MA1201 Calculus and Basic Linear Algebra ll Solution of Problem Set 4
Application of Integration

Problem 1
(a) The required area

3 1 1
=f (1 +e3¥)dx = x+§e3x|f =2 +§(e9 —e3).
1

(b) The required area

2 1 2
=f1 |lnx|dx=f1 (—lnx)dx+f Inx dx
= = 1
2 2

u=lnx
dv=dx
sv=[dx=x 1 2
= —<xlnx|1—f1 xd(lnx)>+<xlnx|%—f xd(lnx))
2 5 1
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(c) The required area

= f [(1+x?) —e*]dx
0

x3 8
=x+—+e*|f=2+-+e?—-e"°
1 3 3
=—+e 2
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(d) The intersection points can be found by solving
— 2
{y— I PV B P
x+y=1

5x>-3x=0=>x(x—-3)=0
>x=0(=1), x=3y=-2).

Using the graph, the required area is given by

3 3
= J (—x2 +2x +1) — (1 — x)dx = J (—x? + 3x)dx
0 0

X N 3x* , 9
=3 tg k=g

Problem 2

(a) Set fi(x) = f,(x), we obtain the following equation
e —3e*—1=e*—4=>e?*—4e¥*+3=0
y=e*

S y2—4y+3=0=>@-DF-3)=0
>y=e*=1 or y=e*=3
=>x=In1=0 or x=1In3.

(b) Based on the critical points obtained in (a), we divide the interval [—2,2] into several
parts and compare the values of f;(x) and f, (x) in each of the parts:

-1 -



X —2<x<0 0<x<In3 In3<x<?2
fi(x) v.s. fo(x) f1(x) > fH(x) filx) < fo(x) f1(x) > fr (x)

We conclude from the above analysis that
o filx)>fo(x) for —2<x<0orln3<x<2
o filx) <fy(x) for 0<x<In3.

(c) Using the result of (b), the required area is found to be
0 In3 2
~ [ @ - ped+ [ (e - )+ [ (A6 - £G0)dx
-2 0 In3
0 In3 2
= J. (e?* —4e* + 3)dx + f (—e? + 4e* — 3)dx + (e?* — 4e* + 3)dx
-2 0 In3

1 1 1
= Eezx —4e* + 3|2, + (—Eezx + 4e* — 3) |in3 +Eezx —4e* + 3|35

1 1
= —Ee_4+4e_2+5e4—4ez—61n3+14.

Problem 3

We let f(x) = (x? —x + 1)e* and g(x) = xe*.

To compare the values of f(x) and g(x) within [0,2], we first obtain all critical points by solving
fx) =gkx) > (x? —x+ 1)e* = xe*

S>2=-2x+1De*=0=>(x—-1D?%*=0=>x=1.

Then we divide the integral into two parts and compare the values of two functions in each part:

X 0<x<1 1<x<?2

f(x) v.s. g(x) fG) > g(x) fx) > g(x)

Therefore, we conclude that f(x) = g(x) for ALL x between 0 and 2.

Using the data obtained, the required area is

2

2 2
f [f(x) — g(x)]dx = f [(x? —x + 1)e* — xe¥]dx = f (x% — 2x + 1)e*dx
0 0 0

u=(x—-1)>2
dv=e*dx
2 sv=[eXdx=e* 2
= j (x —1)? e*dx =2 (x —1)2%e*|3 —J e*d(x — 1)?
~—_———— ———
0 u dv 0
u=x-1
dv=e*dx
sv=[eXdx=e*

