3 — 2X5X3
in the form g = xTAx, where A is a symmetric matrix.

Solution

q = x% + 2x2 + 7x3 — 2x,%, + 4x1X3 — 2X,X3

1 -1 21*
=[x1 X2 X3]|-1 2 —1]|*2|.
2 -1 7 11%3
1 1 2

-1 2 —1].
2 -1 7

Note: The associated symmetric matrixof q is A =

Chapter 1
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: : ajjt+aji .
If in the general case aq;; # a;;, we define ¢;; = ——2L then c;j = ¢j; and the coefficient of
(xix; + xjx;) is ¢;; + ¢j; = a;; + aj; asrequired. Then

g=xTCx with C=CT.

For example,

q = x% + 7x;xy — X%, + 2x2

= x{ + 6xyx, + 2x5

“in o [} 3] )

symmetric
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4.2 Definiteness

It is of interest in many applications to know if the sign of g remains the same whatever the

values of the elements of x.

> g = xTAx is positive definite if ¢ > 0 forall x # 0.
> g = xTAx is negative definite if ¢ < 0 forall x # 0.
> g = xTAx is positive semidefinite if ¢ > 0 forall x # 0.
> g = xTAx is negative semidefinite if ¢ < 0 forall x # 0.

> g = xTAx is indefinite if it can take both positive and negative values.

The associated real symmetric matrix A is also said to be positive (or negative) definite if

q > 0 (or g < 0) respectively.
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Note that if g is positive definite, then it is also positive semidefinite. Similarly, if g is
negative definite, then it is also negative semidefinite. However, if g is positive semidefinite,

it may or may not be positive definite, since g may take on the value 0.

Simple examples:

1. g = x%+ 3xZ is positive definite (i.,e. ¢ > 0 whenever x = ’ ] ’ ] = 0).

2. q=—4x? — x% is negative definite.

3. g = 3x? ispositive semidefinite (i.e. ¢ = 3x? = 3xZ + 0x5 > 0 whenever x # 0).

4. g = —x5 is negative semidefinite.
5. g =3x%— x> isindefinite.

How about g = 3x# + 4x,x, — x5 or quadratic forms with more than two variables?
We may determine whether g has constant sign or not by “completing the square”.
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Example 16

Determine whether the quadratic form
q = x% + 2x2 + 7x3 — 2x,%, + 4x1x3 — 2X,X3
and its associated symmetric matrix are positive/negative definite, positive/negative
semidefinite or indefinite.
Solution
q = x% 4+ 2x2 + 7x3 — 2x,%x, + 4x,%3 — 2XpX3

= (xy —xy + 2x3)% — x% — 4x5 + 4dxyx5 + 2x% + 7x5 — 2x,%5

= (x; — X, + 2x3)% + x2 + 3x% + 2x,x3

= (x; — %, + 2x3)% + (%, + x3)% + 2x%2

Thus g > 0 for any choice of x{, x5, x3.

1 -1 2
Both g and its associated symmetric matrix A =|—-1 2 —1‘ (from Example 15)
2 -1 7
are positive definite. []
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Example 17

Determine whether the quadratic form

q = 3x? + 4x,x, — x5

and its associated symmetric matrix are positive/negative definite, positive/negative
semidefinite or indefinite.
Solution

q = 3x? + 4x,x, — x5

Ax,x5 X2
=3<x12+ 2 _ 2)

3 3
_ . ( N 2 )2 4x%2  x2
—2|\M1T32) T T3
_ s ( . 2 )2 7x2
—2\M1T32) T3
: : : : 3 2 i ..
Thus g and its associated symmetric matrix 4 = ’2 _1] are indefinite. []
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We shall now reduce g to a sum of squares using matrix and eigenvalue ideas.

Recall that for a real symmetric matrix, it is always possible to find n linearly independent
eigenvectors. If the eigenvalues are distinct, these eigenvectors will also be orthogonal. If they
are not distinct, it is in fact still possible to obtain n orthogonal eigenvectors by using the

Gram-Schmidt process.

If these eigenvectors x; are normalized such that x;7x; = 1 (orthonormal eigenvectors)

then the matrix P whose columns are the orthonormalized eigenvectors will have the
property that
PTp =1
since the ij-th element of PTP is
Wy =0u={y 1)
Hence, PT = P71,

Page 78



Semester A, 2023 -24 MA2001 Multi-variable Calauduns and Lineor Algebraw Chapter 1

Any matrix with this property is said to be orthogonal.

