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Lecture 3: Feature selection and reduction
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Schedules

Week |Date Topics

1 Sep. 1 Introduction

2 Sep. 8 Data exploration

3 Sep. 15 Feature reduction and selection (HW1 out)

5 Sep. 29 Clustering I: Kmeans based models (HW1 due in this weekend)

6 Oct. 6 Clustering Il: Hierarchical/density based/fuzzing clustering

7 Oct. 13 Midterm (no tutorials this week)

8 Oct. 20 Linear classifiers

9 Oct. 27 Classification based on decision tree ( ) (HW2 out)
10 Nov. 3 Bayes based classifier ( ) (HW2 due in this weekend)
11 Nov. 10 KNN and classifier ensemble

12 Nov. 17 Deep learning based models (Quiz)

13 Nov. 24 Summary




Outline

" |ntroduction to feature reduction
® Principal Component Analysis (PCA)
" |linear Discriminant Analysis (LDA)



Introduction

" |n practical multicategory applications, it is not unusual to encounter
problems involving tens or hundreds of features.
= |mages — The number of pixels
= Videos — dimensions of each image multiplied by the number of frames
= Documents - up to few thousands or tens of thousands
= Student file - dimension (No. of courses)

" |ntuitively, it may seem that each feature is useful for at least some of
the discriminations.

" |n general, if the performance obtained with a given set of features is
inadequate, it is natural to consider adding new features.




Introduction

" Unfortunately, it has frequently been observed in practice that,
beyond a certain point, adding new features leads to worse
rather than better performance.

" This is called the curse of dimensionality.
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Introduction

Potential reasons for increase in error include
= wrong assumptions in model selection,

= estimation errors due to the finite number of training samples for
high-dimensional observations (overfitting).

Potential solutions include
" reducing the dimensionality,
= simplifying the estimation.



Introduction

" Dimensionality can be reduced by
= redesigning the features,
= selecting an appropriate subset among the existing features,
= combining existing features.

® Estimation errors can be simplified by
= assuming equal covariance for all classes (for the Gaussian case),
" using regularization,
= using prior information and a Bayes estimate,

= using heuristics such as conditional independence,



Dimensionality Reduction

" Purpose:
= Avoid curse of dimensionality

Reduce amount of time and memory required

= Allow data to be more easily visualized

May help to eliminate irrelevant features or reduce noise

" Techniques

Principal Components Analysis (PCA): Seeks a projection that best
represents the data in a least-squares sense

Linear Discriminant Analysis (LDA):Seeks a projection that best
separates the data in a least-squares sense.

Others: supervised and non-linear techniques



Outline

" |ntroduction to feature reduction
® Principal Component Analysis (PCA)
" |linear Discriminant Analysis (LDA)



USE PCA for estimating the sub-space

" PCA: converts a set of observations of possibly correlated variables
into a set of values of linearly uncorrelated variables called princip

al components

" Computes n-dim subspace such that the projection of the data
points onto the subspace has the largest variance among all n-dim
subspaces.

X2 A 4 %2 .

x1 x1

PCA projection



" ||lustration

X, )V
(2.5,2.4)
(0.5,0.7)
(2.2,2.9)
(1.9,2.2)
(3.1, 3.0)
(2.3,2.7)
(2.0, 1.6)
(1.0, 1.1)
(1.5, 1.6)
(1.1, 0.9)

PCA

How to find?

yA

-1 0 1 2 3 4 5 6

De-correlation!
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Principal Component Analysis (PCA)

" Purpose: Identify the orientation with largest variance

® Suppose X contains n data points, and each data point is p-
dimensional, that is

X = {X,,X,,....X },X, e R” X e R”
" Now, we want to find such a unit vector

@, = arg max (V&I’(O!TX))’Q c RP
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PCA

ldentify the orientation with largest variance
| |
var (o' X) ZmZ(aTXf —a' )’ =n—ZaT(X,- - )X, — 1) &
L=l L=l
=o' Ca (Note that: OIT(XI. — 1) =(Xx, — w) a)

1 n
where = —Z X,
n -

1 n
and C = —12(111. — 1)(X, — 1)" is the covariance matrix
n—1,;
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PCA

" |dentify the orientation with largest variance

Since ¢is unit, o' a =1

Based on Lagrange multiplier method, we need to,
argmax(a'TCa—/l(a'Ta—l))

d(aTC(x—/l(aTa—l)) 2 Co— I dcrmm Cat =

do l

o is C's eigen-vector

0=

Since,
max(var (O.’TX)) = max(aTCa) = max(aTxla) = max (1)
Thus,
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PCA

|dentify the orientation with largest variance

Thus, &, should be the eigen-vector of C corresponding to
the largest eigen-value of C

