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MA1201 Calculus and Basic Linear Algebra Il Solution of Problem Set 2
Problem 1
(a) Lety:1+i:>d_y:_£:>dx_—£dy
x% dx x3 2 7

Then the integral becomes
1 1
etz e X7 [ %8 1r 1, 1 51
J. 3 dxzf 3 —Tdy =—§fe dy=—§e +C=—§e x* + C.

Let =1—2x3=>d—y=—6x2=>dx=—id
Y dx 6x2 Y-

Then the integral becomes
fxz sec(1—2x3)dx = fxz sec(1 — 2x3) (—idy> = —lf secy dy
6x2 6

1 1
= —glnlsecy +tany|+ C = —Elnlsec(l —2x3) +tan(1 — 2x3)| + C.

(b)

(c) 4 dy 3 1
Lletv=1 =>—=4x°> = dx = —=dy.
et y +x I X X P y
Then the integral becomes
1 1 1
fx11\/1+x4dx=]x11\/1+x4(mdy =2 X831+ x*d =Zf(y—1)2\/§dy
7 3
1 5 3 1 1( y2 y yi
—4f(y2—2y2+y2)dy A\ 7 ? =l +C
2 2 2
1 1 oz 1 " w21 " 3 C
= — 2 —— 2 4+ = 2
14(+x) 5(+x)+6(+x)+
(d) e _ 1
Let y =x :»dx—2x=>dx—2xdy.
Then the integral becomes
1 11
chosz(xz) dx = ]xcosz(xz)( dy) =5Jcoszydy =§f5[cos(y+y) + cos(y — y)]dy
—1]( 2y + 1)d —1(1 in2y + >+C—1' 2x? +x2+C
=1 cos 2y y—4251ny y —8sm(x) 2 .
(e) _ ay _ -
Lety—cosx:»dx— sinx = dx = sinxdy'
Together with the fact that sin 2x = 2 sinx cos x, the integral then becomes
1 3
fsian\/cosxdx = stinxcoschosx(—ﬁdy) = —nyﬁdy = —nyfdy
5
= Zy C = * % C
= - ?+ ——gcos x+C.
2
(f) dy 1
L _1 x = — .
et y +e* == = dx exdy
Then the integral becomes
o= [ ) = [ = [ o= o -
T+ ™ (1+ex)3 P Areop =) 55 =)0y
1 1
=—y 4+ y‘2+C—— +C.

1+ e* 2(1 + eX)?

-1-
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(8) 2 dy 1
Let v = —1=>-=Z=2x=>dx =—dy.
et y=x o= 2x=>dx=o-dy

When x =1, y=12—-1=0. When x =2, y=22-1=3.

Then the integral becomes
2 3 1 1 (3 1 e3 1
x%-1 x%-1 3
dx = (_d):_f Ydy = —eV|3 = — — =
J.lxe X foxe ny 20e y 2e|O > 73

Let y =1 d —1 dx = xd
= :>—:_—:> = .
et y=Inx I x = xdy
When x =5, y=1In5. When x=1, y=In1=0.

Then the integral becomes
J‘S sin?(In x) J‘ln 5 sin?(ln x)
—~dx =
1 0 X

X

(h)

In5
———(xd )—f sin?y dy
In5 0 In5
= f 5 [cos(y +y) = cos(y — y)]dy = _Ef (cos 2y — 1)dy
0 0

= 1(1 2 )ln5 L in@mns) + s
—Zzsmyy = —Zsin(2In 5In5.

(i) Following the idea of Example 7, let y = x? + 4 = % =2x=>dx = %dy.
We compute the integral by decomposing it as follows:

f3x+2d _J 3x d+f 2 d_j 3x (1d) 21 1 d
x2+4 = x2+4x x2+4 x= x2+4 ny x2+4x

—Sfld +Zj ! dx 31 +1 1t -1X +C—31|2+4|+t ‘1x+C
> yy 2 E)Z ) ny an —2nx an > .

2 2\ 1 2
2

i),

dy
Let y =x?—2 5= -——=2x—-2=dx=
ey X X + dX X X 2X—2

Similar to (i), the integral can be computed as
f 2x + 1 d _f 2x — 2 d"‘f 3 P
x2—2x+5 x= x?2—-2x+5 x x?2—-2x+5 x
_j 2x —2 ( 1 d)+3j 1 d
) x2—-2x+5 2x—2 Y X2—2x+5

oo [y i e

dy.

5 )+1
— iyl 4o 2 tan 22 ) 4 ¢ =2 — 2 +5|+3t L)
= Injy 4 1al"l > = 1n|x X Zan ) .
2
(k) 2 dy 1
Let y =3 6 19=>—=6 6 =>dx = dy.
ety X<+ 6x + dx X + X 6x + 6 y

Then the integral can be computed as

J 4x J 4x + 4 dx J 4 g
3x2+6x+19 3x% + 6x + 19 3x2 4+ 6x +19

1 2 (1 1
jdy fx2+6x+19dx=§f§dy_4j3(x+1)2+16dx

1
|3’|—— dx

(e

Xt
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2 1[ 1 V3 V3
:§ln|3x +6x+19|—Z Etan‘1<rx+ 4) +C
4
=—=In|3x% 4+ 6x + 19] — —tan™! —x+— + C.
3 V3 4 4

dx
Let x =sin@ =>%— cos O = dx = cos 6 do.

The integral then becomes

1 1
—dxzf c056d6=f - d9=fcsc29d9
J.xZ\/l—xz sinZH\/l_—ginZH sin? 0
Sino=x
cos f=V1—x2 m
=—cot8+C = - +C
X
Let x = —tang = 2 = L cec20 o dx = L sec? 9.0
et x = —tan — = —sec X = —sec
V3 dé 3 V3
The integral becomes
f 4 _f 1 (1 0d9 j‘sece _1 1 40
2T 3\3°°° " V3) sec30" T y3) secd
(1+ 3x2)2 1 2
1+3(§tan20)
1f 6ds = Lengrc= L Y . * _.¢
=—| cos = —sin S -
V3 V3 V31 + 3x2 V1 + 3x2

dy 1
Let y=4x%2+1=>—=8x =dx =—dy.
et y x% + Ix X x = o—dy

Then the integral becomes

4

1
3x —d 32 C—3 4x2+1+C
Jm jm J y‘é;* TV AT

Let —3 6 —_—= —3 0 dx = —3 6 do
= = = = = .
et x = 4 sin d9 4 CcoSs X 4 COS

Then the integral becomes

2

3 3 9
J\/9—16x2dx=]\/9—16(Zsin9> (Zcosed9>=zfc0520d0

911 9 9
=Z.f§[cos(6+0)+cos(0—0)]d0 =§fc0520d0 +§f1d9

_2 29+99+C 0 0 9+99+C
—16sm 3 —851n cos 8

_9<4x)\/9—16x2+9 L D SN e e S SR L S
—8 3 3 851n 3X —2x X 85111 3x .

Using completing square technique, we first rewrite the integral as

J ! édx=f[ ! de'

(x? + 6x + 10)2 (x+3)2+ 1]z
dx
Let x+3 =tand zﬁzsecze = dx = sec? 6 d#.

