
 " MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 8: Differentiation 

 

MA1200 Calculus and Basic Linear Algebra I 

 

Lecture 8 

Differentiation 

 

 

 

 

 

 



 " MA1200 Calculus and Basic Linear Algebra I 
Lecture Note: Introduction to differentiation 

 

Why we need differentiation? 

We consider the following problem: 

In 1931, the HK population is about 864,117 

In 1999, the HK population is about 6,840,000 

 

Question: 

What is the population growth per year? 

 

Simple Answer: 

!"#	%&%'()*+&,	-.&/*" 0 6,840,000 6 864,1179::::::;::::::<
=>?@AB	C@	DEDFG?HCE@

1999 6 1931KLLLMLLLN
OFP?HCE@	QHCRB	>EPCSE@T

0 87,881/V#). 

Introduction/Motivation %

average of

EHF-
growth
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Is it a correct estimation? 

The number given above is just the average population growth. 

In fact, the population growth is different in different time due to various 
conditions (economic conditions, wars, culture, personality etc.) 

Year     Population 

1931     864,117 
1941     1,600,000 
1945     750,000 
1947     1,750,000 
1951     2,013,000 
1961     3,133,131 
1971     3,950,000 
1981     4,986,560 
1991     5,647,114     
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In order to have a better estimation on the population growth at certain time, 
one needs to shorten the time horizon (say 10 years, 5 years, 1 year, 3 month …. 
so that the occasion is small. Then we can obtain a better estimation on the 
population growth 

WQ* X 10T 6 WQ*T
10KLLLLMLLLLN

GBYY	?==FP?HB

⇒ 		WQ* X 5T 6 WQ*T5 			⇒ 			 WQ* X 1T 6 WQ*T1 	⇒
W \* X 14] 6 WQ*T

1
4KLLLLMLLLLN

REPB	?==FP?HB

 

(*Note: WQ*T is the population at year *.) 
In the limiting case when time horizon Δ* is close to 0, the corresponding estimation 
should be the most accurate one since every condition between * and * X Δ* is 
essentially identical and the population growth should be uniform (grows at same 
“speed”, i.e. 

limbH→d
WQ* X Δ*T 6 WQ*T

Δ*  

This number is commonly used to describe the “rate of change” of population. 

• Going to smaller time horizons At gives

betten estimatiow of growth :

= Ptt)
"derivation

"

of P
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should be the most accurate one since every condition between * and * X Δ* is 
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WQ* X Δ*T 6 WQ*T
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• Going to scnaller time horizons At gives

betten estimatiou of growth :
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"

P
'
A.) = eine

Pltottt) - PC!

It -20ALLEPtt)
"derivation

"

growth rate at time 1- = to of P

=

"Rate of Charge
"
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• If !"#$ is differentiable # % &, then the limits lim*→,	
."/0*$1."/$

*  is called 

the derivative of !"#$ and usually denoted by 2.23 "&$ or !′"&$., i.e. 

5!
5# |37/ % 	!

8"&$ % lim*→,
!"& 9 :$ ; !"&$

: . 
• The most direct way to find the derivative is to evaluate the limits 

lim*→,	
."/0*$1."/$

* . This method is called differentiation from the first 

principle. 

lim*→,	
!"& 9 :$ ; !"&$=>>>>?>>>>@

/*ABCD	E.	."3$	.FEG	/	HE	/0*

:I
7"/0*$1/

 

Definition (Differentiability of function) 

 We say a function !"#$ is differentiable at # % & if the limits 

exists as a real number.  

f-(Cte)-fk) is called
"
difference quotient

"



 3 MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 8: Differentiation 

 

Differentiability and derivative of some elementary functions 

Example 1 (Constant function) 

Show that the constant function !"#$ % & is always differentiable and find the 

derivative 2.23 (or !′"#$). 
☺Solution: 

Using the first principle, we have 

lim*→,
!"# 9 :$ ; !"#$

: % lim*→,
& ; &
: % lim*→, 0 % 0. 