Results: the eigen-vectors of C forms a set of orthogonal
basis and they are referred as Principal Components
of the original data X

You can consider PCs as a set of orthogonal coordinates. Under
such a coordinate system, variables are not correlated.
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PCA

" Express data in PCs

Suppose {@,,&,,...,&, { are PCs derived from X, X € R

Then, a data point X, R”* can be linearly represented
by{al,az,...,ap}, and the representation coefficients are

/a{\

T
052

r
Sy,
Actually, ¢; is the coordinates of x;in the new coordinate
system spanned by {a,,,,..., }
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" ||lustration

X , )V

(2.5,2.4)
(0.5, 0.7)
(2.2,2.9)
(1.9,2.2)
(3.1, 3.0)
(2.3,2.7)
(2.0, 1.6)
(1.0, 1.1)
(1.5, 1.6)
(1.1, 0.9)

PCA

24 0.7 29223027161.11.6 09

5.539 6.449

5.549 5.539
cov(X) =

Eigen-values = 11.5562,0.4418

Corresponding eigen-vectors:

o,

X(2.5 0.522193.123201.0151.1

.

|

0.6779
0.7352

—0.7352
0.6779

]

|
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PCA

lllustration

Coordinates of the data points in the new coordinate system

—0.7352 0.6779

3.459 0.854 3.623 2.905 4.307 3.544 2.532 1.487 2.193 1.407
—0.211 0.107 0.348 0.094 —0.245 0.139 —-0.386 0.011 —0.018 —0.199

[0.6779 O.7352J
X

|
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" ||lustration

PCA

O

data points
first PC

second PC

3

4
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PCA

® ||lustration

® Coordinates of the data points in the new coordinate system
Draw newC on the plot

" |n such a new system, two variables are linearly independent!

6

5 -
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PCA

® Data dimension reduction with PCA

Suppose X = {x,}",,x, e R, {&,}7,,a, € R”" are the PCs

i=1?
T
/al\

T
a,

If all of {,}7, are used, ¢, = X, is still p-dimensional

T
\aP /

m
i=1°

If only{e,}",,m < p are used, ¢, will be m-dimensional

That is, the dimension of the data is reduced!



PCA

lllustration

Coordinates of the data points in the new coordinate system

0.6779 0.7352
new(C = X
—-0.7352 0.6779

If only the first PC (corresponds to the largest eigen-value) is

remained

newC =(0.6779 0.7352)X
2(3.459 0.854 3.623 2.905 4.307 3.544 2.532 1.487 2.193

1.407)
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O @ 000 @ O

All PCs are used

Only 1 PCis used
Dimension reduction!
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PCA

" |f only the first PC (corresponds to the largest eigen-value)
is remained

newC =(0.6779 0.7352)X
2(3.459 0.854 3.623 2905 4.307 3.544 2.532 1.487 2.193 1.407)

How to recover newC to the original space? Easy

(0.6779  0.7352)" newC

) [0.6779

07352](3.459 0.854 3.623 2.905 4.307 3.544 2.532 1.487 2.1931.407)
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" ||lustration

PCA

Data recovered if only 1 PC used

Original data
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X2

PCA example (1)

" Steps:
®» Find directions of maximum variance
= Transform features onto directions of maximum variance

= Usually consider a subset of vectors of most variance
(dimensionality reduction)

e -0 DODD B X,
PC1

v
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PCA example (1)

" Given the data u, v, identify the corresponding values after
PCA.

- ®  original data

Number u v al .

1 25 24 .

2 0.5 0.7 25¢ .

3 2.2 2.9 %

4 1.9 2.2 v [

5 3.1 3.0 - x %

6 2.3 2.7

7 20 16 it *

8 1.0 1.1 *

9 1.5 1.6 =T
10 11 09 .




PCA example (1)

® From each of the data dimensions. All the u values have u
mean subtracted and v values have v mean subtracted from
them. This produces a data set whose mean is zero.

Number

u

<

CQCOWOONOOOAPRLWN -

—_—

SO =hoN
~moow—_ oo m

O_2=2NWNMNMNON
O, ONONONR

-mean u (1.81)

-mean v (1.91)

Number

u

\'

COWoO~NOOOOPR,WN -

—_—

0.69
-1.31
0.39
0.09
1.29
0.49
0.19
-0.81
-0.31
-0.71

0.49
-1.21
0.99
0.29
1.09
0.79
-0.31
-0.81
-0.31
-1.01

5 A 05 0 05 1

u
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PCA example (1)

0.6166 0.6154

° — T _—
A= XX 0.6154 0.7166
. Determlne A by solving det(4 — AI) = 0.