Then the integral becomes
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1 1 1
f 3dx=f—3$ec29d9=f—9d9=fc059d9=sin9+C
[(x +3)2+1]2 (tan2 6 + 1)2 sec
x+3
= +C.
Vx? + 6x + 10
(a) _ dy . _
Lety—cosx:>dx— sinx = dx = sinxdy'

The integral then becomes

1
fsin7xdx = fsin7x(— sinxdy) = —fsin6xdy = —f(l —cos? x)3dy = —J(l —y2)3dy

3 7
=—f(1—3y2+3y4—y6)dy=—y+y3—§ 5+y7+C
5 3 cos’ x
= —CcoSsXx + cos’°x ——=cos’> x + + C.
5 7
d
(") Lety=sinx:d—z=cosx=>dx=cosxdy.

The integral can be rewritten as

1
fsin3xcos5xdx = jsin3xcos5x(cosxdy) =fsin3xcos4‘xdy = fsin3x(1 — sin? x)%dy
4 .6 .8
y y y
= fy3(1—y2)2dy= f(y3 —2y°+ydy =T =5+ +C
_sin*x  sin®x N sin® x
4 3 8
Problem 2
(@) Take u=x and dv=e3*dx > v = [e ¥dx = —ée‘3x.

Using integration by parts, we get

1 1 1 1 1 1
facﬂe‘”dx = —§x9‘3x — f —§e‘3x dx = —§xe‘3x +§f e 3dx = —gxe‘?’x —§e‘3x +C.

N
u dv du
uv v

1 3
(b} Take u=Inx and dv = Vxdx = v = [ Vxdx = [ x3dx =22,
Using integration by parts, we get

e e 2 é 62 g
]\/Elnxdx=j lnx\/fdx=§x21nx|§—j §x2d(lnx)
1 1 u  dv

R — 1 — — du
uv|$ v
3
2 3 2 3 2 (¢ 3/1 23 2(¢1 2§2x76
=§e21ne—§x21n1—§f1 x2<;dx>=§ez—§f1 dengeZ—g?h
2
_2 % 4 %+4_2 %+4
3% T TgT 9 Ty
(c) Take u=x? and dv =sinxdx = v = [sinxdx = —cosx.
Using integration by parts, we get
szsinxdx= —x? cosx—f—cosxd(xz) = —x2c05x+2.fxcosxdx.
— —_———— —

u dv uv v du
To compute the second integral, we take u = x and dv =cosxdx = v = fcosxdx = sinx. Using
integration by parts, we have

fxcosxdxzxsinx— sinxdx =xsinx +cosx + C.
“ ——
u dv uv v du
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Therefore, we conclude that

sz sinxdx = —x%?cosx + 2xsinx + 2cos x + C.

(d) We first rewrite the integral by using product-to-sum formula:

1 1 1
fxsinzxdxzfx[—i[cos(x+x)—cos(x—x)]]dx=—§f£c052xdx+§fxdx
u dv
u=x
dv=cos2xdx

::v:fcostdx:lsnlzx

= 1 fl RS
= 2 szm X ZSIH x\g)ﬁ 2 2
| — D e u
uv v
- '2+(1 2)+x2+c— L sin2x— teos2x 4+ 5t c
= 4x51n X 4 ZCOS X 4 = 4x51n X 8COS X 4 .

3
(€) Take u=cos~1x and dv = x2dx = v = [ x%dx = x?
Using integration by parts, we have

.f 2 -1 d .f -1 ( Zd ) x3 -1 fx3 d( -1 ) x3 -1 + 1f x3 d
X“COS “Xxdadx = COoS X (xXx~dx) = —CoS X — - COS " X) = —cCos XT—o7 | ——ax

dv —_— - du
uv v
y=1-x2
QX=_2x
3 3) e\ ™) T3 6 5
1 3
x3 1 1 1 x3 1[ y2 2
=?cos_1x—€f(y_5—y7)dy =?cos_1x—g YT_% +C
5 2 2
X 1 1 3
=?cos‘1x—§\/1—x2+§(1—x2)5+C.
() Take u=tan"'x and dv =dx =>v = [dx = x.
Using integration by parts, we have
X
tan 'xdx = xtan lx — f xd(tan™'x) = xtan"lx — f—dx
u av uv vdu
y=1+x2
d
R x /1 11 1
2 xtan"lx — f T %2 (Edy) =xtan lx —Ef;dy = xtan lx —Elnlyl +C
-1 1 2
= x tan x—zln|1+x |+ C.
(g8) Take u = cscx, dv =csc’?xdx = v = [csc? xdx = — cotx.
Using integration by parts, we have
jcsc3xdx = jcscx(csczxdx) = —cscxcotx—f(— cotx) d(cscx)
u dv uv v du
= —cscxcotx—fcscxcotzxdx = —cscxcotx—fcscx(csczx— 1)dx

= —cscxcotx—fcsc3xdx+fcscxdx

= —cscx cotx — In|cotx + csc x| —fcsc3xdx.

Summing up, we get



(h)

(i)

(i)
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jcsc3xdx = —cscx cotx — In|cotx + cscx| —fcsc3xdx
= chsc3xdx = —cscx cotx —In|cotx + csc x|

1
= f csc3 xdx = —E(cscxcotx + In|cotx + cscx|) + C.

Take u = cos?x, dv = cosxdx = v = [ cosx dx = sinx.
Using integration by parts, we have

fcos3xdx = fcoszx(cosxdx) = cos? xsinx — J (sinx) d(cos? x)

u dv uv v du

= cos? x sinx — f sinx (—2 cos x sinx)dx = cos? x sinx + Zfsinzxcosxdx
= cos? x sinx + 2[(1 — cos? x) cos x dx

= cos? xsinx + chosxdx - 2fcos3xdx = cos? xsinx + 2sinx — chos3xdx.
Summing up, we get

jcos3xdx= coszxsinx+251nx—2fcos3xdx
= 3fcos3xdx= coszxsinx+Zsinx:>fcos3xdx=§(coszxsinx+251nx)+C.

_ 2 1 1 !
Take u = (Inx)? and dv—x—zdx:v—fx—zdx——x =-=
Using integration by parts, we have

-f1 (lnTx dx —f (lnx)2 dx) (lnx)zﬁ —fle:éd(lnx)2

X du
dv uv v
axlin*=200(3) _(ne)® (nD? _ (fInx
= + +2J —dx———+2f (lnx) dx)
e 1 , x?
dv
u=Inx
dv:xizdx
1 1
TvehattTy 1 In x €
= —=+2 ——|f—f ——d(Inx)
—* N a2
u
uv v
1 Ine In1l €1 12 ( >e_ 5
e 1 , x? *)= e x) 't

We take u = sin3x and dv = e*dx = v = [ e*dx = e*. Using integration by parts, we get

j e*sin3x dx = e*sin3x — J e*d(sin3x) = e*sin3x — 3 f e* cos 3x dx
u=cos 3x
dv=e*dx=>v=[ e*dx=e*

=2 e*sin3x — 3 (ex cos 3x — J e*d(cos 3x))

= e*sin3x — 3e* cos 3x — 9J e* sin 3x dx.
Summing up, we get

jexsin3xdx = e"sin3x—3exc053x—9fexsin3xdx
1 3
=>1OJexsin3xdx=exsin3x—38xc053x=>Jexsin3xdx=Eexsin3x—ﬁexcos3x+6.