Thus, it is possible to diagonalize a symmetric matrix using an orthogonal matrix P, i.e.

PTAP = D.
Given a quadratic form
q=x"Ax.
We may make the change of variable
X =Py

where P is the orthogonal matrix whose columns are the orthonormal eigenvectors of A to
give
T
q= (PX) A (PX) =y"P'APy =y"Dy.

Hence,

n
q = Z/li Yiz
i=1

where A;’s are the diagonal entries of D and they are the eigenvalues A.
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This shows that g may be written as a sum of squares with the coefficients of the squared
terms being the eigenvalues of A.

This gives the following result:

Theorem

A quadratic form and its associated symmetric matrix are positive definite iff all the

eigenvalues of the associated symmetric matrix are positive.
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Example 18

Consider the quadratic form
o2 2 _ 2 -1y _ .r
q = 2xi — 2x.x, + 2x5 = [X1  X3] [_1 ) ] [xz] = x"Ax.

After some calculations (left as exercise), we can find that the eigenvalues and their

corresponding eigenvectors of A are

-
A =1, vy = [ﬂ = Its normalized eigenvector is f .
V2]
_ 1]
Ay =3, v, = [_11] = Its normalized eigenvector is iﬁ :
| V2
(1] _ 1 (1] [_L
Note that \/15 and 1\5 are orthogonal, since \/15 - 1\5 = 0.
V2. | V2 V2] | vz .
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F1 17 -1 17
Take P = \/15 1\/5. Then PT =p~1 = \/51 \/15
vz V2 | vz V2

Tap - [1 0]_
Then PTAP = |~ | =D.
If we make the change of variable x = Py or y = P"1x = PTx, i.e.
[xll _ [1/‘/Z —1/\5] [3’1] _ |01 = y2)/V2
N L VAPRE VPR R (AR A VP
we have
q=yi +3y; (=y'Dy)

showing that g and A are positive definite.

It may be verified directly that

q = 2x% — 2xyx, + 2x3

— V22 — + + ¥5\°
:2()’1 YZ> _2(3’1 YZ) (Y1 )’z)+2()’1 )’z)

V2 V2 V2 V2

Chapter 1
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= (f = 2y1y2 +¥5) — 0f —y3) + OF + 2y1y, + y3)
=yi +3y;

Or

(x1 + xz)z 3(xp — x1)2

= 2x2 —2 + 2x% =
q X1 X1X2 X2 5 5

Note that “completing the square” does not necessarily give the same factorization. In this

case we might have
q = 2x% — 2x1X, + 2%

= 2(xf — x1%, + x5)
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Example 19

For any constant ¢ > 0, the points (x4, x,) satisfy the equation
2x% — 2x1%, + 2x5 = c.
Form a conic in the plane.
Solution
With the change of variable given in the Example 18, we see that the equation becomes
yi+3y;=c

which we recognize as the equation of an ellipse.

The transformation x = Py, where P = , represents a rotation of the axes

1
V2 2
1
N

through 45° in anti-clockwise direction. (See the next page for the explanation.)
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Explanation:

Recall from MA1200 (rotation of axes in Chapter 1) that when the x- and y-axes are rotated

through an angle 6 in the anti-clockwise direction to form the new x’- and y’-axes, we have

the following relations J y
{x =x'cosf —y’'sinf ’ P(x,y) = P(x', y)
y =x"sin6 + y' cos b ) {
or in matrix from, | r /
. a X~
[x] _ [cos 6 —sin 6?] [x’] /T \a+ 8
y sinf cos6 1y'] N O > X
If we put
11
cos@ —sinf] _ ,  |v2 V2
sinf cosé =F=11 L
Z x =rcos(a+60) =rcosacosf —rsinasinf
1 =x'cosf —y'sin6
cosO = NG o | | |
we get _ 1 = 6 = 45°. il y =rsin(a +6) =rsinacosf + rcosasinf
sinf@ = N

=y’ cos @ + x'sin
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Definition

The k-th order leading principal minor of the n Xn symmetric matrix A = [aij] is the
determinant of the matrix obtained by deleting the last (n — k) rows and columns of A

(where k=1, ...,n):

a1 Qg - Qg
A1 QApp -+ Qg
Ak: : : .  E
A1 Qg2+ Agk
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Here are two equivalent definitions that can be used in practice for checking the positive

definiteness of a real symmetric matrix A:

(a) A is positive definite iff all leading principal minors are positive.