=(92—1)—2j (x —1)e¥dx = (82—1)—2l(x—1)ex|§—J exd(x—l)l
0 u dv 0

2
=ez—1—2(32+1)+2f e*dx = —e? — 3+ 2e*|3 = e? — 5.
0

Problem 4

(a) The required volume

T 21
- 4

3 a2 3 s 2 02
=T sin“3xdx +m sin“3xdx + m | sin“3xdx
0 ™ 2n
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T
= nf sin? 3x dx
0

s
1
= nf —3 (cos(3x + 3x) — cos(3x — 3x))dx
0

2

_n.f”(l 6x)d _n( sin6x)”_n
=3) cos 6x)dx = = (x s ). =7

(b) Using the graph, the required volume is
s s
2 2
= n.f (1 + cosx)?dx — nf (1 + cos 3x)%dx
0 0

s
2

= f (2 cosx + cos? x — 2 cos 3x — cos? 3x)dx
0

T

2 cos2x +1 cosb6x + 1
=T[f (Zcosx+T—2c053x——>dx
0

2
T
2 cos 2x cos 6x
=7rj (2cosx+ —2cos3x — )dx
0 2 2
_ sin2x 2 sin 6x\ Z
=7T<251nx+ —§sm3x— 12 )|0
—> +2n_87‘r
=27 3T =3

(c) (i) Therequired volume

In3 In3
T 80m
m(e*)2dx=n et dx = —e*|3 = — = 20m.
4= 0 4
0 0

(ii) The required volume
9 2

9 1
=f n(ln3)2dy—f n(—lny) dy
0 1 \2
9 T 0
=n(ln3)2j ldy——J (Iny)?dy
0 4), ——
u dv
u=(ny)?
dv=dy

sv=[dy=y - 9
= m(n3)%y|} - Zly(lny)zl? —J yd(lny)zl
1

97(In9)? m (°

=9(In3)%m — +=| Inydy
o2 hy
u=Ilny
dv=dy
sv=/ dy=y . 9n(2In3)? = . [°
=  9(n3) TI.'—T-I-E ylny|1—f yd(Iny)
1
=Z(9m9 f91d L L0 BN
=3 n ) y|==n 2y|1—2n .

(iii) The required volume
In3

In3
= nf (e?* + 1)%dx — rtf (1)%dx
0 0

In3 o X In3
= nj (e +2edx=m (T + er>
0 0
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(iv)

(d) (i)

(ii)

T T on =28
= 4 4 mT—Tm= TT.

Using similar method as in (iii), the required volume is given by
2

9 1 9 1
V=f n(1n3+1)2dy—f n(l)zdy—f n(zlny-i-l) dy
0 0 1

T 9 9 9
=n(ln3+1)2y|8—ny|$—z (lny)z@{—n w@/—nf 1dy
1 1

gdv 1y dv 9
T
=9n(In3 + 1)? —n—zly(lny)zl‘f—f yd(Iny)? —n<ylnyl?—f yd(lny)>
1 1

—773’|1

_onn9? m° 9
=9r(In3+1)? - 97 — —— lnydy 97T1n9+77,'] 1dy
4 2 1 u dv 1
91 (21n 3)? °
= 97(In3 + 1)? — 9 % 2<ylny|1 fyd(lny)>—9n1n9+ny|‘;
1

T 9
=91(In3)? + 187 In3 + 97 — 97 — 9 (In 3)? +§<91n9—j 1dy> —971n9 + 8m
1
T
=187In3 +§(91n9—y|‘f)—9nln9+8n

o
=18mIn3 +7(21n3) — 41 —91(2In3) + 87
=9mIn3 + 4m.

Note that the intersection point can be found by solving

y =sinx 1
{ 1 =sinx=-
y=5 2
2
n( 1) 5w ( 1)
= = — = — = —_— = —.
X G y > or x G y >
The required volume
5w 5w 2
v=|°n(sinx)?dx— | ° (1) d
= | m(sinx)“dx . m(5) dx
6 6
51 51
6 T (6
=1 smzxdx——J 1dx
3 4 Jr
6
57
B 3 1—c052xd s 5?”
=7 . T x—Zx|%
6
n( stx) (27‘[)
=—[|x — —_
2 - 4\3
_nz V31
=5t

Using the graph, the required volume

1 1
V= nfl (m —sin~ty)2dy — nfl (sin"1y)2dy
2 2

1
= njl (n? — 2w sin~ty)dy



“~
2 u dv
u=sin~1y
dv=dy
=v=[dy=y

(iii) Using the graph, the required volume is given by

51

6 1\2
V=T[f (sinx——) dx
T 2

51 51

6 T (6
=T[.f sinxdx —m f sinxdx+—f 1dx
T T 4 Irn
65 6 6

61— cos2x 5?” 5?”
=7rj dx+mcosx |y +—=x|z
n s 43
x sin2x —” 2 w2 33
=373 ) —m3t =