Therefore, !"#$ % & is differentiable and 

5!
5# % !8"#$ % 0. 
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Example 2 (Polynomial) 

Show that the function !"#$ % 2#L is differentiable and find the derivative 
!8"#$. 
☺Solution: 

Using the first principle again, we have 

lim*→,
!"# 9 :$ ; !"#$

: % lim*→,
2"# 9 :$L ; 2#L

: % 2 lim*→,
#L 9 3#N: 9 3#:N 9 :L ; #L

:  

% 2 lim*→,
:"3#N 9 3#: 9 :N$

: % 2 lim*→,"3#
N 9 3#: 9 :N$ % 2"3#N 9 3#"0$ 9 0N$ 

% 6#N. 
Hence !"#$ % 2#L is differentiable and 

5!
5# % !8"#$ % 6#N. 
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Remark 

In general, one can use the similar method to show that for any positive integer 
P, the function !"#$ % #B  is differentiable at any # and  

5!
5# % !8"#$ % P#B1Q 

☺Proof: 

Using the first principle and Binomial theorem (see Chapter 3), we have 

lim*→,
"# 9 :$B ; #B

: % lim*→,
#B 9 RQB#B1Q: 9 RNB#B1N:N 9 ⋯9 RBB:B ; #B

:  

% lim*→,
RQB#B1Q: 9 RNB#B1N:N 9 ⋯9 RBB:B

:  

% lim*→,"RQ
B#B1Q 9 RNB#B1N: 9⋯9 RBB:B1QTUUUUUUUVUUUUUUUW

→,		AX		*→,
$ % RQB#B1Q % P#B1Q. 

Therefore !"#$ % #B is differentiable at any # and 2.23 % P#B1Q. 

für
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Example 3 (Trigonometric Functions)  

Show that the function !"#$ % sin # is differentiable at any # and find 2.23. 

☺Solution: 

Using first principle again, we have 

lim*→, [
sin"# 9 :$ ; sin #

: \ %]

^_`a1^_`b
7Ncd^a0bN ^_`a1bN

lim*→,
2 cos "# 9 :$ 9 #2 sin "# 9 :$ ; :2

:  

% lim*→,
2 cos g# 9 :2h sin

:
2

: % lim*→, cos i# 9
:
2jTUUVUUW

→cd^3	AX	*→,

sin g:2h
:
2TUVUW

→Q	AX	*→,

% cos #. 

Hence !"#$ % sin # is differentiable and 2.23 % cos #. 
(The derivation of cos # is similar and left as exercise) 

I I I Y

¥ coscx) = - Siu (t )
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Example 4 

Show that !"#$ % tan # is also differentiable and find 2.23. 
☺Solution: 

Using the first principle again, we have 

lim*→,
tan"# 9 :$ ; tan #

: %]
mn`o7^_`ocd^o

lim*→,

sin"# 9 :$
cos"# 9 :$ ;

sin #
cos #

:  

% lim*→,
sin"# 9 :$ cos # ; cos"# 9 :$ sin #=>>>>>>>>>>?>>>>>>>>>>@

^_`a cd^b1cd^a ^_`b

: cos"# 9 :$ cos # % lim*→,
sinp"# 9 :$ ; #q=>>>>?>>>>@

^_`"a1b$
7^_`a cd^b1cd^a ^_`b

: cos"# 9 :$ cos #  

% lim*→, i
sin :
: jTUVUW
→Q

r 1
cos"# 9 :$TUUVUUW

→cd^3
cos #t % 1

cosN # % secN # 

So !"#$ % tan# is differentiable and 2.23 % secN #. 
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Example 5 (Exponential Function) 

We define a number v % limB→w g1 9 Q
Bh

B
 (i.e. v % 2.71828…) and consider 

the exponential function !"#$ % v3. Show that !"#$ % v3 is differentiable and 

find 223 v3. 

☺Solution: 

Note that 

lim*→,
v30* ; v3

: % lim*→,
v3"v* ; 1$

: % v3 lim*→,
v* ; 1
: ……"∗$ 

To compute lim*→,
D|1Q
* , we recall from Example 29 of Lecture Note 6 (Limits) 

that (replacing # by :) 

v* % limB→w i1 9
:
Pj

B
. 