_6_
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Problem 3
(a) dy 1
Let y=2e*4+1=>—=2e"=>dx=—d
et y e’ + Ix e X ot y
The integral then becomes

1
fezx sin(2e* + 1) dx = fezx sin(2e* + 1) (ﬁ) dy =

=3[ yamyar =3 [anyay =3 [y
=7 | ysinydy—7|sinydy =~ %;sm

u=y
dv=sinydy

=v={sin 3;(13/:— cosy 1 1 1 1

1
= Z(—ycosy— (—cosy)dy+zcosy> = —Zycosy+Zsiny+Zcosy

1 1 1
= —Z(Ze" + 1) cos(2e* +1) + Zsin(Zex +1)+ Zcos(Zex +1)+C.

‘o 1(y-1
e sm(Zex+1)dy=§J > siny dy

d 1
(b) Lety=2\/§=>—y=—=>dx=\/§dy

dx /x
When x =1, y =2. Whenx =0, y =0.

The integral then becomes

1 2 2 1 2
j sin(2vx) dx = j sin(2vx) (Vxdy) = j %sinydy = 5] ysiny dy
0 0 0 0N av

dv
u=y
dv=sinydy
=v=/sinydy=-cosy 1 2 1 1
= E(—ycosyhz)—f (—cosy)dy)z—c052+§siny|(2)=—c052+§sin2.
0
d 1 2
(©) Lety=1+§/§:>—y:—2:>dx=3x§dy.
dx z
3x3
When x =1, y=2. When x =0, y=1.
1 2 2
]ln(1+§/§)dx=j 3x§ln(1+§/§)dy=3j (y — 1)?Inydy.
0 1 1
—1)3
Using integration by parts with u =Iny and dv =(y — 1D)?dy=>v = [(y — 1)3dy = % We get
2 (y — 1)3 2(y —1)3 1 1(2y3-3y2+3y—1
y y y y y
—1)?Inydy = ——1 2—f ——d =-1 2——f d
fl(y ) Inydy 7 Inyli T3 (Iny) =zln 3], y y
—lin2 1f2<2 3y + 3 1>d T CA T SN YT S
3 neT3) VT y) W=z =g\ G-ty -y Jli=-g
(d) d

Let y=lnx:%=%=>dx=xdy.

Then the integral becomes

jcos(ln x)dx = jx cos(lnx)dy = J e¥ cosy dy.

Using similar techniques as in Problem 2(j) (integration by parts twice), we get
feycosydy = %(eycosy+eysiny) + C.

Therefore, we conclude that

1 1
j cos(lnx) dx = E(ey cosy+eYsiny)+C = E(elnx cos(Inx) + e™* sin(In x)) +C

1
=z cos(Inx) + 5% sin(Inx) + C.



(e)

(f)

(8)

(h)
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. dy
Let y =sinx :E_ cosx = dx = cosxdy

Together with the fact that sin 2x = 2 sin x cos x, the integral can be rewritten as
1
f sin 2x In(sinx) dx = 2 f sin x cos x In(sin x) (@ dy) =2 J ylnydy

2
Using integration by parts with u =Iny and dv = ydy = v = [ydy = y? the latter integral can be

computed as
2 2 2 2 2 2 2
~Y myv— [ L Y nv— y_<l )_3’_ _lj Y ny -2
fylnydy— > Iny f > d(Iny) = > Iny J > ydy = Iny > ydy = > Iny 2 + C.

Therefore, we conclude that

2 2 sin? x
f sin 2x In(sinx) dx = 2 <y7lny - %) + C = sin®? xIn(sinx) —
dy
Lety—x+3=>a—1zdx—dy.

The integral becomes

f(x+ DIn(x +3)dx = f(y—Z)lnydy.

Using integration by parts with u =Iny and dv = (y — 2)dy = v = [(y — 2)dy % The latter
integral can be computed as
2 —2)2 —2)2 1(y2—4y+4
j(y_z)lnydy_(y 27 j(y 2, ny) = (y )lny——Jy Y4
2 2 y
(y —2)? 4 (y — 2)? y?
Tlny—§f<y 4+y>dy > lny—z+2y—21ny+C.
Thus we conclude that
(y —2)? y?
(x+1)ln(x+3)dx=Tlny—z+2y—21ny+6
x + 1)2 x + 3)?
=%ln|x+3|—%+2(x+3)—21n|x+3|+C.

dy 1
Lety=ex—1:5=ex=>dx=e—xdy

When x =2, y=e?—1. When x =1, y=e — 1.
The integral then becomes

]2 @2 . jez—l @2 ( 1 . > Je2—1 eX . j«e y + 1d J62—1 (1 . 1>d
X = — ay y = —ay = —)ay
1 e¥—1 e—1 e* -1 e—-1 e¥—1 e—-1 y e—1 y

=(y+Iny)|s<t=e?—e+Inle2—1| —Inle — 1| = e(e — 1) + In(e + 1).

Let y = Z:dy—z =>d —1d
et y=x o= 2 x = 5—dy

The integral then becomes

1 1
j x3 cos(3x?) sin(x?) dx = J x3 cos(3x?) sin(x?) (Z dy) = EJ ycos3ysinydy
1 1 1 1
= Ejy [E[sin(y + 3y) +sin(y — 3y)]] dy = ZJ y sin 4y dy —ijsinZydy
\-1: dv \17 dv
1/ ycos4dy —cos4y 1/ ycos2y — cos 2y
e e -

T4 4 4 4 2 2

1 1 1 1
= ——6ycos4y+6—451n4y+8yc052y—1—6$in2y+C

= —ix 2 cos(4x?) + isin(4xz) + 1x2 cos(2x?) — isin(2xz) +C
16 64 8 16 '

_8_
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(i) . dx
Let x = 2sinf :E: 2cosf = dx = 2cos0do
Then the integral becomes

fxzx/él—xzdx=f4sin26\/4—4sin29(2c059d9) = 16fsin29cosz6?d0

1 2
= 16f(sin9cos 0)2do = 16f (Esin 20) do = 4f sin? 26 d6

1
= 4f -3 [cos(260 + 20) — cos(20 — 26)]dO = — Jcos 460 d6 + ZJ 1d6

1
= —Esin46+26+C= —sin26 cos20 + 260 + C
= —2sin6 cosf [cos? O —sin? O] + 20 + C

_ 4 —x2 (4 —x? x? st 4
T T 2 4 4 S5

1 x? X
=—-xV4—-x?(1——)+2sin"' -+ C.

2 2 2

() 2o _ L
Let y=4+4+x :dx—2x=>dx—2xdy.

Then the integral becomes
1 1
jx3 sin(4 + x2) dx = f x3 sin(4 + x?) (ﬂdy) = Ej(y — 4)siny dy.

Using integration by parts with u =y — 4 and dv =sinydy = v = [sinydy = —cosy. The latter
integral can be computed as

j(y—4)sinydy= —(y—4)cosy—j(—cosy)d(y—él) = (4—y)cosy+fcosydy

=(4—y)cosy +siny + C.