Problem 5
(a) The arc length

T T

P d z P secxtanx
=J4\/1+<aln(secx)> dx=J4j1+(—n x—J v 1+ tan? x dx

0 0

secx
VA

4
=J secx dx = In|secx + tan x| |0 In|1 + V2|,
0

(b) The arc length

2 X
_fS - d(l %> e = 5 s _1(1+Z) 5_8(27 1)_19
A ax\37°)) ), =173 16=3(3 ~ 3
1 2

(c) Note that

The arc length

2,3 2.3 2
FB)Z N P AR F“)Z Ly (2)§ 2
= —_— —Xx3 = — 3
) I 2* x . ) * ddx




(d)

(e)

(f)

(g)

The arc length

a dfa,x _x\\ @ 1 x 1 _x?
=J;) 1+ ax E(ea+e a) dxz.l; 1+(§ea—§e a) dx
a 12 1 _x° @1 2x 1 1 _2x
=f0 1+(Eea—§e ) dx=L Zea +§+Ze adx
@11 ox 1 _x\? 1 x 1
=f0 (Eea+ze a) dx=f0 (zea+2e a)dx

ISTR

The arc length

=f§j(%)2+(i—y t—f J(tcost)2+(ts1nt)2dt—j \/_dt—f tdt
0

2 m

__|7:7T_
20 8’

The arc length

2T d 2 d 2 o
[y @ e

21 2
=J \/1—2cost+coszt+sin2tdt= V2 —2costdt
0 0

21 2n
:\/Ef w/l_costdt:\/if VCOSO_COStdt
0
2n 0+t O—t o t
_\/_j \/251n( >51n( 5 dt—\/_J JZsmzsm(—E)dt

2
—2[ sm2 dt—2 sin—= dt——4cos—|

The arc length

=f“]<%>2+<‘§—i - |
0

t=tan@ la

a tan™
= 2af J1+t2dt = Zaf J1+ (tan8)?sec? 6 db
0 0




-1

tan a
= 2af sec30df = 2a [ (secOtan B + In|secd + tan 6|) |tan

\/1+a2+aln|a+\/1+a2|

Problem 6
(a) The surface area

2 d 2
= Zﬂf x3 (14 (—x3) dx
0 «‘ dx

2
= Zﬂf x3y1 + 9xtdx
0

y=1+9x%
d
y_36x 145 - y% 145
dy = —=
%), =T
2
1452 — 1)
=27 (
(b) The surface area

2

=znf4mj1+(%m) dx

—21‘[f V4 —x 1+4(4—x)

=7rj V17 — 4xdx
0

3
1(17 -4z )\, m/ 3
=n _ZT o—g<172—1)-

(c) The surface area

I—ZHJ x’1+ —ex

= an e*\ 1+ e?*dx
0

Let e* =tan®f (sothat V1 + e2* =1+ tan?6 = secH),

o e e e et g ax = g
dee —dean edg sec X = .

When x =1, 6 =tan"'e. When x =0, 6 =tan™ 11 = %.

The integral then becomes
-1

tan"le sec2 @ tan"le
I=2nﬁt ex\/1+ezx< p d9)=2nL J1+tan20sec?6do

4 4

_1e

tan e
= Zﬂjn sec30do = 271[ (secxtanx + In|secx + tanxl)]

—n(e\/1+e2 +1n|e+w/1+e2|)—ﬂ(\/_+ln|\/_+1|)



The surface area

[Zn.[ x’1+ —x dx+2nf (2-x) 1+<—(2—x)> l

|
+[2nf3(4—x)\/1+<j—x(4—x))

3 d 2
dx+2nf (x—2) 1+<a(x—2)) dx
| 2 |

=[Zx/infzx+2\/§nf2(2—x)dxl+[Zﬁnf3(4—x)dx+2\/§njg(x—Z)dxl
2 z 2 22
_2\/—n< >|1+2\/—n< x—%)|§+2\/En<4x—x7>|g+2\/§n<x7—2x>|§