A —1.333221+0.0631 =0
— A =1.284 or 0.049

« When A1 = 1.284
—0. 5
[ 0.6674 0.61 4” ] [0]

0.6154 —0.5674

~ [vll - [1.0845]

u
Normalization gives [vﬂ - 10-6779

0.7352

29



PCA example (1)

When 4 = 0.049
[0.5674 0.6154] [u1] _ [0]
0.6154 0.6674 1111 0
—1

~ [:}Lﬂ - 10.9220_

'—0.7352]

o . Uq
Normalization gives [vll =~ 06779



PCA example (1)

* The 15t principal
component (blue)

— has a direction of [8%;3

— Along this direction, the
variance of the data is
A1, = 1.284.

» The 2™ principal
component (red)

— has a direction of
—0.7352 ]

0.6779 I
— Along this direction, the

variance of the data is
A, = 0.049.

|

I I 1
&  zero mean data

15k sigervector] [ 0.6779, 0.7352] ) |_:

T

— eigenvector( [-0.7352, 0.6779]) | !
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PCA example (1)

" Y the data points after projected to the principal components
are computed by PX:

0.6779 0.7352] 0.69 -131 039 0.09 129 049 019 -081 -031 -0.71
—0.7352 0.677911049 -1.21 099 029 1.09 079 -031 -081 -031 -1.01

Y:[O.8280 —-1.7776 09922 0.2742 1.6758 09129 -0.0991 -1.1446 -—0.4380 —1.2238]
—0.1751 0.1429 0.3844 0.1304 -0.2095 0.1753 -0.3498 0.0464 0.0178 —0.1627

32



PCA example (1)

Zero Mean Data and principal components

2 T T | T | T T
*  zero mean data :
15} eigenvector( [ 0.6779, 0.7352] ) L 777777777777 |
eigenvector( [-0.7352, 0.6779])

2 -14 1 05 0 0.s 1 15 2

Project Data, Y

I




PCA example (1)

" |f you have forgotten steps required for finding eigenvalues
and eigenvectors, here is an example

R SN N g P

3 1
a=|
1 3

=[]
=

det(A—).I)=‘3;'l 31)|=(3—A)3—1=0
/}.1=2, }.:=4

(A—l:[)x:[3z4 314])(2[_1 Hx=0

-
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PCA example (2)

For the give data {(-1,-2); (-1,0); (0,0); (2,1); (0,1)}; please illustrate the steps to calculate
the following (handwritten):
(a) The covariance matrix;
(b) Eigen values;
(¢c) Eigen vectors;
(d) Apply PCA on the dataset and represent the data after the dimension reduction.
(Please illustrate the calculation steps one by one).

35



PCA example (2)

Solutions:
_[—1—1020~
200117
@ [O]X v [—1—1020
a)ll = N = — =
H=lh M=l 0011
-1 -2
-1 0
I —op 1.-1-1020 15 1
cov(X)=— XX =7 10 0=
n—1 4'20011 1 15
21
0 1
(b)dt\l's_;” ! =0=(1.5-2)7-1=0
e =0=>0.5-1) -1=
1 15-2

A —3;»+%:0;:> ;“1 :2.5;;»2 =0.5

— xl
(c)when A, =2.5;v, = ,

[1.512.5 1.512.5}{2}[8}:{]1 _118}:{—01 (l)g}
R

— xl
when 7, =0.5;v, = ,

x:
1.5-05 1 x| [0 110 1 10
=l |= | |= \
1 15-05|| x| [0 110 0 00
oy —1:; 1 [-1
Vv, = v, =—F
R AR

(d)after the reduction newX = L[l, l] X [_1 ~102 O]
NG 20011
L3 L3
V22 2 2

36



PCA example(3)

Assume the data pairs (1,1), (1,2), (3,2), (4,2), and (6,3)

Wy=15/5=3 and p,= 10/5 =2

The mean-centered data becomes

(-2,-1), (-2,0), (0,0), (1,0), and (3,1)

-2 =2 0 1 3]

The data matrix X = [__1 0 0 0 1

The covariance matrix iXXT :E [18 5]

18 A

The characteristic polynomial is - ~ det
4

2—A

37



PCA example(3)

The characteristic polynomial is —det‘18 A >

2= 1y
:Z((18—7L)(2—?L)—25)=Z(7L2—20?«.+11)

L . 1
When setting it to zero we can omit the factorz

We get A = ,A1=19.43 and A, =0.57
as the eigenvalues of the covariance matrix

20 +/400—-44

We always choose the eigenvalues to be in
decreasing order: A; > A, > ...

