MAZ2001 Solution to Problem Set 2 Differential Calculus of Multivariable Functions
1. Letw=f(xy,z)=z (x2 + yz)_1 . At (2,1,1), find the rate of change of w with respect to y.

Suppose x=u+V, y=u and z=uv, at (1,1), find the rates of change of w with respect to u and

v, respectively. Observe that of # Z—f even though y =u. Why is this so?
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2— is used to measure how w changes as u changes with v kept unchanged. We observe as u changes with v
u

kept unchanged, all x, y, z will change although y will have the same level of change as u does and the
change of x,y, z all three will affect the change of w.

However, a is used to measure how w changes as y changes with x, z kept unchanged. In that situation

only the change of y will affect the change of w.

2. Suppose w is a function of u, v, that is, w=w(u,v). Suppose U=X+Yy, V=X—Y, W=Xy—Z,
therefore, z is a function of x, y. Transform the following partial differential equation of z in x, y,
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=0 into a partial differential equation of w in u and v.
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3. Letz= f(x,ﬁj and s=x,t= X Assumef has continuous second order partial derivatives. Find %
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4. Suppose u=u(x,y) satisfies the wave equation ———=0. Let y = y(x)=2x. Along the line
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Also, we have —
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One of the most popular alternative coordinate systems to Cartesian coordinates is Spherical polar
coordinates. Spherical polar coordinates represent a point P(x, Y, z) in space by ordered triples

(p.6,¢)in which

1.  p isthe distance from P to the origin.

2. ¢ istheangle OP makes with the positive z-axis.

3. 0 isthe angle measured counterclockwise from the positive x-axis to OQ which is the projection

of OP on xy-plane.
The equations relating spherical polar coordinates to Cartesian coordinates are:
X = psingcosd, y = psingsing, z= pcosg, where p>0, 0<p<7z, 0<O<2r.
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(if)  (optional) Show that in spherical coordinates (0,8, ) Laplace's equation
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6. Suppose the equations { y determine functions u(x,y) and v(x,y)

2xy +y? —2u* +3v* +8=0

near x=2 and y=-1 suchthat u(2,-1)=2and v(2,-1)=1. Compute Z—i(Z,—l).
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When x=2,y=-1,wehave u=2,v=1
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2 = dx  dy = 4 d
X+y+2=2 —+—=+1=0---(2 x ay
y dz dz @) dz2 d2 =0--(4)
Put x=1,y=-12z=2 in(1) & (2), we have
dx dy
2X—+2y—=12---(1)
| dzd az 4‘;—"_0&4?’ 4= %_o&jy 1
K Y 1-0..2) Z z z z
dz dz
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Put x=1y= 12—2&%zoﬂ:—lin(3)&(4),wehaveOI;(:—l,d2/:l
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8. Use Taylor's theorem to expand f (x, y) =sinxy about the point (1%) neglecting cubic and

higher terms. Hence estimate sin0.3r .
Solution:

Expand f (x,y)=sinxy about (1%] :

Then
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3
f (X y)=ycosxy, f, (x y)=xcosxy, f,(x y)=—-y’sinxy

Observe that (O.Q,%) is close to (1%} )

Therefore

f(0.9,%):sin(O.Qx%j:sinOBﬂzf(l,%)+f( jog 1)+f( 3)(%-%}

1 V4 2 N\ xY
+= f |12 ](09-1) +2f (0.9-1)|2-Z Zyr_z
2{( 3j( ) ( j (3 3) W( 3](3 3”
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9. Insurveying a triangular plot of land, two of its sides were measured as 160m and 210m with

maximum possible errors of 0.1m and the included angle was % exactly. Estimate the maximum error

1
in calculating the length of the third side from the cosine rulec= (a2 +p?-2ab cos C)5 .
Solution:
oc a—bcosC oc b—acosC

c=c(a,b)=(a’+p®>—2abcosC 2:>—= .
(2.0)=(a’ ) da  \[a2+p2—2ab cosC "ob Ja +p%—2ab cosC

sc=c(a,b)-c(a, b)) = §a%(a0 +65a,b, +6'c$b)+§b%(a0 +05a,b, +65b).

