MA1301 Calculusand Basic Linear Algebrall
Chapter 1 Vector Algebra

1 Review of Basic Ideas (p.1 - p.8)

In engineering and science, physical quantities which are completely specified by their magnitude (size)
are known as scalars. Examples are: mass, temperature, volume, resistance, charge, voltage, current, etc.
Other quantities possess both magnitude and direction are known as vectors. Examples of vector
guantities are: velocity, acceleration, force, electric field, magnetic field etc and will be denoted by

v, a, F, E, B, etc. Vectors may be represented geometrically by directed line segments. If A and B are

two geometrical pointsin R?, the directed line segment from A to B is called the vector from A to B and

isdenoted AB. As the name implies, this is a vector quantity with direction from A to B and magnitude

the distance between A and B. The vector ABis represented by an arrow from A to B as shown in the

following figure.

The point A is called the initial point of the vector H_% and B is called the terminal point of AB. The

magnitude of the vector AB iscaledits length and is denoted ‘EB‘ :

1. Two vectors a and b are equal if they have the same magnitude and direction. We write a=b.

Two vectors can be the same even though the initial points and termina points are different. For

example AB=OPin R? because they have the same length and the same direction (they both

proceed one unit to the left and two units up). Thus the same vector can be trandated from one
position to another; what is important is that the length and direction remain the same, and not where
the initial points and termina points are located. For this reason, we shall often denote vectors as

5, B, 5, etc. which make no reference to the initial points and terminal points.
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A vector having the same magnitude as a but the opposite direction is denoted by —a.

Geometrically the sum of two vectors is given by the paralelogram law of vector addition or
tip-to-tail method of adding vectors.

Parallelogram law of vector addition: In the parallelogram determined by two vectors 5, 5, the

vector a+b IS the diagonal with the same initial point as 5, b.

Tip-to-tail method of adding vectors: Given two vectors 5, 5 place the tail of b atthe tip of a.

Then a+b=cisthe vector from thetail of a to the tip of b.

/ /
a
a

The difference of two vectors a and b represented by c-=a-b isdefined as E=5+(—B).



5. If a=b then a-b isthe zero vector denoted by6. This has magnitude 0 but no direction.

6. Multiplication of a by a scalar, m, produces a vector ma with magnitude m times that of a and
direction the same as or opposite to that of a according to whether m is positive or negative

respectively. If m=0 then ma=0.

/o A

7. Unit vectors are vectors with magnitude 1. If a is any vector then we usually denote its magnitude

byH.A unit vector with the same direction as a(¢ 6) will be =

=7 -

a

2 Components of aVector (p.1—p.8)
In arectangular coordinate system in R*(the Euclidean space of dimension 3), orthogonal (perpendicular)

1
unit vectors in the directions of the positive x, y and z axes are denoted by i=| 0 |, j=| 1 |and
0

respectively.
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The vector from the origin O(0,0,0)to a point P (denoted as OP ) is known as the position vector of P.

If P has Cartesian coordinates (x,y,z), then the position vector of P, say r may be written as

X 1 0 0

r=| y |=%X O |+y| 1 |+2 O |[=xi+y]+2zk, where X, y, z are known as the components or
z 0 0 1

coordinates of r with respect to the vectors T] and K.

If P(x,Y¥.,2)andQ(x,,Y, 2z) are two points, the vector from P to Q, denoted as PQ will be

_____ % X X=X L
PQ=PO+0Q=0Q-0OP=| vy, |-| V, |=| Y,-Y, | » where the components of PQ are

Z, Z Z,-7
X =%, Y,-yand z,-z.

Note that the ordered triple of components of a vector is unigue with respect to a given coordinate system.

3 b
If a=| a, | and b=| b, |, intermsof componentswe have:
& b,

Equality :

a=b ifandonlyif a =b,a, =b,,a, =b,

Addition:

& by a +b ) ) )

a+b=| a, |+| b, |=| a,+b, =(a1+bl)i+(a2+b2)j+(a3+b3)k.
& b, a,+h,

Scalar Multiplication:




ma=ml a, |=| ma, |=mai+ma,j+mak.
& ma,

Zero Vector :

ol
I
o O O

Magnitude :
H=‘aﬁ+ a2]+agﬁ‘=w/af+a22+a§ (By Pythagoras theorem)

A Unit Vector in the same direction as 51 :

o Vv | e
Example 1

Find the vector PQ with initial poi ntP(3,-2,1) andterminal point Q(1,2,-4), and a unit vector in the

same direction as ﬁ) .