38



PCA example(3)

* The first eigenvalue A, = 19.43 corresponds to an
eigenvector (1, 0.29) or anything parallel to it

* The second eigenvalue A, = 0.57 corresponds to an
eigenvector (—0.29, 1) or anything parallel to it

39



PCA codes

clc;
close all;

clear all;

numdata=20;

rand: returns an M- .
) %% step 1, generating a dataset
bY'N random matrix \jl=rand(numdata/2, 1) ;
l=rand (numdata/2,1) ;
x2=3*rand (numdata/2, 1) +3;

Spr/Ot: breaks the Figure y2=3*rand (numdata/2,1)+3;
window into an m-by-n matrix | x=[(x1;x2];
of small axes, selects the p-th | vy=lvlival;
axes for the current plot, and N\gubplot (4,1,1);
returns the axes handle.

plot(x,y, 'o'):

title('Original Data'):;

%% step 2, finding a mean and subtracting
Xxmean=mean (x) ;

ymean=mean (y) ;

Xxnew=x—-xmean*ones (numdata, l) ;
ynew=y-ymean*ones (numdata,l) ;
subplot(4,1,2);

plot (xnew, ynew, 'o');

title('mean is deducted') 40



cov. For matrices, where
each row is an
observation, and each
column a variable, cov(X)
is the covariance matrix.

PCA codes

%% step 3, covariance matrix

covariancematrix=cov (xnew, ynew) ;

%% step 4, Finding Eigenvectors

[V,D] = eig(covariancematrix) ;

D=diag (D) ;
maxeigval=V (:,find (D==max(D))) ;

eig. produces a diagonal matrix
D of eigenvalues and a full
/| matrix V whose columns are
the corresponding eigenvectors

%% step 5, Deriving the new data set

%$finding the projection onto the eigenvectors

finaldata=maxeigval'* [xnew, ynew]';

subplot (4,1, 3) ;|
stem(finaldata, 'DisplayName',
title('PCA 1D output ")
$we do a classification now
subplot(4,1,4):;
title('Final Classification')
hold on
for i=1l:size(finaldata, 2)
if finaldata (1i)>=0
plot(x(i),y(i),'o")
plot(x(1i),y(1),"'c*")

else
plot(x(i),y(i),'0o")
plot(x(i),y(i),"'g*")
end

end

'finaldata',

'YDataSource'

r

'"finaldata');

41




PCA codes

Original Data
10 T |
L @] O O _
0 ©~og 0 o O
OM | | | |
0 1 2 5 4 ) 6
E mean is deducted
' @) O~ O '
0r ©"og © " o O |
@00 @
_5 | 1 | | | |
-3 -2 -1 0 1 2 3 4
PCA 1D output
1097999 %¢4d
(0060000333 |
0 5 10 15 20
10 Final Classification
@& e (22
5 ® ® &G ® P ®
0@@@ @%}ﬂﬂ | | | | |
0 1 2 3 4 5 6
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Outline

" |ntroduction to feature reduction
® Principal Component Analysis (PCA)
® |linear Discriminant Analysis (LDA)
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Linear Discriminant Analysis (LDA)

Fisher’s Linear Discriminant (FLD)

Whereas PCA seeks directions that are efficient for representation,
discriminant analysis seeks directions that are efficient for
discrimination.

Goal: find the best separation between two classes

— bad projection

v
good projection

44



lllustration of the Projection

" Using two classes as example:

X2 A

x1

Poor Projection

X2 ,

X1

Good

45



N Sample images

c classes

Average of each class

Total average:

Variables

X xy )
{Zla”'alc}
1
#i_ixkéllfk
Ls
=—Yx
H N = k

46



Scatter of class i:
Within class scatter:
Between class scatter:

Total scatter:

Scatters

S; = Z(xk ‘ﬂi)(xk ‘ﬂi)T

X €Xi

SW = iSi

=1

-~

C
Sp =21z (= )i — )

S, =8, +S;

When i=2, S; equals
L(ﬂl — ) (g — ﬂz)f

47



X2 4

LDA

S, =S, +85,

Within class scatter

x1

Between class scatter

S; = Z(xk _ﬂi)(xk _ﬂi)T

XLE€Xi

C
|85 = _lez,-\(ﬂ,- — )i —p)
i=

48



Mathematical Formulation (1)

" After projection: v =WTx,
" Between class scatter (of y’s): S, =wTs,w
" Within class scatter (of y’s): Sy =W'S, W