Hence, we can conclude that
2

1 X 1
]x3 sin(4 + x?) dx = E[(4—y) cosy +siny] + C = —7cos(4+x2) +Esin(4+x2) + C.

Problem 4
(@) We shall compute [ e?*sin3x dx using integration by parts.
We take u = sin3x and dv =e?*dx > v = [ e*dx = %ezx. Using integration by parts, we get

. 1 . 1 . 1 . 3
f e?*sin3x dx = Eezx sin 3x — jiezxd(sm 3x) = Eezx sin 3x — Ef e?* cos 3x dx
U=cos 3x
dv=e?*dx=>v=/ ezxdx=%ezx

= —e?*sin 3x —§<lezx cos 3x — flezxd(cos 3x))
2 2\2 2

= lezx sin 3x — Eezx cos 3x — gf e?* sin 3x dx
2 4 4 '
Summing up, we get

e?*sin3x dx = Eezx sin 3x — Zezx cos 3x — Zf e%* sin 3x dx

:>—3fezx sin3x dx = 1ez"sinSx _§92x cos 3x
4 2 4
= *sin3x dx = —e?* sin3x — —e?* cos 3x + C.

13 13
In a similar fashion, we may obtain

02
erx cos3xdx = ier sin 3x + ier cos3x +C
13 13 '

_9_
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(b) Comparing with the similar integral in (a), there is an extra term "x" in the integrand. In order to

apply the previous result, one has to eliminate "x" from the integrand. This can be done by using
integration by parts.

3 : 2
We take u = x and dv = e** cos3xdx = v = [ e** cos 3x dx = —- e sin3x + e cos 3x.
Using integration by parts, we get

3 2 3 2
fxezx cos3xdx = x (_er sin 3x + —e?* cos 3x> - f (Eezx sin 3x + —e?* cos 3x> dx

13 13 13
= ixezx sin 3x + ierx cos 3x — if e?* sin 3x dx — if e%* cos 3x dx
13 13 13 13
= —xe?*sin3x + ixezx cos 3x — i(iem sin 3x — ier oS 3x>
13 13 13\13 13
- i(iez" sin 3x + ier cos 3x> +C
13\13 13
= ierx sin 3x + ixezx cos 3x — £e2x sin 3x + ieu cos3x + C
13 13 169 169 '

Problem 5
The first objective is to eliminate the term "x" in the integrand. This can be done by using integration by
parts. Using integration by parts with u = x and dv = f'(x)dx = v = [ f'(x)dx = f(x), we have

b b b
fegf,(x)dxzxf(xﬂg—f@&czb@—a@—ff(x)dxzb—a.
a4 u v a p du =1 =1 a

dv u S —
=0

Problem 6
We first simplify the first integral foax3f(x2)dx on the left hand side.

Let y = Z:ody—z =d —1d
et y=x o= 2 x =o—dy.

When x =a, y = a%. When x =0, y = 0.

Then the integral foax3f(x2)dx can be rewritten as
a a? 1 1 %
[wranax= [ wred(ga) =3[ o
0 0 B 2Jo
2 2
Since the definite integrals foa yf(y)dy and foa xf (x)dx give the same values. Hence we conclude that

foax3f(x2)dx - %fazxf(x)dx = %f

0 0

a? a?

1
yf(y)dy — Ef xf(x)dx = 0.

0

Problem 7
Using integration by parts with u = x(1 — x) and dv = f"(x)dx > v = [ f""(x)dx = f'(x), we have

j x(1 = Df" () dx = x(1 = ) f' (O} - f £ =] = 0—0— j £ - 22)dx
0 g2x—1 0
d;:f’(x)dx
1 sv=[ f'(x)dx=f(x) 1
_ j Qx-1Df@dx 2 Qx-DfEO) - j FGId(2x - 1)
0 7 0

dv

=@—<—@>—2ff(x)dx=2—2=0.
=1 =1 0

=1

_10_
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Problem 8
(a)  Using integration by parts with u = x™ and dv = e 3*dx = v = [ e 3¥dx = —%6‘3", we have
1 1 1 1 n (!
I, = f x"e 3 dx = —=x"e 3¥|} —f ——e 3%d(x") = —=e73 +—f x"le™3%dx
0 3 o 3 3 3/,
1 , . n
= —§€ +§In—1-
(b) Using the reduction formula in (a), the integral can be computed as
1 1 3 1 1 1 2 2 2
fo xde 3dx =13 = —§e_3 +§Iz = —§e_3 +1, = —§e_3 + (—53_3 +§Il> = —§e_3 +§Il
2 2 1 1 1
= —§e_3 +§<—§€_3 +§IO> = —58_3 +§J;) xoe_3xdx
8 2 (1! 8 2 2 26
__°,3,° 3y = ——p=3 — 3%l = 2 _ 22 -3
9° +9f0e X=Tge Tg7e =575z
Problem 9
a+1
(a) Using integration by parts with u = (Inx)" and dv = x%dx => v = [ x%dx = );+1 (since a #+
—1),
e a+1 e xa+1 ea+1 e xa+1 1
I, = A(nx)"dx = Inx)™|§ — d(lnx)" = — ( 1 ”‘1—d)
n jlx(nx) x a+1(nx) H jla+1 (Inx) a+1 La+1n(nx) x
ea+1 n e a+1 n
= - A(nx)* tdx = ——,_,.
a+1 a+1f1x(nx) *Ta+1 a+1mt

(b) Using the reduction formulain (a) (set a = 2), the integral can be compute as

¢ @2 3 e’ (e’ 2 2 2(e? 1
2(nx)3dx =1 & ——=L=——-|=——-zL|==L==|=——-2I
jlx(nx) YT T3 T3 (3 31> 3 3(3 3°>
2 2 (° 2 2 (¢ 2 2 4 2
_Z,3_%2 2(In x)%dx = =3 — = 20y = =3 — = 431 = — 3 4 —
3¢ 9jlx (Inx)°dx 3¢ 9J1x x=3 Xl =o-et + 0
(€} When a = -1, the integral becomes [, = fle Un” 4x and the above reduction formula cannot be

applied. One can compute this integral using method of substitution.
Let y=lnx:>3—z:l:>dx=xdy. When x =e¢, y=Ine=1. When x =1, y=In1=0.

X
The integral then becomes

e(lnx)n 1 yn+1 1
I, = dx = | yrdy = 1= .
" ,[1 x joy Y n+1|0 n+1

Problem 10
(a) Using integration by parts with u = (x* 4+ a®)™ and dv = dx = v = [ dx = x, the integral can be
expressed as

I, = j(xz + a®)dx = x(x? + a®)" — J xd(x? + a®)"

_11_
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=x(x? +a*)" - f x(n(x? + a®)" 1(2x)dx) = x(x? + a®)" — Zn']‘xz(x2 + a?)" ldx
=x(x?+a®>)"-2n f(xz +a? —a?)(x?® + a®)" ldx

=x(x?+a*)" - an(x2 + a®)"dx + 2na? f(xz +a®)" ldx
= x(x? + a®)" — 2nl,, + 2na®l,_,.
Summing up, we obtain

L, = x(x* + a®)* — 2nl, + 2na?l,_; = 2n+ DI, = x(x? + a®)™ + 2na?l,_,

>, = ! x(x? +a®)"* + e
"o2n+1 2n+1

a’l,_;.