Solution:

I 3 1-3 -2 o

PQ-PO+0Q=0Q-OP=| 2 |-| -2 |=| 2-(-2) |=| 4 |=-2i+4j-5k.
—4 1 a1 5

The magnitude of PQ is ‘E)‘=\/(-2)2+42+(_5)2=\/Zs_

— -2
Aunltvectormthe%medlrectlonasPQ isgiven by U—E= ! 4 _ﬁ i —ﬁk.
‘pQ‘ 45| 5| 1B 15

ﬁ\

Example 2
Let L be the straight line through B(3,2,3) and F,(0,2,7). Find apoint P on L that is not on the line

5



segment BP, andis2 unitsfromP,.

Solution:
L

o) (s 3 :

PP,=OR,-OR=| 2 |-| 2 [=| 0 |, |PR|=y/(-3) +0?+4*-5.
7113 4

3.4 _5
I B I 5 5
OP-OP+PP=OR+>X2pp =| 2 |+ 0 |=| 2+0 |=| 2
° 3] ° a4 28 | | 43
3+— —
5 5

*. The coordinates of point P is (—22%3)

3  Direction Cosines

If r=xi+ y]+ ZE, the direction of may be specified by the cosines of the angles made by I with

the 3 coordinate axes.

&4
-2




X z
| =cosa =, m=cos/5=¥, N=COSy = —

i f i

[, m, and n are known as the direction cosines of roand li+ m]+nk IS a unit vector in the same

directionas r.

Example 3

3
Let r bethevector | 2 [=3+2)+6k. Find the direction cosines of r and the angles made by r
6

with the coordinate axes.

Solution:

‘F‘=\/32+22+62=\/4_9=7, | =

3 m—E n—6 and
77T 7
a=cos‘1($)z64.6°, /3’=cos‘1(§)z73.4°, y=cos'1(g)=31°.

If 5, B, c € Reare vectors and m, n are scalars (real numbers), then we have:

1. a+b=b+a Commutative law of vector addition
2. 5+(6+E)=(5+5)+6 Associative law of vector addition
3. a+0=a Existence of as an additive vector identity
4. a+ (—é) -0 Existence of additive inverses
5. m(£1+ B) - ma+mb Scalar distribution over vector addition
6 (m+ n)§= ma+na Vector distribution over scalar addition
7. (mn)a= m(na) Associative law for scalar multiplication
8. la=a Multiplicative scalar identity
&
Notice that the above are also valid for the n— component vectors a2 ER", n=1.
an




4  Scalar Product of two vectors (p.10 — p.12)

Let a and b betwo vectors, their scalar product (or dot product), written as a B, is defined by

2be ‘aHB‘cose if a= 6 b= 6 where 6 is the angle between a and b
0 otherwise
Example 4
- al - bl - -
Giventwo non-zerovectors a=| a, |andb=| b, |,showthat a-b=ab +ahb,+ap,.
% b,

2 2

+

a

a

Proof: According to cosine law, we have b-a b

2 T
- Z‘aHb‘cose.

- -2 —_
b-a a

~(b-a) +(n-a) +(n-a) o =afraieat, [ =bfebisbd

Then we have

2 2

+

- - -2 =
‘b—a =la +|b —Z‘aHb‘cose

= (bl—a1)2+(b2—a2)2+(b3—a3)2 =ai+ai+al+’+ b2+ bl —ZHHCOSH
=2ab +2ah, +2ah, = ZH‘B‘ COSQ- -+ -+ (x)
" 5~B=‘5\HB‘0050, by definition

—ah +ab,+ah, from (*)

m}
& b

Accordingly, we can define the dot product of two n-component vectors a= a? , b= 2 |ER" as
an bn

a-5=a1bl+a2b2+--~+anbn.

4.1 Properties of the dot product a-b where 5, beER" (p.-13—p.18)

8



) a-b isascaar

(i) a-b iszeroif a=0 or b=0 or a and b are perpendicular (orthogonal)
(iii) H=\/;

(iv) a-b=b-a (symmetry)

(v) (k5+|6)-6=k5-6+|6-6 foral a, b, cER"and k, | €R(Linearity)

(vi) a-a=0 and a-a=0 iff a=0 (Positive definiteness)

D |

(vii) -B‘ < ‘QHB‘ (Schwartz inequality)

(viii) 5+B‘SH+‘B‘ (Triangle inequality)

2 2

- - - =2 2
(ix) |a+b +‘a—b =2(a +b)
We observethat i-i=j-j=kk=1 andi-j=j-k=k-i=0.
Example 5

Let 5=5T+4]+2E and B=4f—5]+3§,find a-b and the angle between the vectors.
Solution:
a-b=(5x4)+[4x(-5)|+(2x3)=6.

