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Statistical Methods and Data Analysis

Topic 1. Basic Probability and 

Statistics Theory 
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Special Continuous Distributions

➢Exponential distribution

➢Gama distribution

➢Uniform distribution

➢Normal distribution
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Exponential Distribution 

➢A continuous r.v. X with an exponentially 

descreasing p.d.f.

• Often models the time until an event occurs

• The p.d.f. and c.d.f. depend on parameter  > 0

𝑓 𝑥 = ቊ𝜆𝑒
−𝜆𝑥 , 𝑥 ≥ 0

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

𝐹 𝑥 = 𝑃(𝑋 ≤ 𝑥) = ቊ1 − 𝑒−𝜆𝑥 , 𝑥 ≥ 0
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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Class Problems on Continuous Distributions

Let X be the lifetime of the organism

X ~ Exponential (𝜆) 

𝑃 𝑋 > 20 = 1 − 𝑃(𝑋 ≤ 20)

= 1 − 1 − 𝑒−0.1×20 = 𝑒−2

𝑃 𝑋 < 5 = 𝐹 5 = 1 − 𝑒−0.1×5 = 1 − 𝑒−0.5
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Gamma Distribution 

➢The gamma function

• () = ( − 1)( − 1)

•

• For a positive integer n:  (n) = (n − 1)!

➢Example
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Gamma Distribution 

➢Generalization of the Exponential distribution
• Often models the time required for multiple 

occurrences of a specific event

• The p.d.f. depends on parameters  > 0 and  > 0

➢For  = 1, we get the Exponential distribution.

➢Called Erlong distribution if  is an integer.

𝑓 𝑥 = ቐ

1

𝛽𝛼Γ(𝛼)
𝑥𝛼−1𝑒−𝑥/𝛽 , 𝑥 ≥ 0

0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒
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Gamma Distribution 

➢The CDF does not exist in closed form unless 

 is a positive integer (Erlong distribution). 

➢In this case, () = ( − 1)!

𝐹 𝑥 = 1 − 𝑒
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𝐹 𝑥 = 0 for 𝑥 < 0
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Exponential and Gamma 

➢Examples: Exp(0.5), G(2, 0.3), G(4, 0.3)
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Class Problems on Continuous Distributions

Let X be the time for a message to reach the website

X ~ Gamma (𝛼 = 3, 𝛽 = 100) 

𝑃 𝑋 ≤ 600 = 𝐹(600)

= 1 − 𝑒−
600
100 −

600

100
𝑒−

600
100 −

1

2!

600

100

2

𝑒−
600
100

= 1 − 𝑒−6 − 6𝑒−6 − 18𝑒−6

= 1 − 25𝑒−6

CityU
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Class Problems on Continuous Distributions

X ~ Gamma (𝛼 = 3, 𝛽 = 100) 

𝑃 𝑋 > 900 = 1 − 𝑃 𝑋 ≤ 900 = 1 − 𝐹(900)

= 1 − 1 − 𝑒−9 − 9𝑒−9 − 40.5𝑒−9

= 50.5𝑒−6
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Class Problems on Continuous Distributions

Let X be the lifetime of a machine tool

X ~ Gamma (𝛼, 𝛽)

𝐸 𝑋 = 𝛼𝛽 = 12, 𝑉𝑎𝑟 𝑋 = 𝛼𝛽2 = 36
⇒ 𝛼 = 4, 𝛽 = 3

𝑃 𝑋 > 24 = 1 − 𝐹(24)

= 1 − 𝑒−8 − 8𝑒−8 −
1

2!
82𝑒−8 −

1

3!
83𝑒−8

= 𝑒−8 41 +
512

6
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Uniform Distribution

➢A continuous r.v. X with a “rectangular” p.d.f. 

over a specified range [A, B]

• The p.d.f. and c.d.f depend on parameters A and B

𝑓 𝑥 =

0, 𝑥 < 𝐴
1

𝐵 − 𝐴
, 𝐴 ≤ 𝑥 ≤ 𝐵

0, 𝑥 > 𝐵

𝐹 𝑥 =

0, 𝑥 < 𝐴
𝑥 − 𝐴

𝐵 − 𝐴
, 𝐴 ≤ 𝑥 ≤ 𝐵

1, 𝑥 > 𝐵
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Uniform Distribution 
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Class Problems on Continuous Distributions

Let X be the waiting time for a bus

X ~ Uniform (𝐴 = 0, 𝐵 = 15) 

𝑃 𝑋 < 10 = 𝐹 10 =
10 − 0

15 − 0
=
2

3
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Normal Distribution 

➢A continuous r.v. X with a “bell curve” PDF

• The most important distribution in statistics

• The PDF depends on mean  and variance  2

𝑓 𝑥 =
1

𝜎 2𝜋
𝑒
−
1
2
𝑥−𝜇
𝜎

2

for −∞ < 𝑥 < ∞
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Normal Distribution

➢N(,  2)
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Standard Normal Distribution 

➢Let X be distributed N(,  2)

➢Then                         is distributed N(0, 1).