(b) Using the reduction formula in (a), we can compute the integral as

1 8 1 8 1 6
f(xz +a)tdx =1, = §x(x2 +a?)* + §a213 = gx(x2 +a?)* + §a2 (;x(x2 +a?)3 + ;azlz)

1 8 16
=—x(x? 4+ a®)* + —=a’x(x* + a?)® + —a’l,

9 63 21
= %x(x2 +a®)* + %azx(x2 +a?)3 + ga‘* (%x(xz + a?)? +§a211>
= %x(x2 +a®)* + %azx(x2 +a?)3 + %a‘*x(x2 +a?)? + %cﬁ (%x(xz + a?) + %azlo)
= %x(x2 +a®)* + %azx(x2 +a?)3 + %a“x(x2 +a?)? + %aéx(x2 +a?) + %as f 1dx
= §x(x2 + a®)* + %azx(x2 +a?)3 + %a‘*x(x2 +a®)? + %a%(xz +a?) + %asx
+ C.

Problem 11

(a)  Using integration by parts with u = x™ and dv = cos3xdx = v = [cos3xdx = ésin 3x, we

have

1 1 1 n
I, = ]xn cos3x dx = =x"sin3x — j—sin 3xd(x™) = =x"sin3x — —f x™ 1sin 3x dx
3 3 3 3
u=x""1
dv=sin 3xdx
=v={sin 3xdx=—%cos 3x
n
-

= —x"sin 3x ——(—lx”‘l cos 3x — f —lcos 3x d(x”‘1)>
3 3 3 3
1 . no_. nn—1) _2
=§xnsm3x+§x” cosBx—fo" cos 3x dx

. no_, n(n—1)
=§x 51n3x+§x cosBx—TIn_z.

(b) Using the reduction formula in (a), the integral can be computed as

_12_
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jx‘* cos3xdx = 1x4 sin 3x +fx3 cos3x — =1
3 9 32
2

—14'3+43 34(12'3+2 3 1)
—3x Sin >x 9x COS o>Xx 3 3x Sin >x 9XCOS X 90

—4'3+43342'3 8 3+8f 3xd
—3x Sin >x 9x COS oXx 9x Sin 5x 27X'COSJC 27 cosox adx

8 8
—§x sm3x+9x cos3x—§x sm3x—ﬁxcos3x+ﬁsm3x+C
Problem 12

(@) Using similar method as in Example 28 of Chapter 2, we use integration by parts with u =
cos™ 1 x and dv = cosxdx = v = [ cosxdx = sinx and obtain

s s Vs
3 3 -1 1y i o2 2 -1
I, = ncos“ xdx = i cos™ *x (cosxdx) =cos™ *xsinx |, — _sinx d(cos™ ' x)
-3 -5 u dv 2 =5
Vs Vs

=0_f__

T
=(n-1) ji(l —cos?x)cos™?xdx =(n—-1) jicos”‘z xdx—(n—-1) Jicosnx dx

sinx ((n— 1) cos™ 2 x (—sinx dx)) = (n—l)] sin? x cos™ 2 x dx

N

==l —(n—DI,.
Summing up, we have

n—1
I, = (n— 1)111—2 —(n— 1)111 = nl, = (n— 1)111—2 >, = T n-2-

(b) Using the reduction formula obtained in (a), the first integral can be computed as
s

2 n=54 n34_ T 16
.’;ECOSSXdXZIS = §I3 = §1 15[ cosxdx——SsminE:l—S.

Using the same reduction formula, the second mtegral can be computed as

s s T

2 2 2

]sm xcostxdx = (1—cos x) cos* xdx—f cos xdx—J cos®xdx =1, — I,

T

_31 51_3(11) 5(31>—3I 15(1> BJ( )d
2276+ T4\2'0) Te\a'2) Tglo T 2a\270) Tag ) O
AN EPUE U
=T6) =16 = 16"

(c)

dx
Let x =sin® :»E:cosezdx:cosede.

When x =1, 8 =sin"11 = E When x = —1, 8 =sin"1(-1) = —E The integral becomes

v

f (1-x%)2 dx—f (1 — sin? 9)2(c059d9) —f (cos? 9)2(cost9d9) —f cos® 0 do

from (b) 15
= gl

from (b) 5

f(cosx)odx 2 —um.

=]
6 16

_13_
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Problem 13

(a) Using integration of parts with u = sec™ 2x and dv = sec> xdx = v = [ sec? x dx = tanzx,
s Vs VA

4 4 -2 2 -2 i B -2
I, =] sec"xdx = sec" “x (sec®xdx) =sec" “xtanx|; — [ tanxd(sec" “x)
0

0 u dv 0
11
T ,
1
- V2 n-2 4 n—3
= (V2)" "= | tanx[(n—2)sec™ 3 x (secx tanx)dx]
0

d(sec™ 2 x)d(secx)
d(secx) dx

;—x(sec”‘2 x)=

= (\/E)n_z —(n-2) J‘Zsec”‘2 x tan? x dx
1+tan? x=sec? x n—2 °
= (vV2) " -(n-2) f sec™ 2 x (sec?x — 1)dx
= (\/E)n_z —(n-2) f sec"xdx + (n—2) f sec" 2 xdx = (\/E)n_z —(n-2)I,+(n-2),_,.

Summing up, we obtain

(\/?)n—z n—?2

n-—2
L=(W2) ==L +(n—Dl,_,>1, = Tz

n—1 n—

(b) First Integral
dx
Let x =tan#@ :E = sec? 6 = dx = sec? 0 d8.

When x =1, § =tan™'1 = %. When x =0, 8 = tan"1 0 = 0. The integral then becomes

T

1 3 z 3 z
j (1 + x?)2dx =f (1 +tan®0)2sec? 6 do =J sec®0do = Is.
0 0 0

Using the reduction formula in (a), we have

:@§:E§<ﬁ1>:7_ﬁ3z

) 7V2 3 %
Is 2 +4 3= +4 7+Ell 3 +§L sec6’dt9=T+§ln|sect9+tant9|0
7V2 3
=—+=In|vV2 + 1{.
5 +8n|\/_+ |
Hence, we can conclude that
1 3 7V2 3
j(1+x2)7dx=15=T+§1n|\/§+1|.
0

Second Integral

dx
Let x = 2secé :E=Zsec9tan0 = dx = 2secftanf db.

When x = 22, \/§=56C9=>9=C05_1%=%. When x =2, 1=secd =260 =cos '1=0.