- - a-b 6 2
a‘=\/45, ‘b‘=\/50, hence cosf = —— = = .
‘ all V45x+50 5V10
- - 2
. Theanglebetween a and bisgivenby #=cos™ | —— |=82.7°
510

Example 6

Given two vectors 5=O—A, 5=O—B proéf) denotes the projection vector of B on 51 find proéf) and

the coefficient of proéf) on a.

Solution:



D |

EX
Q|
_6'1
EX
Q |
Tl
!

D

The coefficient of proéf) on a is

OX =Hcose- a-b=b- (aunit vector inthesamedirectionasa)

a

O
Notice that the coefficient of proéf) on a canbe negativeif theangle 6 between 5,5 isan obtuse
angle.

5 Vector Product of two vectors a,be R (p.21)

Let 5, be R?, the vector product (or cross product ) of a and 5, written axb , Isdefined as:

- [(ljlsine)n it a0, 5=0 . | N
axb= | , Where n isaunit vector perpendicular to the plane & containing
0 otherwise

a and bsuch that a, b, n form aright-handed triple and & is the angle between a and b which is

measured from 51 to B

10



Observe that Tx?=]x]=kxﬁ=6 and Tx]=k, ]xk=i, kxi=].

Notice that cross product isdefined only for 3-component vectors.

5.1 Properties of the cross product ax E) where a = a1T+ aj + a3E, b= b1T+ bzi + bsk ER (p.21-p.25)

(1) axb isavector.
(i) axb isazerovectoriff a=0 or b=0 or 51 and b are parallel.
(iii) axa=0

(vi) axb=-bxa

(V) 5x6= é E)sinﬁ = area of the parallelogram with adjacent sides 5,5
(vi)
Pk a & a & a &
axb=|a a, a |= i— j+ k=(a2b3—a3b2)i+(a3bl—alb3)j+(alb2—a2bl)k
b, b b b b b
b b b 2 3 1 3 1 2
1 2 3
Remarks:
(@ A 3x3matrix isarectangular array of numbers having 3 rows and 3 columns and is written as
a; a, 4
A= a, a, a, [,thesymbola, forinstance denotesthe element of A which isin the second
a4y A 8y
b, b,

row and first column. Similarly, B=( ) isa 2x2 matrix.

1 2

&, 8, &y
(b) A=|a, @, a,| hasanumber associated withit called the determinant of A, denoted as |A.

8y 8 ag
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4 G, ay
|Alisdefinedas [A=(an &, a;
Gy Gy Ay

Ay Ay
A, 8y

B 8y
Gy Oy

LA
8y Oy

a, -a, +a;

expanded by the first row

b, b,

b21 bzz = bubzz - b12b21'

The determinant of a 2x2 matrix B=(bll %) isdefinedas|B|=

1 2

a, a a,
Thus, |A-la, a, ayl-a,
a, 2 a

(vii)éx(6+6)=(é xB) +(5 xE)

By 8y
Ay Oy

8y 8y
8y dy

By Ay
Ay Ay

-a, +a;

(viii) m(éxB) - (mé)x6= éx(mB)

(ix) ixi=jxj=kxk=0 and ix =k, jxk=i, kxi=].

Example 7

= 8, (B8 = BBy ) ~ By (s — By ) + B3 (B8 — BBy )

If 5=5T+4]+2E and B=5T—5}+3E,find axb and a unit vector perpendicular to both 51 and b.

Solution:
i ok

axb=[5 4 2| =| 4 2)i_|> 274> 4 |k=22i-5j-45k.
£ 5 3 5 3| |5 3 5 _5

Or

axb=(5i+4] + 2k)x (51~ 5] + 3| = 25 xi - 25 x j +15 xk+ 20 xi - 20] x | +12) xk
+10k xi —10k x j +6k x k = =25k ~15] — 20k +12i +10] +10i = 22i -5 — 45k
axb __22i-5] - 45k

A unit vector is =+
axhb 2534

6  Triplescalar product 5-(5x6),where ab,cER (p.25-p.26)

Consider the triple scalar product 5-(Bx6), which can also be written as a-bxc without confusion

arising. Weobservethat a-bxc isascaar.

12



Properties:

()

R L S R

a~bxc=(a1i+a2j+a3k)- bl bz b3 = b1 bz b3 =a1b2C3+a2b3C1+a3b1C2_asbzcl_azblcs_alb3cz
c, ¢, c||c ¢ c

(i) a-bxc=c-axb=b-cxa=-a-cxb=—c-bxa=-b-axc

— properties of determinant and the triple scalar product.

b

Q1
Oy

(iii) Geometrically the absolute value of a-bxc equalsthe volume of the parallelepiped with 5,5

and c asits adjacent edges.

bxe

Proof:

Observe that Bxé=(‘5HE‘sin6)ﬁ , where ﬁ iS a unit vector in the same direction as 5><6 such that

b,c,n form aright-hand triple.