Claire f-
'

G) = @×

→ 1
, astro
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Using the binomial theorem to expand g1 9 *
Bh

B
, we have 

lim*→,
v* ; 1
: % lim*→,

limB→wg1 9
:
Ph

B
; 1

: % lim*→, limB→w
g1 9 :Ph

B
; 1

:  

% lim*→, limB→w
}1 9 RQB :P 9 RNB g

:
Ph

N
9 ⋯9 RBB g:Ph

B
~ ; 1

:  

% lim*→, limB→w
�RQB :P 9 RNB g

:
Ph

N
9⋯9 RBB g:Ph

B
�

:  

% lim*→, limB→w �P
1
P 9 }

P"P ; 1$
2 ~ :PN 9 }

P"P ; 1$"P ; 2$
3! ~ :

N

PL …9
:B1Q
PB � 

i
- c:
F: IF I

c : = 1
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% lim*→, limB→w �1 9
1
2 "1$ i1 ;

1
Pj: 9

1
3! "1$ i1 ;

1
Pj i1 ;

2
Pj:

N 9 ⋯9 :
B1Q

PBTUUUUUUUUUUUUUUUUUVUUUUUUUUUUUUUUUUUW
→,	�*DB	B→w,*→,		

� 

% 1. 
Therefore from the result of "∗$, we have 

lim*→,
v30* ; v3

: % v3 lim*→,
v* ; 1
: % v3"1$ % v3. 

 

So !"#$ % v3 and 2.23 % v3. 
 

 

 

"Caution: 

If !"#$ % �3 and � � v, then 2.23 %
2
23 �3 � �3!!!!! In fact, we will show that 

2
23 �3 % �3 ln � for any real number �. 

*et=
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Summary of Derivatives of Elementary Functions 

As shown in the previous example, most of the elementary functions (say 
polynomial, exponential functions, trigonometric functions) are differentiable 
in its domain. The following table summarizes the derivatives of these functions: 

� % !"#$ The derivative !′"#$ 
� % &			"&	��	&�P���P�$ 5�

5# % 0 

� % #A			"�	��	�v��$ 5�
5# % �#A1Q 

� % sin # 5�
5# % cos # 

� % cos # 5�
5# % ;sin # 			"R��v!��!$ 

� % tan # 5�
5# % secN # % 1

cosN # 

� % v3 5�
5# % v3 
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Example 6 (Absolute value function) 

We consider the function !"#$ % |#| i% �#							�!		# � 0
;#				�!		# � 0j. 

(a) Determine if !"#$ is differentiable at # % 2 and find !′"2$ 
(b) Determine if !"#$ is differentiable at # % 0. 

☺Solution: 

(a) Using first principle, we get 

lim*→,
!"2 9 :$ ; !"2$

: % lim*→,
|2 9 :| ; |2|

: % lim*→,
2 9 :=?@

�*DB	*→,
N0*	�X	
�EX�H��D

; 2
:  

% lim*→, 1 % 1. 
So !"#$  is differentiable at # % 2 and !8"2$ % 1. 
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(b) Note that 

lim*→,
!"0 9 :$ ; !"0$

: % lim*→,
|:| ; |0|

: % lim*→,
|:|
: . 

To compute the limits, we need to consider the left hand limit and right 
hand limit 

lim*→,�
|:|
: %]

*�,
|*|7*

lim*→,�
:
: % 1, lim*→,�

|:|
: % %]

*�,
|*|71*

lim*→,�
;:
: % ;1. 

 

Since lim*→,�
|*|
* � lim*→,�

|*|
* , so the limits  lim*→,

.",0*$1.",$
* %

lim*→,
|*|
*  does not exist. 

 
Hence !"#$ is not differentiable at # % 0. 

 

*:
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Example 7 

We let 

!"#$ % �#								�!		# � 1
#N						�!			# � 1. 

Determine if the function is differentiable at # % 1. How about the case for 
# % 0?  
☺Solution: 
At # % 1 

To check the differentiability, we consider the limits  

lim*→,
!"1 9 :$ ; !"1$

: % lim*→,
!"1 9 :$ ; 1

: . 

 

 
 Since 1 9 : can be greater or less than 1 and !"1 9 :$ takes different form 
for each case, we need to consider Left-hand limits and Right-hand limits. 
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lim*→,�
!"1 9 :$ ; !"1$

: % lim*→,�
1 9 :=?@
Q0*�Q
⇒."3$73

; 1
: % lim*→,�

:
: % 1, 

lim*→,�
!"1 9 :$ ; !"1$

: % lim*→,�
"1 9 :$N=>?>@
Q0*�Q

⇒."3$73�

; 1
: % lim*→,�

2: 9 :N
: % lim*→,�"2 9 :$ % 2. 