Since %, % are continuous functions, if éa, ob are quite small, then

oc oc ac
—(a, +60a,b, +0ob) =~ —(a,,b +05a,b, +00b) =~ —(a,,b,
Therefore,
oc oc
sc=c(a,b)-c(a,b,) = Sa—(a,+65a,b,+05b)+5b—(a,+65a,b,+65b)
Rey o ®
- a,—b,cosC Sat b, —a,cosC b
32+, ~2agh, cosC 3 +by? —2agh, cos C
_ ao—bocosC5a+b0—aocosC sb
\Jag2+hy? —2aghy cos C =c, Co Co
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Observe that c, = (aoz+bo2 —2a,b, cosC)E = 190.

2,=160
by =210
c==
3
5¢|<|2e —b(;J cosC 5a‘+ b, —aé, cosC 5b‘ _ag —|b£ TosC| el + b, _Tg TosC| o1
0 0 0 0
S—|a° ~B 05| X0-1+w><0.1=Ex0.1+@x0.1:0.09736
= c,| 190 190

10. Find and classify the stationary points of
@ f(xy)=x*+3x*~3y’+6xy,

(b) f(xy)=x>+3xy—3x*—3y’+4,
© z=f(xy)=x'+y'—x*-2xy-y’.

Solution:
(@)
%:3XZ+6X+6y=O 3x? +6Xx+6y =0
z=f(x,y)=x+3x*-3y’+6xy = a)z( @{ y=
— =-6y+6x=0 x=Y
oy
3x?+12x =0 X=0o0rx=-4 Xx=0 X =—4
=N o =N or
X=Y X=Y =0 y=-4
2 2 2
Also 2 —px168 t —pa o6
X oxoy oy
So
2, A2 25 )2
A(x,y) =220 [ T2 ) _ 6y 1 6)(-6)-36=—36x—T2
OX” oy oxoy
And
2 2
A(0,0)=-72<0,A(-4,-4)=7250, 22| =6>0%2| ,=-18<0
0 OX
y=0 y=—4

Therefore, (—4,-4) is a local maximum point and (0,0) is a saddle point.

(b)
%=3x2+3y—6x=0 3x* +3y—6x=0
z=1(xy)=x+3xy-3x’ -3y’ +4= 8)2( @{ y—ox=
P2 _3x—6y=0 X=2y
oy
3 x—3
12y? —9y = —0ory=2 (x=0 =5
@{ y -9y=0_ Jy=0ory 4<:>{ o é
x=2y X =2y =3
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0’z 0°z 0°z

Also ~—5 =6x-6& =3& 5 =-6.
OX Oxoy oy

So

2. A2 2_\?
Axy)=Z20Z [ OZ | _ (6x—6)(~6)-9=—36x+27

ox? oy’ | oxay
And

2 2
A(0,0)z27>O,A[§,§J=—27<0, ozl =-6<02% =350
2 4 OX y=0 X y=3/4

Therefore, (0,0) is a local maximum point and G%) is a saddle point.

©)

Q:4x3—2x—2y:0

Z= f(x,y):x4+y4—x2—2xy—y2:> X

0z 3
— =4y’ -2x-2y=0
oy

And 4x3—4y3=O<:>4(x—y)(x2+xy+y2)=0
A(x=y)(X*+xy+y?)=0<x-y=0or X’ +xy+y’ =0

3 _ 3 Ay _ _ _
So {4x —2x—2y_0®{4x 4x_0<:>{4X(X 1)(x+1)=0

X=y X=y X=y
0z
a—:4x3—2x—2y:0 Xx=0 Xx=1 X =-1
So we have the roots for a)z( , they are{ or{ or{
o4y -2x-2y=0 y=0 (y=1 [y=-1
oy
Note: Only (0,0) satisfies x* +xy+y* =0.
2 2 2
Also Zoaxt ox—2y=21oxt 28 0% = 28 P _ayt ax 2y o1y 2.
OX OX oxoy oy oy
So
2. A2 2_)\2
A y) =2 56 ‘- oz = (12x ~2)12y? —2)- 4
OX“ oy oxoy
And
0%z 0%z
A(11)>0,A(-1,-1)>0, PR P >0
y=1 y=-1