The integral then becomes

_14_
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22 T z
j x%\x2 — 4dx = f 4sec?B+/4sec?0 —4(2secHtan6 do) = 16[ sec3 @ tan? 6 do
2 0 0
Vs

s TL'

4 43 4
= 16[ sec3 6 (sec?8 — 1)do = 16f sec®> 0 df — 16] sec36do
0 0

0
7V2 3 V2 1
= 1615 — 16I; = 16 <—+§1n|«/§+ 1|> — 16 <7+51n|\/§+ 1|>

8
=6v2 —2In|V2 + 1|,

Problem 14
(@)  Using the integration by parts with u = x™~ ! and dv = xVa? — x2dx =

y=a?-x* 3 3
v=[xVa?—x%dx Z —%f\/;dyz—%yfz—g(az—xz)f, we have
a 1 é a 1 §
I, = f x™/a? — x2dx = —§x"_1(a2 —x2)2|8 —f —§(a2 —x2)2d(x" 1)

0 0

n—1¢% 3 n—1 (¢
=0—-0+ TJ x"2(a? — x?)2dx = TJ x"?(a? — x?)\Ja? — x2dx
0 0

n—1 a n—1 (¢ n—1 n—1
= azf x"%{a? — x2dx — j x™/a? — x2dx = a’l,_, — I,.
0 0

3 3 3 3
Summing up, we have
n—-1 n—1 n—1y ,
I‘I’L: 3 aIn_Z_TInﬁln:(n-Fz)aIn_z
Remark of (a)
It is not a good idea to use integration by parts with u = x™ and dv = Va? — x2dx. Itis because
2 _ 2 2
the function v becomes v = [Va? —x2dx = --- = ad az ol +a7sin‘1§ and the integral becomes
a xva? —x?2 a? x a xVa? —x? a? x
] x™a? —x%dx = x" | ————+—=sin"1—)|§ — nf x| ————+ —sin"' - | dx.
0 2 2 a 0 2 2 a

The computation will be tedious. Hence, one has to modify the choice of v (or dv) so that the
integral will not be too complicated after using integration by parts.

(b) Using the reduction formula in (a), we have

a 3 a a a
] x?(a? — x?)2dx = ] x?(a® — x*)\Ja? — x2dx = azj x%Ja? —x%2dx — f x*/a? — x%dx
0 0 0

0

1 3 1 1 /1 a* a* (¢
=a’l, -1, = a? (Zazlo) —gazlz = Za410 —Eaz (Zazlo) = glo = E.fo a? — x2%dx
x=asinf
dx
ax_ 0 n
JE. “4ﬁ 2 Zede—asfll( 29+1)d9—a6(3m29+9>2—a6(”)—a6”
- §), 8 ), 2 ~ 16 o 16\2/ " 32
Problem 15

(a) Using integration by parts with u = (sin™!'x)" and dv = dx = v = [ dx = x, we have
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= [ Gin™ mdx = x Gin™ 2" - [ 2 d(sin 0" = x (sin )" f"(Si“_l")n_l d
= | (sin"tx)"dx = x (sin"'x)" — | xd(sin"!'x)" =x (sin"!'x)* —n | ——— dx
n o
x
=x (sin"1x)" — n.f (sin"!x)" ! — dx
—11_/‘/1 _ xz
dv
u=(sin"1x)""*
dv= X dx
1—x2
sv=/ —1ix2 dx=—V1-x2
=2 x (sin"tx)* —n (—\/ 1—x2(sin"tx)" 1 — f —+/1 —x2d(sin™?! x)"_1>
V1 — x2(sin"tx)" 2
=x(sin"'x)" +ny1—x2(sin"tx)" ! —nn - 1)[ dx
( V1 —x2

=x (sin"!x)" + ny1 —x2(sin"tx)" 1 —n(n—-1) f(sin_1 x)" 2 dx
=x (sin"1x)" + ny/1 — x2(sin" 1 x)" 1 —n(n — DI, _,.
(b) Using the reduction formula in (a), the first integral can be computed as
f(sin_1 x)3dx =13 = x (sin"1x)3 + 341 — x2(sin"1x)? — 61,
=x (sin"'x)3 + 341 —x2(sin"tx)? — 6j sin"tx dx ... (*)

To compute the last integral, we use integration by parts with u = sin"!'x and dv = dx
= v = [ dx = x and obtain

x
j sin"'xdx = xsin"tx — f xd(sin"tx) = xsin"tx — f dx
V1—x2
y=1-x2
dy_
ﬁ——Zx

3

171

xsin‘1x+—f— dy =xsin"'x+.[y+C=xsin"'x +y1-x%+C.
2) 5

We conclude from (*) that

J‘(sin‘1 x)3dx = x (sin1x)3 + 3y 1 — x2(sin"1x)? — 6xsin"1x — 641 —x%2 + C.
X

Vi1-x2

Consider the second integral, we use integration by parts with u = (sin"'x)> and dv = dx

=>v=—V1—-—x2% (from (a)), we have
x(sin"! x)> x
( ) dx = f (sin™'x)® ( dx) = —(sin"'x)%/1 —x2 — f —J1 —x2d(sin"! x)>
u ~— ——

V1—x2 V1 —x2
dv
VI= % (sin-1 )"
= —(sin"tx)%/1 — x2 + J 5 % *) dx = —(sin"'x)°y1—x2+5 j(sin‘1 x)*dx
—x

= —(sin"1x)%y/1 — x2 + 5I, ... ... (*%)

Note that I, can be computed as
I, = x(sin"1x)* + 4(sin™1 x)3y1 — x2 — 121,
= x(sin"'x)* + 4(sin"1x)3y1 —x2 — 12 (x(sin‘1 x)?+2sin"tx/1—x2— 210)

= x(sin"'x)* + 4(sin"1 x)3y1 — x2 — 12x(sin"1 x)? — 24sin" x 1 —x%2 + 24f 1dx

= x(sin"'x)* + 4(sin"1 x)3y/1 — x2 — 12x(sin"1x)? — 24sin 1 x /1 — x2 + 24x + C.
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Substitute this into (x*), we obtain

x(sin™! x)°®
udx = —(sin"1x)%y1 — x2 + 5x(sin”* x)* + 20(sin"1 x)3/1 — x2

V1—x2
—60x(sin"tx)? —120sin'x+/1 — x2 + 120x + C.
Problem 16
(a) Note that 3x — x? = x(3 — x), we may try the following decomposition:
1 1 A B
3x—x2:x(3—x) +3T:>1—A(3—x)+Bx

e Substitute x =3, wehave 1 =3B =B =

e Substitute x =0, wehave 1=34=>A4 =

wlb—*wlr—x

The integral can be computed as
! d—1f1d+1f 1d—11|| 11|3 | +C
3x—x2 0 3)x T3 )3Ty Ty AT

(b) Note that the denominator consists of a repeated factor (x — 1)2, we should try the decomposition:
2x*—5x+5 A B C
= + +
x—1)2%*(x-2) x—1 (x—-1)?2? x-2
= 2x2-5x+5=A(x—-1)(x—-2)+B(x—-2)+ C(x — 1)
e Putx=1, wehave 2=—-B =B =—-2.
e Put x =2, wehave 3 =0C.
e Compare the coefficientof x?: 2=A+C=>A=2-C = —1.
The integral can be computed as

2x% —5x +5 1
(x—1>2(x—2)dx:‘fx—1 f( —1)2dx+3f )

2
=—In|x — 1|+ ——+3In|x — 2| + C.
x—1

dx

(c) Note that the rational function is an improper one, we first use long division (numerator divided by
denominator) to decompose the integrand into the sum of a polynomial and a proper rational function.
3x* —5x3+x2+2x+1 Bx3—2x2—x)(x—1D+x+1
f 3x3 —2x% —x x—f 3 —2x%?—x d
x+1 x? x+1
:f(x_l)dx+f3x3—2x2—xdx:7_x+f3x3—2x2—xdx ...... (%)
To compute the second integral, we first note that 3x3 — 2x%2 — x = x(3x + 1)(x — 1). We then

decompose the integrand as follows:
x+1 _ x+1 A B C

= ==+ +
3x3—-2x2—-x xBx+Dx-1) x 3x+1 x-1
>x+1=ACBx+1)(x—1)+Bx(x —1) + Cx(3x + 1).

o Putx=01=—-A4A=>A4A=-1.
e Putx=12=4C=>C =-

X

NIH

1 2 4-B
e Putx=—- -= B—-
3 3 9

Then the second integral can be computed as
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j x+1 d‘fld+3f 1 d+1f1d
3 — 202 —x T T ) X)) 3 1T 1
1

1
= —In|x| +§ln|3x + 1] +§ln|x — 1|+ C.