Since lim*→,�
."Q0*$1."Q$

* � lim*→,�
."Q0*$1."Q$

* , so the limits lim*→,
."Q0*$1."Q$

*  does 

not exist and !"#$ is not differentiable at # % 1. 
At # % 0, we consider 

lim*→,
!"0 9 :$ ; !"0$

: % lim*→,
:N�

,0*�Q
⇒."3$73�

; 0
: % lim*→,� : % 0. 

Hence, !"#$ is differentiable at # % 0 and !8"0$ % 0. 
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Example 8 

Consider the function !"#$ % √#  , determine whether the function is 
differentiable at # % & (& � 0) and # % 0 respectively. 

☺Solution: 

Differentiability at # % &		"& � 0$ 
Using first principle, we get 

lim*→,
!"& 9 :$ ; !"&$

: % lim*→,
√& 9 :  ; √& 

:  

% lim*→,
¡√& 9 :  ; √&  ¢ £¡√& 9 :  ¢N 9 ¡√& 9 :  ¢¡√&  ¢ 9 ¡√&  ¢N¤

: £¡√& 9 :  ¢N 9 ¡√& 9 :  ¢¡√&  ¢ 9 ¡√&  ¢N¤
 

% lim*→,
¡√& 9 :  ¢L ; ¡√&  ¢L

: £¡√& 9 :  ¢N 9 ¡√& 9 :  ¢¡√&  ¢ 9 ¡√&  ¢N¤
 

↓
EH =✗%

, s-qzgf.hr) = 3-×
?-1

= ? EY

= ? :*

LÄN-1

V7 c- IR

(but not for
all HER )
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% lim*→,
& 9 : ; &

: £¡√& 9 :  ¢N 9 ¡√& 9 :  ¢¡√&  ¢ 9 ¡√&  ¢N¤
 

% lim*→,
1

¡√& 9 :  ¢N 9 ¡√& 9 :  ¢¡√&  ¢ 9 ¡√&  ¢NTUUUUUUUUUUUVUUUUUUUUUUUW
2DBEG�BAHEF→		¡ √/  ¢�0¡ √/  ¢�0¡ √/  ¢�7L	¡ √/  ¢�

 

It is clear that the limits exists only when & � 0.  

The limits tends to 9∞ when & % 0 (since the denominator ¡√:  ¢N is positive 
when & % 0). 

Hence, the function is differentiable at # % & � 0 and is not differentiable at 
# % 0. 

 

 

☺Note 

Recall that the function is differentiable when the limits lim*→,
."/0*$1."/$

*  is 

a real number. 

= ? )
"

= ; i
"

|

general patten

¥ ✗ ✗ = ✗ ✗
°- ^

,
✗ c- IR
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Insights about differentiability 

1. Relationship between continuity and differentiability 
If the function !"#$ is differentiable at # % &, then !"#$is also continuous 
at # % &. 
However, the converse is not true in general. 
 
In Example 4, we see that |#| is continuous at # % 0 and it is not 
differentiable at # % 0. 
 
 
 
 
 
 
 

� % |#| 

� 

# 0 
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    In other words, the “differentiable” is stronger than “continuous”. 

• Continuity simply requires that the function has no break and no jump. 
• Differentiability requires that the function is continuous. In addition, it also 

requires the graph of the function has no “sharp corner”.  

 

 

 

 

 

 

• Therefore, when the function can be differentiated as many as we like (will 
be discussed in details later), the function is said to be smooth. 

� 

# 0 

� 

# 0 

Not differentiable Differentiable 
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2.  Geometric interpretation of derivative 

The quantity ."30*$1."3$* g% ."30*$1."3$
"30*$13 h can be treated as the slope of the 

line segment joining ¡#, !"#$¢ and ¡# 9 :, !"# 9 :$¢.  

 

 

 

 

 

When : → 0, the line segment becomes the tangent at # (i.e. a line segment 
intersecting the graph of !"#$ at one point ¡#, !"#$¢ only). The limits 

!′"#$ % lim*→,
."30*$1."3$

*  can then represent the slope of tangent at #. 

 

� 

# 

¡#, !"#$¢	 

¡# 9 :, !"# 9 :$¢	 

#	 # 9 :	 

� 

# 

¡#, !"#$¢	 

#	 

: → 0	 

Slope % ."30*$1."3$
"30*$13 % ."30*$1."3$

*  
Slope % lim*→	,

."30*$1."3$
* 	 

- . . . .