3°1 3 1
=2V21 <2+2+2+ )—8\/—71

2

Problem 7
(a) The required area

2
= f (e¥X—eMdx=e*+e*|5=e?+e2—-2.
0

(b) (i) The required volume

2 2 2
= nj (e¥)?dx — nj (e ™)?dx = nf (e?* — e 2%)dx
0 0 0

er e—2x e4 e—4
—n— 2 -+ _1)
7T(zJ’2>|° 7T<2+2 >

(ii) The required volume

1 1 e2 o2
= <nf 2%dy — ﬂf (- lny)zdy> + <ﬂf 2%dy — ﬂf (lny)zdy>
e—2 e 1 1

2

e e
=7Tf szy—nf (Iny)?dy
e_z e_z N——

u dv

2

e
= 4my|®s, — 7 ly(lny)zliiz —f Zyd(lny)zl
o

ez
=4m(e? —e2) —4m(e? —e 2) + 27Tf yilnydy
e? o
=2m (ylny 12, —f yd(lny))
e—2

e2

=4n(e? +e7?) — 211[ 1dy
e—2

= 4m(e? +e™%) — 2my|S-, = 2me? + 6me 2.

(iii) The required volume
2 2
= nj (e* + 1)%dx — T[f (e™ + 1)?dx
0 0

2
= nf (e?* + 2e¥ —e ¥ — 2e™¥)dx
0



Problem 8

(a) The intersection points can be obtained by solving
{y‘x =2 =Vx =i (x2-1) =0
x =y?

>x=0((p=0or x=1(y=1).

The required area

= J:(\/E — x%)dx =

_x_|1:1
3073

2
ol B

(b) (i) The required volume

1 1 1

=7rj (\/E)de—nj (xz)zdx=nj (x — xMdx
0 0 0

_(x? x51_3n

~"\275) 10

(ii) The required volume
1 5 1 1
= ”f (Jy) dx - ﬂf (y*)?dy = ﬂf (v —y")dy
0 0 0
_(yr P ! _3m
"2 5) T10
0
(iii) The required volume
1 1
= n] (Vx + 1)2dx — nj (x? + 1)%dx
0 0
1
=7r] (x + 2vx — x* — 2x?)dx
0

(e 2 .\ 29
T\ 23 T 5 T3 ) T

(c) The required arc length

1 d 2 1 d 2
=f 1+ —\/E dx+f 1+ —xz) dx
dx
=f ’1+—dx+f\/1+4x dx

Vax +1
= dx+f\/1+4x dx
0
y=vx
= f\/1+4y2dy+f\/1+4x2dx
0 0



= 2[ V14 4x2dx
x——tanB tan—
f \/1 + tan2 @ ( sec HdH)

sec30de

Il
D—\b

= E(sect9 tan 6 + In|sec@ + tan9|)5an—12

= 2 (25 + 1|2+ V5),

Problem 9

(a)

(b) (i)

(ii)

(c)

The required area
x=v2sin@
dx
ax_zcoso[ 371 T
ao > >

1 vz x
=.f\/§dx+f 2 — x2dx o 5 f
0 1 2
2 4

\/2cos20 (\/— cos 6 d@)

0

_2 42 % 2Hdg_z ) g1+c0520 40
=37 fCOS =3* fz(—z )
4 4
T
_2 [0+sin29]7_n+1
_3 2 %_4 6

The required volume is

1 5 V2 2 1 V2 ,
T[-fo (Vx) dx+7‘rf1 (\/2—x2> dx—nfoxdx+7tf1 (2 —x%¥)dx

B x21+ ) x3ﬁ_4\/§—7
—nzo | 2x al R

The required volume is
1 2 1

ﬂj (V2=7) ay - nJ r*)?dy
0

227‘[
—nf 2-y —y“)dy—ﬂlZy————l =

The surface area is

o [ i () s [ j1+(;_xm)2dx
—211( \/_/1+—dx+f m1+
—27T<

f—mdx+f \/_dx)

2n< (4x+1)] [V2x], >=%(5%—1>+2n(2—\/§).
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