That is, let
A =aqq,
A = ‘an a12|
2 A1 Appl’

a1 a4ip Qg3
a1 Ay A3
31 dzp dz3

A3=

)

A, = det (4)

be the leading principal minors, then A is positive definite iff A4,4,,..., A, are all

positive.

(b) A is positive definite iff when A has been reduced to echelon form (only by

replacement row reduction), all the pivots (diagonal elements) are positive.
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Example 20

2 1 =2
1 3 0}
-2 0 4

Compute all leading principal minors of A:

Let A =

Ay =2>0,

Azzﬁ é‘=6—1=5>0,

2 1 =2 1 =2 2 =2
A, = =—1 3 =—(4)+34)=8>0.
Ol O o 21315 * ~

Since all leading principal minors are positive, it follows that A is positive definite.

OR
R,——R
2 1 =2, 212 1 =2g2m,[2 1 2
A=[1 3 o|—=—>|0 5/2 1[—>]|0 5/2 1]
-2 0 4 0 1 2 0 0 8/5

Since all the pivots of the echelon form of A are positive, then A is positive definite.
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Theorem

Let A be an n X n symmetric matrix and let A; for k =1,...,n be its leading principal

minors. Then

» A is positive definite if and only if 4, > 0 for k=1, ..., n.

> A is negative definite if and only if (=1)% A4, > 0 for k =1,...,n.

(That is, A is negative definite if and only if the leading principal minors alternate in

sign, starting with negative for A;.)
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Example 21
-3 2 0

let A=|2 -3 0|
0 0 -5

The leading principal minors of A are
A =-3(<0),

A, = \‘23 _23\ - 5(>0)

Chapter 1

3 2 0 I
and Ay=1Al=|2 -3 0|=(-5)] , _3| = (=5)(5) = —25 (< 0).
0 0 =5

Thus, A is negative definite.

Remark:

_ —5+Y/17 ~5—V17

2

The eigenvalues of A are 1, = =5, 4, and A; =

Since all the eigenvalues of A are negative, it shows that A is negative definite.
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Definition

The kth order principal minors of an n X n symmetric matrix A are the determinants of
the k X k matrices obtained by deleting n—k rows and the corresponding n—k

columns of A (where k=1, ...,n).

Note that the kth order leading principal minor of a matrix is one of its kth order principal

minors.

Eg. Let A= (Z Iz)

» The 2 first-order principal minors of A are a and c. (The first-order leading
principal minor of A is a).
> The second-order principal minor of A is |A| = ac — b?. (The second-order

leading principal minor of 4 is |A| = ac — b?))
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a b c
Eg. Let A= (b d e).
c e f

» The 3 first-order principal minors of A are a, d and f. (The first-order leading
principal minor of 4 is a).

e

f

> The 3 d-order principal mi fA ‘“b‘ac‘dd
e secona-oraer principal minors o are b d, c f an e

. (The

second-order leading principal minor of A is ‘Z Z|)

»  The third-order principal minor of A is |A|. (The third-order leading principal

minor of A is |A]).
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The following results give the criteria of positive/negative semidefinite:

Proposition

Let A bean n Xn symmetric matrix. Then
» A is positive semidefinite iff all its principal minors = 0.

<0 fork odd

» A is negative semidefinite iff its kth order principal minors {> 0 for k even'

If A is neither positive/negative definite nor positive/negative semidefinite, then A4 is
indefinite. For example, if the kth order leading principal minor is negative when k is even,

then A must be indefinite.
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Classify the following matrices as positive or negative definite, positive or negative

semidefinite, or indefinite.

1
(a) A= (1

0

1
(b) A= (2

0
Solution

1
(a) A= (1

0

1

O RRr N O M

1
1
0

0
)
1
0
)
1

0
0
1

The 3 first-order principal minorsof A are 1 (> 0), 1(>0) and 1 (> 0).

The 3 second-order principal minors of A are H i| =0(=0), ‘é (1)‘ =1(=0)

and ‘(1) (1)‘ =1(=0).
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The third-order principal minor of A is

1 1 0 L1
Al=11 1 0=1><|1 1‘=0(20)
0 0 1

Since all principal minors of A are non-negative (i.e. = 0), A is positive semidefinite.

1 2 0
(b) A= (2 1 O)
0 0 1

Since the second-order leading principal minor of A is B i| = —3<0, A cannot

be positive definite, negative definite, positive semidefinite or negative semidefinite.

Then A must be indefinite.
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