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Week Date Topics
1 Sep. 1 Introduction

2 Sep. 8 Data exploration

3 Sep. 15 Feature reduction and selection (HW1 out)

4 Sep. 22 Mid-Autumn Festival

5 Sep. 29 Clustering I: Kmeans based models (HW1 due in this weekend)

6 Oct. 6 Clustering II: Hierarchical/density based/fuzzing clustering

7 Oct. 13 Midterm (no tutorials this week)

8 Oct. 20 Linear classifiers

9 Oct. 27 Classification based on decision tree (Tutorial on project) (HW2 out)

10 Nov. 3 Bayes based classifier (Tutorial on codes) (HW2 due in this weekend)

11 Nov. 10 KNN and classifier ensemble

12 Nov. 17 Deep learning based models (Quiz)

13 Nov. 24 Summary

Schedules



Outline

 Introduction to feature reduction
 Principal Component Analysis (PCA) 
 Linear Discriminant Analysis (LDA) 
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Introduction
 In practical multicategory applications, it is not unusual to encounter 

problems involving tens or hundreds of features.
 Images – The number of pixels
 Videos – dimensions of each image multiplied by the number of frames
 Documents - up to few thousands or tens of thousands
 Student file - dimension (No. of courses)

 Intuitively, it may seem that each feature is useful for at least some of 
the discriminations.

 In general, if the performance obtained with a given set of features is 
inadequate, it is natural to consider adding new features.
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Introduction
 Unfortunately, it has frequently been observed in practice that, 

beyond a certain point, adding new features leads to worse 
rather than better performance.

 This is called the curse of dimensionality.
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Introduction

 Potential reasons for increase in error include
 wrong assumptions in model selection,
 estimation errors due to the finite number of training samples for 

high-dimensional observations (overfitting).

 Potential solutions include
 reducing the dimensionality,
 simplifying the estimation.

6



Introduction

 Dimensionality can be reduced by
 redesigning the features,
 selecting an appropriate subset among the existing features,
 combining existing features.

 Estimation errors can be simplified by
 assuming equal covariance for all classes (for the Gaussian case),
 using regularization,
 using prior information and a Bayes estimate,
 using heuristics such as conditional independence,
 · · · .
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Dimensionality Reduction
 Purpose:
 Avoid curse of dimensionality
 Reduce amount of time and memory required 
 Allow data to be more easily visualized
 May help to eliminate irrelevant features or reduce noise

 Techniques
 Principal Components Analysis (PCA): Seeks a projection that best 

represents the data in a least-squares sense
 Linear Discriminant Analysis (LDA):Seeks a projection that best 

separates the data in a least-squares sense.
 Others: supervised and non-linear techniques
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Outline

 Introduction to feature reduction
 Principal Component Analysis (PCA) 
 Linear Discriminant Analysis (LDA) 
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USE PCA for estimating the sub‐space
 PCA: converts a set of observations of possibly correlated variables

into a set of values of linearly uncorrelated variables called princip
al components

 Computes n‐dim subspace such that the projection of the data 
points onto the subspace has the largest variance among all n‐dim 
subspaces.
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PCA

 Illustration 
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Principal Component Analysis (PCA)

 Purpose: Identify the orientation with largest variance 
 Suppose X contains n data points, and each data point is p‐ 

dimensional, that is

 Now, we want to find such a unit vector
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PCA

 Identify the orientation with largest variance 

13



PCA

 Identify the orientation with largest variance
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PCA
 Identify the orientation with largest variance

 Thus, should be the eigen‐vector of C corresponding to 
the largest eigen‐value of C

 Results: the eigen‐vectors of C forms a set of orthogonal 
basis and they are referred as Principal Components 
of the original data X

 You can consider PCs as a set of orthogonal coordinates. Under
such a coordinate system, variables are not correlated.
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PCA

 Express data in PCs
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PCA

 Illustration
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PCA

 Illustration
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PCA

 Illustration
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PCA
 Illustration
 Coordinates of the data points in the new coordinate system 

Draw newC on the plot 
 In such a new system, two variables are linearly independent!
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PCA

 Data dimension reduction with PCA
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PCA

 Illustration
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PCA

 Illustration
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PCA

 If only the first PC (corresponds to the largest eigen‐value) 
is remained
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PCA

 Illustration
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PCA example (1)

 Steps:
 Find directions of maximum variance
 Transform features onto directions of maximum variance
 Usually consider a subset of vectors of most variance 

(dimensionality reduction)
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PCA example (1)

 Given the data u, v, identify the corresponding values after 
PCA . 
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PCA example (1)

 From each of the data dimensions. All the u values have u 
mean subtracted and v values have v mean subtracted from 
them. This produces a data set whose mean is zero.
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PCA example (1)
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PCA example (1)
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PCA example (1)
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PCA example (1)

 Y the data points after projected to the principal components 
are computed by PX:
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PCA example (1)
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PCA example (1)

 If you have forgotten steps required for finding eigenvalues 
and eigenvectors, here is an example
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PCA example (2)
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PCA example (2)
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PCA example(3)
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PCA example(3)
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PCA example(3)

39



PCA codes
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rand: returns an M-
by-N random matrix

subplot: breaks the Figure
window into an m-by-n matrix
of small axes, selects the p-th
axes for the current plot, and
returns the axes handle.



PCA codes
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cov: For matrices, where 
each row is an 
observation, and each 
column a variable, cov(X) 
is the covariance matrix.

eig: produces a diagonal matrix
D of eigenvalues and a full
matrix V whose columns are
the corresponding eigenvectors



PCA codes
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Outline

 Introduction to feature reduction
 Principal Component Analysis (PCA) 
 Linear Discriminant Analysis (LDA) 
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Linear Discriminant Analysis (LDA)
 Fisher’s Linear Discriminant (FLD)
 Whereas PCA seeks directions that are efficient for representation, 

discriminant analysis seeks directions that are efficient for 
discrimination.

 Goal: find the best separation between two classes 
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Illustration of the Projection

 Using two classes as example:
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Variables

 N Sample images

 c classes

 Average of each class

 Total average:
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Scatters

 Scatter of class i:

 Within class scatter: 

 Between class scatter:

 Total scatter: 
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When i=2, SB  equals



LDA
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Mathematical Formulation (1)

 After projection:

 Between class scatter (of y’s):

 Within class scatter (of y’s):
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LDA
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LDA
 Maximizing the ratio

 Is equivalent to maximizing the numerator while keeping the 
denominator constant, i.e. 

 And can be accomplished using Lagrange multipliers, where we 
define the Lagrangian as 

 And maximize with respect to both w and λ
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LDA

 Setting the gradient of 

 With respect to w to zeros we get 

 or 

 This is a generalized eigenvalue problem 

 The solution is easy when      exists 
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LDA
 In this case 

 And using the definition of SB

 Noting that (μ2-μ1)Tw=α is a scalar this can be written as 

 and since we don’t care about the magnitude of w 
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LDA example

 Compute the Linear Discriminant projection for the 
following two dimensional dataset
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LDA example

 The classes mean are:
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LDA example

 Covariance matrix of the first class: 
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LDA example

 Covariance matrix of the second class: 
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LDA example

 Within-class scatter matrix: 
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LDA example

 Between-class scatter matrix: 
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LDA example

 The LDA projection is then obtained as the solution of the 
generalized eigen value problem 
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LDA example

 Hence
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LDA example

 Or directly;
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