CITYy UNIVERSITY OF HONG KONG
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Homework #4

Solutions:

Course: EE3121 Differential Equations for Electrical Engineering
Date:

Problem 1

Solution. (a)Step 1: Try the solution ¢’*.
Step 2: Characteristic polynomial

22— 8r+41=0

8+ v64—4-41 8++/—100 8+£110 ) .
A= = = =4+i5=A+iw
’ 2 2 2
y(t) = c1e™ cos wt 4 cpeM sin wt = c1e* cos 5t + cpe* sin 5t
Step 3: Solve for c; and ¢
6=y(0) =0
d
d—]i = c14e* cos 5t + c1e* (—5sin5t) + cpdet! sin 5t + cpe*5 cos 5t
dy
2= 4 450
dt ;o

N 1 = 6 N 1 = 6
4cq1 4+ 5cp = =2 C) = —25—6
2
= y(t) = 6e* cos 5t — €6e4t sin 5t
(b)Step 1: Find two fundamental solutions:

d’y | dy
@+6a+8y—0

Characteristic polynomial
P +6r+8=0
= (r+2)(r+4)=0=r=-2,rn=-4

Fundamental solutions

yi(t) =e™, ya(t) =e

Step 2: Find the kernel function

—4t

e~ M(t=T) _ p=Aa(t=1)

K(t—1) = Y
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M=2,A =4
e 2(t=1) _ o—4(t-7) e —e
= K(t—1) = 15 = 5

Step 3: Calculate the convolution integral

—2(t—7) —4(t—1)

t ET o A b o b a
y(t) = [y K(t - 7)g(T)dT = %fot [e 2(t=7) _ oAt T>L3Tdr =3 [je 2 :)TdT — 3 [ye ¥ tTrdr
=32 Jo Te*TdT — Se 4 Jo Te*TdT = Se72t. 1 Jo Tde?™ — Sem4. 1 o Tde*™
3,2t 782r|6 _ f(;f eZTdT> _ %e—4t (Te‘”{g _ fot e4TdT>

3 M 3,2 , 3, 0
=—pe " tge T tgt—x

H|

(c) Step 1: Trial solution
y(t) = (Csin2t + D cos2t) e~ #

Step 2: Substitute the trial solution into the differential equation

Y — 44 (Csin2t + Dcos2t) + e~ * (2C cos 2t — Dsin2t)
= e #[(—4C —2D) sin2t + (—4D + 2C) cos 21|
Sy 4o [(—4C — 2D) sin 2t + (—4D +2C) cos 2
+e 4 [2(—4C — 2D) cos 2t — 2 (—4D + 2C) sin 2¢]
= e H{[-4(—4C —2D) —2(—4D + 2C)] sin 2t
+[2(—4C —2D) —4(—4D + 2C)] cos 2t}

Step 3: Evaluate the D.E.

3—?2/ + 4% + 4y = 8¢ Hsin 2t
a1 = —4 (—4C — 2D) — 2 (—4D +2C) = 20C + 16D
gy = 2(—4C —2D) — 4 (—4D +2C) = —16C + 12D
a3 = —4C - 2D
ag = —4D 4 2C
a1 sin 2t + ap cos 2t + 4 (a3 sin 3t + a4 cos 2t) + 4(Csin 2t + D cos 2t) = 8sin 2t

ay +4a3; +4C =8
a) +4as +4D =0

20C + 16D + 4(—4C — 2D) + 4C = 8
—16C + 12D + 4(—4D 4+ 2C) +4D =0

N C=0
D=1
y(t) = e ¥ cos 2t

Since y(0) =1#0
rP+4r+4=0

=112 = -2
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= y(t) = cre ™ +cpte ™ + e cos 2t

d
d_]l{ = —2cie 2 4 cp(e7? — 2te™ ) + (—4e ¥ cos 2t — 2 * sin 2t)
ci+1=0
—2c1+c—4=0
1 = —1
= { cp =2

y(t) = —e 2+ 2te ™ + e H cos 2t