• The PDF for Z is

• The CDF for Z is tabulated in a table



−
=

X
Z

−= zzZPz for    ][)(

𝑓 𝑧 =
1

2𝜋
𝑒−

1
2𝑧

2

for −∞ < 𝑧 < ∞
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Table of CDF for Standard Normal Distribution 
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How to Read the Table 

z 0.00 0.01 0.02 0.03

0.0 0.5000 0.5040 0.5080 0.5120

0.1 0.5398 0.5438 0.5478 0.5517
...

1.2 0.8849 0.8869 0.8888 0.8907

1.3 0.9032 0.9049 0.9066 0.9082

0.9066)32.1(]32.1[ ==ZP

5517.090490)13.0()31.1(]31.113.0[ −=−= .ZP
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Standard Normal Distribution 

➢N(0, 1)
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Properties of Standard Normal  

P(Z  0) = P(Z  0) = 0.5

(0) = 0.5

0 Z



22

Properties of Standard Normal 

P(Z > z1) = 1 − P(Z  z1)

= 1 − (z1)

0 z1
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Properties of Standard Normal 

P(Z  −z1) = P(Z > z1) = 1 − P(Z  z1)

(−z1)    =                    1 − (z1)

−z1 Z0
z1
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Properties of Standard Normal 

P(−z1  Z  z2) = P(Z  z2) − P(Z  −z1) 

= P(Z  z2) − (1 − P(Z  z1)

= (z2) − (1 − (z1) )

−z1 z20
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Normal Distribution Probabilities  

➢Let X be distributed N(,  2)

1) Standardize X

2) Convert range for X

[ ]
a X b

P a X b P

a b
P Z

  

  

 

 

− − − 
  =   

 

− − 
=   

 

X
Z





−
→ =
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Normal Distribution Probabilities

➢Let X be distributed N(,  2)

3) Rewrite using standard normal CDF

4) Look up CDF probabilities for z1 and z2 in 

the table, then calculate.

a b b a
P Z

   

   

− − − −     
  =  −    
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Class Problems on Normal Distribution 

X ~ N( = 30,  = 10) 

𝑃 15 < 𝑋 < 35 = 𝑃
15 − 30

10
<
𝑋 − 30

10
<
35 − 30

10

= 𝑃 −1.5 < 𝑍 < 0.5

= Φ 0.5 − Φ(−1.5)

= Φ 0.5 − 1 − Φ(1.5)

= 0.69146 − 1 − 0.93319

= 0.62465
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Class Problems on Normal Distribution 

Let X be the time to perform a task

X ~ N( = 60,  = 15) 

a. 𝑃 𝑋 ≤ 𝑥 = 0.9

𝑃
𝑋 − 60

15
≤
𝑥 − 60

15
= 0.9 ⇒ Φ

𝑥 − 60

15
= 0.9
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Class Problems on Normal Distribution 

Φ 1.285 = 0.9 ⇒
𝑥 − 60

15
= 1.285

𝑥 = 1.285 × 15 + 60
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Class Problems on Normal Distribution 

b. 𝑃 𝑋 > 𝑥 = 0.66

𝑃
𝑋 − 60

15
>
𝑥 − 60

15
= 0.66

⇒ 𝑃 𝑍 >
𝑥 − 60

15
= 0.66

⇒ 1 −Φ
𝑥 − 60

15
= 0.66 ⇒ Φ

𝑥 − 60

15
= 0.34
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Class Problems on Normal Distribution 

Φ ? = 0.34
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Class Problems 

−z1 Z0 z1

Φ
𝑥 − 60

15
= 0.34 ⇒ Φ −

𝑥 − 60

15
= 1 − 0.34 = 0.66
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Class Problems 

Φ 0.415 = 0.66

⇒ −
𝑥 − 60

15
= 0.415

𝑥 = −0.415 × 15 + 60
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Class Problems 

Let X be the diameter of a piston

X ~ N( = 2,  = 0.005) 

𝑃 𝑠𝑐𝑟𝑎𝑝𝑝𝑒𝑑 = 1 − 𝑃(𝑎𝑐𝑐𝑒𝑝𝑡)

= 1 − 𝑃(1.99 < 𝑋 < 2.01)

= 1 − 𝑃
1.99 − 2

0.005
< 𝑍 <

2.01 − 2

0.005

= 1 − Φ 2 −Φ −2 = 1 − Φ 2 − 1 + Φ 2

= 2 1 − Φ 2 = 2 1 − 0.97725 = 0.0455
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Class Problems 

𝑃 2 − 𝑑 < 𝑋 < 2 + 𝑑 = 0.95

⇒ 𝑃
2 − 𝑑 − 2

0.005
< 𝑍 <

2 + 𝑑 − 2

0.005
= 0.95

⇒ 𝑃 −
𝑑

0.005
< 𝑍 <

𝑑

0.005
= 0.95

⇒ Φ
𝑑

0.005
− 1 − Φ

𝑑

0.005
= 0.95

⇒ Φ
𝑑

0.005
= 0.975 ⇒

𝑑

0.005
= 1.96 ⇒ 𝑑 = ⋯
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