City University of Hong Kong
Electrical Engineering
Semester A 2020-2021

EE2104 Introduction to Electromagnetics
Assignment 2 Solution

Deadline (for uploading): 7:00 pm, 10 Oct 2020
Please put down your name and university ID.

1.

Consider a voltage V (x,y) = V, exp[ —(x? + y?)/A?], where V,, is a constant in volts and A is a
constant in meters.

(a) Is V(x,y) a scalar field or a vector field?

(b) Plot V' versus x at y = 0. Label the axes accurately.

(c) Plot V'versus y at x = 0. Label the axes accurately.

(d) Plot the contour lines on the xy-plane for V'= 0.2V, 0.4V5, 0.6V, 0.8V5, and V5.

(e) Find E = —grad(V).
Solution:

(a) V(x,y) is a scalar field.

(b) When y =0, we have V(x,0) = V, exp( —x2/1?)
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(c) When x =0, we have V(0,y) = V, exp(—y?/2?)
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(d) When V(x,y) = 0.2V,, we have
Vo exp[ —(x2 + y?)/2%] = 0.2V
exp[—(x? + y?)/2*] = 0.2
x? +y? =1.612%
So the contour line on the xy-plane is a circle for V"= 0.2V%.
Similarly, we have another three circles and a point on the xy-plane
x% 4+ y? = 0.9242 for V= 0.4V,
x% +y? =0.5142 for V=0.6V
x% 4+ y? = 0.2242 for V= 0.8V,
x24+y2=0=2x=0,y=0for V=17,
Therefore, the contour lines on the xy-plane is plotted in the following figure.

yl\

N

Y

1.274 X

(e) E=—grad(V)
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2. Consider a line at x = 0 to L. It contains electric charges of density p; = p,, (x/L)? for some
constant p, , in C/m. Find the total charge.

Solution:

The total charge is
L
Q= f pLax
0

L
= j pLo (x/L)?dx
0

P I
L> 3
L
=" ©
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3. (a) Point charges of 50 nC each are located at A(1, 0, 0), B(—1, 0, 0), C(0, 1, 0), and D(0, —1, 0) in
free space. Find the total force on the charge at A4.
(b) Let a point charge O; = 25 nC be located at P(4, -2, 7) and a charge 0> = 60 nC be at
P»(—3, 4, -2) in free space. Find E at P3(1, 2, 3).

Solution:

(a) The force will be
Q? Rp, Q? Rcy Q? Rp,
4mteg|Rpal? |IRpal ~ 4meg|Rcal® [Rcal  4meg|Rpal® [Rpal

F:FBA+FCA+FDA=

where R4, R4, and Rp 4are vectors pointing to 4 from B, C, and D, respectively.
So we have RBA = 22, RCA =X _y, and RDA =X +y
By substituting @ = 50 nC, we have

2
R R R

Fo Q BA3+ CA3+ DA3

Atey LIRgAl? * |Rcal®  |Rp4l

= 21.5% (uN)

(b) The field E at P3(1, 2, 3) is

Ql R13 QZ R23

E=E,+E,;, = +
13 23 4meg|R131% |R13|  4meg|Ra3|? |Rys|

where R,3 and R, are vectors pointing to P; from P, and P,, respectively.
So we have Ry3 = —3X + 4y —4Z and R,3 = 4X — 2y + 52
Then we have

_ Q1R3 Q2R;3
4meg|Ry3|3  4meg|Ry3[3

= 4.58% — 0.159 + 5.512 (V/m)
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4. From the Coulomb’s law, derive the electric field measured at (x, y, z) = (0, 0, 4) from a charged
circle centered at the origin. The circle is oriented along the xy-plane with radius a. The line charge

density is given by
pL(®) = procos®2¢

where ¢ is measured from the x-axis and oo (C/m) is a constant.
Solution:
z

IN(O, 0, 1)

x
Considering a differential angle d¢, a differential arc length on the charged circle is expressed as
dl=a-d¢
Therefore, at position M (acos¢, asing, 0) on the circle, the differential arc dl carries a charge of
dQ = p(¢) - dl = procos?2¢ - dl = pyocos?2¢ - (a- dp) = apiocos®2¢de

By Coulomb’s law, the differential electric field at N (0, 0, /) is

dQ Ryn dQRyy  apiocos?2¢de - (—acospX — asingy + hz)

dE = = =
dreg|[Ryn | [Ryn|  4meg|Ryn | 4mey(/ (a? + h?))3

where R,y is the vector pointing to N from M.