!:B""
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Example 8 

Given the graph of � % !"#$ % #¦, what is the equation of the tangent line at 
# % 1. 

☺Solution: 

We first find the slope of the tangent line at # % 1, note that 

§��¨v	�!	��P©vP� % 5�
5# |37Q %

5
5# #

¦|37Q %]
2
233ª7A3ª�«

5#­|37Q % 5. 

Since the tangent passes through the point ¡1, !"1$¢ % "1,1$, so the equation 
of tangent line at # % 1 is given by 

� ; 1
# ; 1 % 5 ⇒ � % 1 9 5"# ; 1$ ⇒ � % 5# ; 4. 

 

•• Slope
tat ×-1

.

•
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Importance of tangent line 

In fact, the slope of tangent line (or more precisely, the first derivative 

!8"#$ % 2¯
23) can reflect the trend of the graph of function.  

• If !8"#$ ° 0 over "�, ±$, then we see !"#$ is increasing over "�, ±$ 
• If !8"#$ � 0 over "�, ±$, then we see !"#$ is decreasing over "�, ±$. 

 

 

 

 

 

 

 

Increasing Decreasing 

Slope = 
!8"#$ ° 0 

Slope = 
!8"#$ � 0 

Slope = 
!8"#$ % 0 

Reach Max./Min. 
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As an example, we consider the following quadratic function 

!"#$ % #N ; 4# 9 9 

• Using completing square, we can rewrite !"#$ as 
!"#$ % #N ; 4# 9 9 % "# ; 2$N 9 5. 

• Using the method of first principle, one can find its derivative as 
!8"#$ % 2# ; 4. 

 

"′$%& ' 2% ) 4 + 0 
"-.  % + 2 

(decreasing) 

"′$%& ' 2% ) 4 / 0 
"-.  % / 2 
(increasing) 

2 

Soling f-
'CH- 0 fort,

given of>
2 ,

which is the

minimum off.
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Consider another function 

©"#$ % sin # 			�P		p0,2³q 
In Example 3, we have shown that ©8"#$ % cos #. We observe that 

• ©8"#$ % cos # ° 0 for # ∈ g0, µNh  or # ∈ gLµN , 2³h. So ©"#$ is increasing in 

these two intervals 

• ©8"#$ % cos # ¶ 0 for # ∈ gLµN , 2³h. So ©"#$ is decreasing in this intervals 

 

³
2 

3³
2  

³ 

2³ 

0 

äüä
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Simple differentiation rule 

 

 

 

 

 

 

 

 

 

 

These properties can be obtained using the first principle.  

1.		 55# ·!"#$ % · 5
5# !"#$ 

2.				 55# p!"#$ 9 ©"#$q %
5
5# !"#$ 9

5
5# ©"#$. 

3.				 55# p!"#$ ; ©"#$q %
5
5# !"#$ ;

5
5# ©"#$. 

4.				 55# p!"#$©"#$q % ©"#$ 55# !"#$ 9 !"#$
5
5# ©"#$. 

5.				 55# [
!"#$
©"#$\ %

©"#$ 55# !"#$ ; !"#$
5
5# ©"#$

p©"#$qN . 

Theorem (Properties of derivative) 

 Let !"#$ and ©"#$ be two differentiable functions, then we have 

ikott anstaut

"Product Rule "

"
Quotient Rule "

NEE fgff-q-AHI.GG) -1
↳ (5) Follow by (4)
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Example 9 

Compute the derivatives 

5
5# i#

¦ ; 3#N 9 1#j 			�P5		
5
5# ¡sin # ; √#  ¢ 

☺Solution: 

Using the properties of derivatives, we get 

5
5# i#

¦ ; 3#N 9 1#j %
5
5# #

¦ ; 3 55# #
N 9 5

5# i
1
#j %

5
5# #

¦ ; 3 55# #
N 9 5

5# #
1Q 

%]
2
233ª7A3ª�«

5#¦1Q ; 3"2#N1Q$ 9 ";1#1Q1Q$ % 5#­ ; 6# ; #1N. 
5
5# ¡sin # ; √#  ¢ % 5

5# sin # ;
5
5# √#

  % 5
5# sin # ;

5
5# #

Q
L % cos # ; 13#

Q
L1Q

% cos # ; 13 #
1NL. 
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Example 10 

Compute the following derivatives 

5
5# v

3 cos # ,			 55# i
# 9 sin #

#N j 

☺Solution: 

5
5# v

3 cos # % v3 55# cos # 9 cos #
5
5# v

3 % v3"; sin #$ 9 cos # "v3$
% v3 cos # ; v3 sin #. 