Area of the base of the parallelepiped = bxc

-[fesine (-0,

13



Perpendicular height of the parallelepiped=h = HCOSO{ = ‘5- ﬁ‘ .

. Volume of the parallelepiped = Base area of the parallel epipedx its height
=(‘B“E‘sin@)‘a-ﬁ‘=‘5-(‘5H6‘sin8)ﬁ‘=‘5-5x6 .

(iv) Three vectors are collinear or coplanar iff their triple scalar product is zero.

- - —

7 Triple vector product ax(bx c) where a,b,ce R®°

Consider the triple vector product ax (5 X E) .Weobservethat ax (5 X E) isavector.

Properties:

(i) Notethat ax (Bx E) = (ax 5) xC in general, for example& (] X ]) -0 Whereas(fx ]) X j=-I.

(i) éx(BxE) = (56)5—(55)6 (prove by expanding both sides in components—
straightforward but tedious).

Some Vector Identities:

@ (o) )3 953)-(253

(b) (éxB)x(Exa) (5 Bxa) (a~b><c)d

© (axﬁ)-(BxE)x(Exé)=(a-bxc)2

Example 8
Let thepoints P,(1,3-1), B(214),P,(137),R,(50,2) begiven.
(@) Do these pointsliein aplane, why?

(b) Find the volume of the tetrahedron with B (1,3,-1), B,(2,1,4), B(137), P,(5,0,2) asitsvertices.

Solution:

@

3(13,-1) 21,4 13,7),P4502

- [1 1) (1) (o) ([s5)(1 4

— PP, - 2 |,PR=| 3 3 |=| 0|PP=| 0] 3 || -3
5 7 1 8 2 -1 3

14



1 -2 5 1 -2 5 1 -2 5
As PP,-PP,xPP,=|0 0 8|=-|4 -3 3|=-|0 5 -17 |=-40=0,
r,—4r,
4 -3 3 0O 0 8/”"|0 0 8

R(13-1),R(214),R(137),R,(502) don'tlieinaplane.

(b)

Volume of the tetrahedron with B, P,, B, P, asitsvertices=% PP,-PP,xPP,

- 1‘_40‘ _ cu.units.
6 3

8 Linear Dependence and Independence (p.45 — p.47)

_— S
If a,a,-,a are any k n-component vectors, then an expresson of the form qu where
i=1

m, m,,L ,m_areany kscaarsis called alinear combination of %%i

%%i are linearly dependent if at least one of the vectors can be represented as a linear

— & = _ -
combination of the others, that is, a =Emjai for some 1<i<k. Otherwise a,a,, -+, are linearly
j=1

J=i

independent.

Example 9
Show that the vectors 3 + 5} 2k , 4} +2k and i+ ] —k are linearly dependent.
Proof:

Observe that 3T+5]—2E=%(4]+2E)+3(f+]—ﬁ). Hence the vector 3T+5]—2Eisalinear combination
of 4]+2E and T+]—E that is, 3?+5]—2EIies in the plane expanded by the vectors 4]+2E and

T+]—E.Therefore,3f+5]—2ﬁ, 4]+2E and T+]—E arelinearly dependent .

However, we observe the vectors T] and k are linearly independent.

15



An equivaent definition is: A set of k n-components vectors al,az,---,i are linearly independent iff

o oL
Yma =0 implies m=m,=L =m =0, that is, the vector equation Yy ma =0 has the trivial

i=1 i=1

solution m =m, =L =m =0 only.

N.B. If two vectors in R® are linearly dependent they must be collinear. If three vectors in R® are
linearly dependent they must either be collinear or coplanar. Hence three vectors are linearly independent
iff their triple scalar product is not zero.

Four or more vectorsin R*® will always be linearly dependent.

Example 10

If é=3f+5]—2§, B=4}+2E and c=i+j—E,showthat a, b, carelinearly dependent.

Proof:
Method |
|35 -2 L ~
Asa-bxc=| 0 4 2 |=0, thevectorsa, b and c are collinear or coplanar.
11 -1

Hence 5, band ¢ are linearly dependent.

Method I1
Consider the vector equation

Ma+mb+me=0.
We have the system of linear equations

3m +m, = 0----(1)
5m +4m, + m, = 0----(2)
-2m +2m, -m, = 0----(3)

3+ m=0(@)=()
[ am-Zm-0—=0-20

2m, 3 =069~ - |)

16



M+ m =07
[ am-Zm-0—=0)

0-0-9=(6)- 29

Putting m, =tER, we have

3m =-t
2
am, = —t
m 3
*. The system has non-trivial solutions.

. Thevectors 5, b and ¢ are linearly dependent.
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