(1) The x-component of the total electric field at position N is

om 2T qp; 0c0S%2¢ - (—acos —a? 2m
E, = dEy =f PLo ¢ ( ¢)d = PrLo 3f cos?2¢cospdep
$=0 p=0 4mey(y/(a? + h?))3 Amey(a? + h2)2 7 $=0
where

1 1
cos?2¢pcosep = Ecosq,') + 7 (cos5¢ + cos3¢)

Then we have

2m 2w 1 1

f cos?2¢pcospdp = —cosp + —(cos5¢ + cos3¢p)dep =0

$=0 p=02 4

Thus, we have
E,=0
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(i1) Similarly, the y-component of the total electric field at position N is

2m 2T apy 00220 - (—asin —a? 2m
E,=| dE, = f PLocos”2¢ - ( P 4 = o f cos?2¢singdg
$=0 p=0 4mey(y/(a? + h?))3 Amey(a? + h2)z ' 6=0
where

1 1
cos?2¢sing = Esind) +3 (sin5¢ — sin3¢)

Then we have

2m 2m 1 1
f cos?2¢singpdep = f —sing + — (sin5¢ — sin3¢)d¢ = 0
$=0 $=02 4

Thus,

=0

(ii1) The z-component of the total electric field at position N is

2n 2T apLocos?2¢ - h ah 2r
E,=| dE, =f PLocosT2¢ h ., _ PLo 3f cos22¢d¢
$=0 p=04mey(/(a? + h?))3 Amey(a? + h2)2’$=0

Therefore, we have

ahpyo

E,=—"7"—
4¢9(a® + h?)2
So the electric field at (x, y, z) = (0, 0, /) is

ah
E= EX?+EY?+EZQ=¢2

3
4g5(a® + h?)2
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5. Consider a rod of radius a centered along the z-axis with charge of density

—_pn2 2
pv(pJ d)r Z) = ,00(1 —e” /a )
where p, (C/m?®) is a constant. Using Gauss’s law, find E as a function of p.

Solution:

\V,\<

X

By symmetry, the D-field points away from the z-axis, in parallel to xy-plane.
Also, D-field is independent of (¢, z).

Thus,
D(p,¢,z) = D(p)p

Consider a closed cylinder of height L and radius p as the Gaussian surface S.
Therefore, the differential surface on S can be expressed as:

For the top surface: dS = zdS
For the curved surface: dS = pdS
For the bottom surface: dS = —2dS

From Gauss’s law, we have

Qenc = é D(p, d),Z) -ds
S

Thus,
Qenc=| Do) @as)+ D) (pds) + D(p) - (—2d5)
Top Surf. Curved Surf. Bottom Surf.
So we have
Qene = | D@ (pds) = | D)@ p)ds = | D(p)ds
Curved Surf. Curved Surf. Curved Surf.
Then, we have
Q
D — enc
(p) 2L
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For 0 < p < a, the enclosed charge is

Qenc = pLL
where
p 2T
pL = f f pv(p, @, z)pdedp
p=0-7¢=0
P 21 —_p2
=f f Po(l —ea? >pd¢dp
p=07¢=0
o 5o F)
= 4TPo - \|\Llt—ea -
p=0 2 a?
2 —pn2
— 2 (P_ ., 7 P
Tpoa (a +ea p=0
2 _p?
= mpya’ ('D— +ea® — 1>
a
Therefore,
pr, =&
Qenc = Lmpja® (E +ead — 1)
Q poa® (p* =
D — enc — L 2 1
2 2npl.  2p \a? ¢
Forp = a,
a 2
Qenc = Lf f pv(p, ¢, z)pdpdp = anoaz/e
p=0Jp=0
Q poa@’
D — enc —
2 2npl.  2pe
Because E(p) = () p.
£0
We have
2 /52 —p2
pPod” [P L ~
E(p)=2£0p<§+ea2—1>p, for0<p<a
E) =25 forpz
p _Zsopep’ orp=a
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