(A — f2)? = Wiy —wipp)* =w' §u1 — Hz)(lﬂ — )" w=w'Szw
SB

§.'.2 — ZyEmi(y - ﬁi)z — ergui(WTx — WT;,LI-)Z —
= Yxew; W (x —pp)(x —p)'w=wlSw

§2+352=wlS,w

49



LDA

C
Sg = Zl\z,-(ﬂ,- — )i — )
i=

S, =W"'S W

50



LDA

Maximizing the ratio
J(w) =

w'S,w
w'S, w
Is equivalent to maximizing the numerator while keeping the

denominator constant, i.e.

maxw'S,w subjectto w'S, w=K

w

And can be accomplished using Lagrange multipliers, where we
define the Lagrangian as

L=w'S,w - /?,(WTSWW—K)

And maximize with respect to both w and A

51



LDA

Setting the gradient of
L=w'(S,- AS, )w + K

With respect to w to zeros we get

V,L=2(S,- 1S, )w =0
or

Syw=AS,w

This is a generalized eigenvalue problem

The solution is easy when s;' exists

52



LDA

In this case
Sy Syw=Aw
And using the definition of S,
Sy (tty = 1) (pty = )" W= Aw
Noting that (i,-1,)'w=a is a scalar this can be written as

A
Sy (=) =—w
a

and since we don’t care about the magnitude of w

| w* =Sty — ) = (Z2 + 2) 7wy — 1e)

53



LDA example

" Compute the Linear Discriminant projection for the
following two dimensional dataset

Samples for class o, : X;=(x,,x,)={(4,2),(2,4),(2,3),(3,6),(4,4)}

Sample for class w, : X,=(x,,%,)=1{(9,10),(6,8),(9,5),(8,7),(10,8) }

10

: samples for class 1
X1 = [4,2;

2,4;
2,3;
3,6;
4:‘1];

= samples for class 2
X2 = [9,10;

6,8;

39,5;

8,7;

10,871 ;

54



LDA example

® The classes mean are:

= class means
Mul = mean (X1)';

Mu2 = mean(X2)';

55



LDA example

Covariance matrix of the first class:

s, Zle-se-a) = (-((2)-()|

;@Jl(;g%{(ﬂ[:M:M

% gcovariance matrix of the first class
Sl = cov(Xl) ;

56



LDA example

® Covariance matrix of the second class:

segoemoen (G OHG]
{[(?l(i‘éljo%{[ﬂ(izﬂ o

% govariance matrix of the first class‘

§2 = cov(X2);

57



LDA example

® \Within-class scatter matrix:

1

S, =85+, —[025

—-0.25
22

(33 =03
~03 55

M

23
—-0.05

Sw = 81 + 82 :

* within-class scatter matrix

—-0.05
33

J

58



LDA example

® Between-class scatter matrix:

S, = — 1, N1y, — 1)

o[]S

(—54

= 8](—5.4 -3.8)

\

s between-class scatter matrix
SB = (Mul-Mu2)* (Mul-Mu2) ' ;

29.16 20.52
20.52 14.44




LDA example

" The LDA projection is then obtained as the solution of the

generalized eigen value problem
S,'S,w=Aw

=|8,'S, —AI|=0

(33 —03)'(29.16 2052 1 0
- —A

(-03 55 ) (2052 1444 0 1

(0.3045 0.0166Y29.16 20.52 21 0
(0.0166 0.1827 120,52 14.44

92213—-1  6.489
42339 29794-2
=(9.2213-1)2.9794— 1)-6.489x4.2339 =0

= A —12.2007A=0= A(4-12.2007)=0
= 1,=0,2, =12.2007

—




® Hence

92213 6.489
4.2339 2.9794

and

92213 6.489
4.2339 29794

Thus;
(-0.5755
"1 08178

J

-

LDA example

W
0
FANLLS)

|

-

12.2007

\_v,_#’

-

W

% computing the LDA projection
invSw = inv(Sw) ;

invSw_by SB = invSw * SB;

% getting the projection wvector
[V,D] = eig(invSw_by SB)

* the projection wvector

= Vi(:,1);

w[

0.9088
04173

}w.
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LDA example

" Ordirectly;

corresponding to the

[ The projection vector ]
-1

* B 33 -03 3 8.4 highest eigen value

w =Sw1(ﬂ1_au2)=[ ] |:( J_[ )]

-03 55 38) \7.6

Py |w)

B (0.3045 0.01 66](— 54] 0 LDA projection umx Myheat cigrm e = 122007

. 0.0166 0.1827 \-3.8) ° \\

fo.9088J T 11 " \ "

(04173 LT INGD
“H 5k = L .>/‘
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