Therefore, (1,1), (-1,-1) are local minimum points.
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As for (0,0) , A(0,0)=0 so the test does not work but we observe that f (0,0)=0 and for x =

S|

. L 11 (1Y (1Y
where n is a positive integer . we have f P -f(0,0)=2|=| -4 - <0
n

and (llj is close to (0,0) when n is sufficiently large.
n'n

4
Also x=l,y:—1, f(i,—ij— f(O,O)zZ(Ej >0 and (L—lj is close to (0,0) whennis
n n n n 4 n n

sufficiently large.

Thus (0,0) is a saddle point.

11. Find the minimum distance between the origin and the surface z° = x*y + 4.
Solution:

Let the square of the distance between the origin and a point on the surface z° = X’y +4 be w.
Then w=x* + y? + 2% where (X, ,2) is a point on the surface z* = x’y +4.

Thus w= x>+ y* +x°y +4

2x—x3=0

@:2x+2xy:0
w=f (X, y)=x+y* +x°y+4=

oy

<:>{X(«/§—X)(\/§+X)0<:>{x_0orx_\/forx_—\/§<:>{x—0 or {x:\/ﬁ or {x:—\/i

2y+x°=0 2y +x>=0 y=0 y=-1 y=-1

o’w o*w | o*w
A(x,y) [

2
== Y axayj =2(2+42y)-4x* =4+4y-4x°.

A(J_r\/i, —1) =-8. Neither (\/E,—l)nor (— \/E,—l) yields an extremum.

2
A(0,0)=4, ZX—\QI o =2>0.50 (0,0) yields the minimum value of w.

y=0

And w= f (0,0)=4.

The minimum distance between the origin and the surface z2=x?y+4 is 2.

12. The equation x* —3x+ y* —2y+z°+z+1=0 implicitly determines an implicit function
z=12(x,y) of xand y defined in R?. Find the stationary point(s) of z=z(x, y)and determine

1
Y=
n

the local extreme value(s) of z=z(x,y) that z=z(x,y) will attain there (if any) and state what

kind of local extreme value(s) it is or they are.
Solution:
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_ 2
X} —3x+y2 -2y +2°+2+1=0=> 3¢ 3+ (322 +1)@—o o _3-3X

OX ox  3z2+1
x3—3x+y2—2y+z3+z+1:0:>2y—2+(322+1)g:0:>g:2_22y
oy oy 3z7%+1
@_3—3x2_0
ox  372+1 x=1lorx=-1
=
oz _2-2y _ y=1
oy 3z°+1

So the stationary points of z=1z(x,y) are (1,1),(1,-1).

x=1. 3 2 3
Put y_1|n X" —=3X+y —-2y+2z°+z+1=0,wehave z=1

x=-1. 3 2 3
Put y=1 in x> =3x+y° —-2y+z°+z+1=0,wehave z=-1

From

3x? —3+(322+1)Q:0:>6x+(322+1) 0’z

oz
—6X— 62( j
2
+62[azj 0027 _ X

OX ox? ox ox: 37%+1

From

d 2
oz 8’z 8 &2 _Z_GZ(dZJ
2y -2+ (322 +1)5—0:>2+(32 +1)8y +62( Zj 0222 y

oy oy? 322 +1
Again, from
07 0z
2 2 PN
ax* -3+ (327 +1) L=0= (322 +1) Ll 467 2L L= TL VX
OX O0yOoX 0y OX O0yoxX 3z°+1
) —6Xx—-6z| — oz
o0z X —6
o | x=1 & 2 x=1 — 5 < 0
oxX™ |, 3z°+1 Y1 4
z=1 z=1
0z