5
5#
¸
¹# 9 sin #=>>?>>@

."3$

#Nº
C"3$ »

¼ %
#N 55# "# 9 sin #$ ; "# 9 sin #$

5
5# #N

"#N$N

% #N"1 9 cos #$ ; "# 9 sin #$"2#$
#­ % #N cos # ; 2# sin # ; #N

#­ . 
 

( |

( /
Edda.ee

iby QuotientRule
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Example 11 

Compute the derivative 
5
5#
sin #
√#½ . 

☺Solution: 

Method 1 (Using quotient rule): 

5
5#
sin #
√#½ % 5

5#
sin #
#Q­

%
#Q­ 55# sin # ; sin #

5
5# #

Q
­

i#Q­j
N %

#Q­ cos # ; sin # i14 #
Q
­1Qj

i#Q­j
N  

%
#Q­ cos # ; 14#

1L­sin #
#N­

% #1Q­ cos # ; 14#
1¦­ sin #. 

Method 2 (Using Product Rule) 
5
5#
sin #
√#½ % 5

5#	#
1Q­ sin # % sin # 5

5# #
1Q­ 9 #1Q­ 55# sin #

% sin # i;14#
1Q­1Qj 9 #1Q­ cos # % ;14#

1¦­ sin # 9 #1Q­ cos #. 



 "J MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 8: Differentiation 

 

Differentiation of composite function -- Chain Rule 

Suppose we would like to compute the derivative: 223 sin"#N 9 # 9 1$, one 

cannot apply the result 22¯ sin � % cos� and conclude that 223 sin"#N 9 # 9
1$ % cos"#N 9 # 9 1$ because the derivative is NOT of the form 22¯ sin �. 

 

 

 

 

 

 

 

Question: How do we compute 
2
23 sin"#N 9 # 9 1$? 

5
5# !¡�"#$¢ %

5!"�"#$$
5�"#$

5�"#$
5# 		i��		 5!5�

5�
5#j 

Theorem (Chain Rule) 

 If !"#$ and �"#$ be two differentiable functions, then 

Wrong !

↑↑
G-◦a)(x) multiplikation
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Going back to the problem 223 sin"#N 9 # 9 1$, the function sin	"#N 9 # 9 1$ 
can be expressed as the composition of two functions !¡�"#$¢ where 
!"#$ % sin # and �"#$ % #N 9 # 9 1.  

 

 

 

Using the Chain Rule, we then have 
5
5# sin"#

N 9 # 9 1$ % 5
5# !¡�"#$¢ %

5!¡�"#$¢
5�"#$

5�"#$
5#  

% 5"sin"#N 9 # 9 1$$
5"#N 9 # 9 1$

5"#N 9 # 9 1$
5#  

%]

2
2¯ ^_`¯7cd^¯
HA¾D	¯73�030Q

cos"#N 9 # 9 1$	p2# 9 1q % "2# 9 1$ cos"#N 9 # 9 1$. 

# �"#$ % #N 9 # 9 1 !¡�"#$¢ 
% sin	"#N 9 # 9 1$	 

!"#$ % sin # �"#$ % #N 9 # 9 1 

= sin /UHR

Chain Rule

↓ f- III. %.
| for HH

-

_
✗7×+1
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Example 12 

Compute the derivatives 

5
5# v

N30Q, 5
5# cos"3v

3$ 

☺Solution: 

Using Chain Rule, we get 

5
5# v

N30Q=?@
¿"À$

% 5vN30Q
5"2# 9 1$

5"2# 9 1$
5# %]

2DÁ
2¯ 7DÁ

ÂA¾D	¯7N30Q 5v¯
5�

5"2# 9 1$
5# % v¯"2$

% 2vN30Q. 