From (*), we conclude that

3x* —5x3+x%+2x+1 x? 1 1
f 3x3 — 2x2 — x dX=7—x—ln|x|+§ln|3x+1|+Eln|x—1|+C.

(d) Since the denominator consists of a quadratic factor, we shall decompose the integrand as follows:
3x2 + 10 Ax + B C
+3)(? —6x+10) (Z—6x+10) ' x+3

= 3x2+10 = (Ax + B)(x + 3) + C(x? — 6x + 10)
e Putx=-3,37=37C=>C=1.
e Compare the coefficientof x? : 3=4A4+C=>A=3-C =2.
e Compare the constantterm: 10 =3B + 10C = B = 0.

Thus the integral can be computed as

j 3x% + 10 d_j 2x d+] 1d
G+ —6x+10) " J 2 —ex+ 10T x+3Y

—f 2x 6 d+f 6 dx +1In|x + 3| + C
T x0T 2 —6x 10 F T

Let y=x?—6x+10

dy

dx=2x—6

1 1
= - x4l
fydy+6f(x_3)2+1dx+ nlx+3|+C
=In|y|+ 6tan"(x — 3) + In|x + 3| + C = In|x? — 6x + 10| + 6 tan " (x — 3) + In|x + 3| + C.

(e) Since the denominator contains a quadratic factor, we shall decompose the integrand as follows:
—7x + 19 A Bx + C
QCx+1)(x2—4x+9) T+l X _4x+9
= —7x+19=Ax*—-4x+9) + (Bx + C)(2x + 1).
45 4

) Putx=—l, we have — = 5A=>A=2.
2 2 4

e Compare the coefficientof x>: 0 =4+ 2B = B = —1.
e Comparethe constantterm: 19 =94+ C=C = 1.
Then the integral becomes

] —7x + 19 d‘j 2 d+J —x+1 P
2x+ D2 —ax+9) T 1P T e 4+ 9

_zjldjx_ld_zfldfx_zdfl
T 1Y T e am oY T 1Y T e a1 9 Y T ) 2 —4x + 9

_18_
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Let y=x2—4x+9
ay

T 11 1
= 1n|2x+1|—§f§dy—fmdx
1 1 1
= In|2x + 1] —Elnlyl —gfﬁdx
(W) +1
~ 1 11 x-2
—1n|2x+1|—§ln|x —4x+9|—§ Itan f +C
V5
1 V5 x—2
=ln|2x+1|—§ln|x —4x+9|—?tan W+C

(f) Note that by synthetic division 4x3 —3x + 1 = (x + 1)(2x — 1)?, we shall decompose the integrand
as follows:
8x% —3x —2 8x%2 —3x —2 A B C
10 —3x+1 A D@x—12 x+1 2x—1t@x-12
58x2-3x—-2=AQx—-1)?*+Bx+1)2x—1)+C(x+1)
e Put x=%, —§=§C=>C=—1.
e Putx=-1,9=94=>4=1.
e Compare the coefficientof x?: 8 =44+ 2B = B = 2.
Then the integral can be computed as

f8x2_3x_2d _f 1 4 +2f 1 g f 1 g
4 —3x+1 " Jx 1™ 2177 ) -1z

1
—ln|x+1|+ln|2x—1|+m+C.

(g) Note that the denominator contains a quadratic factor, we decompose the integrand as follows:
x2—5x—5 A Bx+C
(x—2)(x%2 +2x + 3) :x—2+x2+2x+3
=>x2-5x—5=Ax%?+2x+3) + (Bx + O)(x — 2).

e Putx=2, -11=114A=>A=-1.

e Compare the coefficientof x2: 1=A+B=>B=1—A=2.

e Compare the constantterm: —5=34-2C=>C = 1.

Thus the integral can be computed as

f x?—5x—-5 D = f 1 4 +f 2x +1 4
(x—2)(x2 4+ 2x+3) x= x—2 x x%2 4+ 2x+3 X
2x + 2

=—Inx-2|+| ————dx— | ——dx+C
nlx | fx2+2x+3 x fx2+2x+3 x
y=x%+2x+3
d
T e [l [k aee

B x y Y X2+2x+3

_19_
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1
=—1 — 2| +1 — | —————=d C
n|x | + In|y]| f(x+1)2+2 X+
1 1
=—ln|x—2|+ln|x2+2x+3|——f—zdx+C
2 (x+1> 41
V2
V2 x+1
= —In|x — 2| +In|x? + 2x + 3| — —tan™! +C.
2

(h) Similar to (c), the integrand is again an improper rational function, one has to use long division and
rewrite the integrand as the sum of a polynomial and a proper rational function:

x> +2x*—x+2 2+ D)3 +2x2—x—-2)+4
,fx3+2x2—x—2dx: x3+2x2—x—-2 dx
=f(x2+1)dx+f * dxzx—3+x+f dx ... (*)
x34+2x2—x—-2 3 x34+2x2—x—-2

Note that by synthetic division x3 +2x?2 —x —2 = (x — 1)(x + 1)(x + 2), we can decompose the

integrand as follows:
4 A B C

x3+2x2—x—2:x—1+x+1+x+2
24=Ax+1D)x+2)+Bx—-1Dx+2)+C(x—1)(x+ 1).
o Putx=-1,4=B(-2)(1)=>B=-2.

o Putx=-24=C(-3)(-1)=>C= g

. Putx=1,4=6A=>A=§.

Therefore the second integral of (*) can be computed as

.f 4 P _ZJ' 1 J 5 1 g +4f 1 g
Br2xi—x—27"3)x=1% X+ 17073 x42

2 4
=§ln|x — 1| —2In|x + 1] +§ln|x+ 2| + C.

From (*), we conclude that
fx5+2x4—x+2 x3

2 4
x3_I_zxz_x_zdx:?+x+§1n|x—1|—21n|x+1|+§ln|x+2|+C.