5
5# cosÃ3v

3Ä
Å"3$

Æ % 5 cos"3v3$
5"3v3$

5"3v3$
5# %]

2
2¯ cd^¯71^_`¯
ÂA¾D	¯7LDÀ

% ;3v3 sin"3v3$. 



 3" MA1200 Calculus and Basic Linear Algebra I 
Lecture Note 8: Differentiation 

 

Example 13 (A bit harder example) 

Compute the derivative 

5
5# sin¡v

3 1L30Q¢ , 5
5# cos

­"sin #$ 
☺Solution: 

5
5# sinÇv

3 1L30Q=>>?>>@
Å"3$

È % 5 sin¡v3 1L30Q¢
5¡v3 1L30Q¢

5v3 1L30Q=>>?>>@
É"À$

5#  

% 5 sin¡v3 1L30Q¢
5¡v3 1L30Q¢

5v3 1L30Q
5"#L ; 3# 9 1$

5"#L ; 3# 9 1$
5#  

%]
¯7DÀ � À�«
Ê73 1L30Q 5 sin �

5�
5vÊ
5Ë

5"#L ; 3# 9 1$
5# % "cos �$"vÊ$ "3#L1Q ; 3"1$#Q1Q$=>>>>>?>>>>>@

2
233ª7A3ª�«

 

% cos¡v3 1L30Q¢	v3 1L30Q	"3#N ; 3$ 
% "3#N ; 3$	v3 1L30Q cos¡v3 1L30Q¢. 
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Example 14 

Compute the derivative 223 cos­"sin #$ 
☺Solution: 

5
5# cos

­"sin #$ % 5
5# Ìcos"sin #$

=>>?>>@
Å"3$

Í
­

 

% 5pcos"sin #$q­
5pcos"sin #$q

5 Îcos Ãsin #Ï
�"3$

ÆÐ

5# % 5pcos"sin #$q­
5pcos"sin #$q

5pcos"sin #$q
5"sin #$

5"sin #$
5#  

%]
¯7cd^"^_` 3$
Ê7^_`3 5�­

5�
5 cos Ë
5Ë

5 sin #
5# % 4�L"; sin Ë$ cos # 

% ;4pcos"sin #$qLpsin"sin #$q cos #. 
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Example 15 

Compute the derivative 223 Ñ# cos"#N$ 
☺Solution: 

5
5#Ñ# cos"#

N$ % 5
5# Ì# cos"#

N$=>>?>>@
Å"3$

Í

Q
N
% 5p# cos"#N$qQN
5p# cos"#N$q

5p# cos"#N$q
5#  

% 5p# cos"#N$qQN
5p# cos"#N$q

ÒÓ
ÓÓ
Ô
cos"#N$ 5#5# 9 #

5 cos "#N$Ï
�"3$

5#
ÕÖ
ÖÖ
×
 

% 5p# cos"#N$qQN
5p# cos"#N$q �cos"#

N$ 5#5# 9 #
5 cos"#N$
5"#N$

5"#N$
5# � 

% 1
2 p# cos"#

N$qQN1Qpcos"#N$ 9 #"; sin"#N$$"2#$q 

% 1
2 p# cos"#

N$q1QNpcos"#N$ ; 2#N sin"#N$q. 
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Derivative of Ø"Ù$ % ÚÛÜÙ , Ý"Ù$ % ÜÚÜ Ù  and  Þ"Ù$ % Üßà Ù 

The functions sec #, csc # and cot # are defined as 

sec # % 1
cos # , csc # % 1

sin # , cot # % 1
tan #. 

Using chain rule and the properties of derivatives, one can see that 

á
áÙ ÚÛÜÙ %

5
5# i

1
cos #j %

5"cos #$1Q
5"cos #$

5"cos #$
5# % ; 1

cosN # "; sin #$

% sin #
cos #

1
cos # % àâãÙ ÚÛÜ Ù. 

á
áÙÜÚÜ Ù %

5
5# i

1
sin #j %

5"sin #$1Q
5"sin #$

5"sin #$
5# % ; 1

sinN # cos # % ; 1
sin #
cos #

1
sin #

% ; 1
tan # csc # % ;ÜßàÙ ÜÚÜÙ. 

á
áÙÜßà Ù %

5
5#

1
tan # %

5"tan #$1Q
5"tan #$

5"tan #$
5# % ⋯ % ;ÜÚÜä Ù. 

NEELY
-1