(i) Since thereis a repeated factor x3 in the denominator, we shall decompose the integrand as follows:
2x>—x+1 A B C D
x3(x—1) =;+x_2+g+x—1
=>2x2—x+1=Ax*(x—1)+ Bx(x — 1) + C(x — 1) + Dx3.
e Putx=1, 2=0D.
e Putx=01=—-C=>=C=-1.
SAx2(x—1D)+Bx(x—1)=2x> —x+ 1+ (x—1) —2x3 = =2x3 4+ 2x%2 = —2x%(x — 1)
>Ax+B=-2x>A4A=-2, B=0
Hence, the integral can be computed as

2x —x +1 1 1 1 1
f—x3(x—1) dx=—Zf;dx—fﬁdx+2fx_1dx=—21n|x|+2—x2+21n|x—1|+C.

(j) There are two quadratic factors in the denominator, we decompose the integrand as
3x3—2x—20 _Ax+B+ Cx+D
(x2+3)(2x2 —6x+5) x2+3 2x2—6x+5

_20_
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Method | (Compare coefficients):
=3x3-2x—-20=UAx+B)(2x>* —6x+5)+ (Cx+D)(x*+3) (»)
=RA+C)x3+ (—6A+ 2B+ D)x*>+ (54— 6B +3C)x+ 5B + 3D

e Compare the coefficientof x3: 24+ C = 3+ -+ (1)
e Compare the coefficientof x2: —6A+ 2B +D =0 -+ (2)
e Compare the coefficientof x: 54 — 6B + 3C = —2 «++ -+ (3)
e Compare the constant term: 5B 4+ 3D = —20 «++ - 4
3(2)--(4): —18A+ B =20+ (5)
3(1)—(3): A+ 6B =11:+c---- (6)

(6)—6(5): 1094 = —-109 > A =—-1= B =2 from(5).
From (1) € =5 while from (4) D = —10.

Method Il (Substitution using complex numbers):
e Put x =+/3i into (*), we have —9+/3i — 2v/3i — 20 = (4V3i + B)(—6 — 6v/3i + 5)
= —20 — 11V3i = (AV3i + B)(—1 — 6V3i) = (184 — B) — (A + 6B)V3i
By comparison, we have: 184 — B = —20 ...... (7) and A+ 6B =11 ..... (8)
6(7)+(8): 1094=-109 = A=-1 = B =2 from(7)

e Putx= ; + %i into (*), we have

3G+1743i)—2(;+%i)—20=[(;+%i)C+D] [(2+;i)+3]=[<§C+D)+%Ci](5+;i)

65 35 (15 3N /9. 3 5 N\ 27 19 "3y
52y =(—C+5D——C)+(—C+—D+—C)l=(—C+5D>+<—C+—D>l

4 4 2 4 4 2 2 4 4 2
By comparison, we have %C +5D = —64—5 ...... (9) and %C +%D = 3:5 ...... (10)
65 135
2@)-5010): —2¢c=-2 5 ¢=5 Thusfrom(9), D =+ =220 _19,
2 8 8 5 20

Then the integral can be computed as
f 3x3 —2x—20 4 _f—x+2d +f 5x — 10 4
G2+3)2xi—6x+5) ) x2+3 7 ) @ —6x+5"

—fxd+2f1d+f5x_7d5f L d
~ T2 +3™ +3 T o —ex 457 T 2) 22 —6x+5 "

y=x2+3=>g—§=2x
d
z=2x2—6x+:=>é=4x—6 1J 1d N 2] 1 . N SJ 1d SJ 1 ;
- 2) 3y T3 (x>2+1x 1) 7% 2x—32+17
V3

1 2V3 x 5 5
= —Elnlyl +—tan'—=+-In|z| —=tan"'(2x —=3) + C

3 V3 4 2

1 23 X
= —Elnlx2 +3|+—tan 1 —

5 5
3 \/§+Zln|2x2—6x+5|—Etan‘l(Zx—3)+C.

Note that there are one repeated factor and a quadratic factor in the denominator, we shall decompose
the integrand as
6x3 —27x2 +5x—1 A B Cx+D
—22(4x+1) x—2 (x=207 a2 +1
= 6x3 —27x%+5x—1=A(x —2)(4x*+ 1) + B(4x*> + 1) + (Cx + D) (x — 2)>.
=91 -
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e Putx=2, —-51=17B > B = -3.
= Ax—2)(4x?+ 1)+ (Cx+D)(x —2)> = 6x3 — 27x*> +5x — 1+ 3(4x2 + 1)
= 6x3 —15x% + 5x + 2 = (x — 2)(6x? — 3x — 1) by synthetic division
> AU4x*+ 1)+ (Cx+D)(x—2)=6x2—-3x—1
o Putx=217A=24-6—-1=17=>A4=1.
e Compare the coefficientof x?: 44A+C=6=>C =6 —44 = 2.
e Compare the constantterm: A—2D =—-1=D = 1.
Then the integral can be computed as

f6x3—27x2+5x—1d _f 1 p 3[ 1 4 +J2x+1d
x—2)2(@Ex2+1) T Jx—2% -2z ) gz 1™

= In| 2|+3+f 2x d+f U ac
= nix x—2 e+ 1P T e 1

y=4x2+1
4y
“dx

2 In| 2|+3+1f1d+f ! dx +C
- x—2"4)yY7T) 2oz

——=8x

= In| 2|+ 3 +1l||+1t “12x+C
n|x ) 4ny Zan X

3 1
= In|x — 2| +—2+Zln|4x + 1| + Ztan‘1 2x + C.

Note that there is a repeated quadratic factor in the denominator, one shall decompose the integrand
x?+2x+4 A Bx+C Dx+E
x(x? + 2)2 =;+ x%+2 +(x2+2)2
>x?2+2x+4=A(x*+2)?2+x(x*> +2)(Bx + C) + x(Dx + E).
o Putx=0,44=4=>A4=1.
>x(x>+2)(Bx+C)+x(Dx+E) =x?>+2x+4— (x> +2)? = —x* — 3x% + 2x
= —x(x3+3x—2)
= x?2+2)(Bx+C)+Dx+E =—(x3+3x—2) = —x(x? + 2) — (x — 2) bylong division
By comparing the coefficients, weget B=—-1, C =0, D =—1 and E = 2.

Then the integral can be computed as

fic(;zj;)f f dx - f2+2 f(x 7122

1
—lnlxl—f 2+2 f(x2+2)2dx+2fmdx+C

y=x2+2 (for 1st and 2nd integrals)

x=v2tan8 (for 3rd integral) 1 1 1 1 \/E
o Inlx| =5 [ =dy—5 | 5dy +—

sec2 0
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1 1 V2 1 V2
= In|x| —Elnlyl +5+7f cos? 0 df = In|x| —Elnlx2 + 2|+ +Tf(cos 20 + 1)do

2(x2 +2)

2 V2
sin 260 +T6?+C

1
_ 2 R W
= In|x]| 2lnIx +2|+2(x2 2)+ 3

1 2 2 . x
=1n|x|—§ln|x + 2| + Tsm0c059+rtan —+

—t
22 1 2) 7
1 V2 ox V2 V2 X
=In|x|—=In[x?+2| + ————+— +—tan"!—+C
2 2x*+2) 4 xZ+2Vx2+2 4 V2
x+1 V2

1 X
=1n|x|—§ln|x2+2|+ Ttan‘1—+C

V2

22+ 2) T
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