Note that —|,_, =0
OX

y=1
z=1
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x=1 = A2 a1 .
oy [ 327 +1 4
z=1
Note that a v =0
1% v
z=1 )
) -6z a oz
0°z oy oX
vox |t =—— |x1=0
OYyoX vt 3z°+1 yot
z=1 z=1
Therefore,
o220z (%2 Y o%z| o4 0%z Y 6\ 2
o | avar) =3 ozl "l avax | ==\ "7 )\ "7 ) 70> 0
X ay ay X y=1 X y:l6y y=1 ay X y=1
z=1 z=1 z=1 z=1

It follows that z=z(x,y) attains the local maximum value z(1,1) =1 at the point (1,1)

In addition,
2
) —6x-62 o
0z OX 6
a_zx:—lz 32 x:—1:Z>O
X y=1 2" +1 =1
z=-1 z=-1
2
-2-6z2 az
0%z dy -2
—lea=——77 - =—"<0
oy vt 3z°+1 4
z=-1
) -6z Q@
0’z 0y OX
ax [t 2 1 =0
oyox | 3z°+1 X
z=-1 z=-1
Note that a g = a w1 =0
OX vt oy v
z=-1 z=-1
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0°z0°z (0% 0’z 0%z 0%z ) 6) 2
2 > %=1 " A 2 |x==1~ 2 |x—=1 | A A x=—1 | 7 | = -0<0
OX” oy Oyox o XTIl oyt \oyox) | (4N 4
z=-1 z=-1 z=-1 z=-1
Therefore, (l, —1) is a saddle point for z=2z(x, y), that means z=z(x, y) attains neither local maximum

nor local minimum at (1,-1).
Also, we observe that z=z(x, y) has neither the global maximum nor the global minimum.

i
13. If p(x,y,2)=x"y’z?, find
(@) the maximum rate of change of ¢ at the point (1,1,1) and the direction in which this occurs;
(b) the rate of change of ¢ at the point (2,1,1) in the direction of 3i+ 4k .

Solution:
@)

o) (27 2
o(x,y,2)=x"y 2= gradp=| ¢, |=| 2yx’z? |&gradg,_, =| 2

2 =1
?.) | 2zx%y o2
2
At the point (1,1,1), | 2 | points to the direction in which ¢ increases most rapidly and the rate of change
2
2
of ¢ atthe point (L,1,1)=| 2 | =12 = 24/3.
2

(b)

o) [y 7’ 4
o(xy.2)=x*y 2= gradgp=| ¢, |=| 2yx’z* |&gradg, ,=| 8 |.

2 =1

@, 22x%y 8
de i+4] [ o= oo\ 3i+4] 12432 44
—=D,p(2,11)=grade(2,11) ——==(4i+8]+8k | —= = =—
ds (213) (211) [3i+ 4] ( ) si+aj] Vo+12 5

[

14. A bomber is carrying a heat seeking missile which has the property that at any point (x, y,z) in space
it moves in the direction of maximum temperature increase and the temperature at (X,y,z) is
T=T(xy,2)=2x*-xyz.

Suppose the bomber has just launched the missile at the point P(l, 2,3) and the missile can move at a

speed of 50 km/minute in the direction specified.

(@ Inwhat direction will the missile move?

(b) How fast is the temperature experienced by the missile changing in degree Celsius per kilometer
at that instant when the missile has just left the bomber?

16



(c) How fast is the temperature experienced by the missile changing in degree Celsius per minute at
that instant when the missile has just left the bomber?
(d) Due to the failure of an electronic device, the missile is no longer heat seeking but still can move
at a speed of 50 km/minute in the direction specified.
How fast is the temperature experienced by the missile changing in degree Celsius per minute at
that instant when the missile has just left the bomber and moved in the direction specified by
V=i+j?
Solution:
() o
The temperature gradient vector VT (X,y,z)=(4x—yz)i—xz j—xyk .

VT(12,3)=(4x—yz)i-xzj-xyk|,, =-2i-3]-2k
=
o . . . T, 2i-3j—2k
The missile will move in the direction specific by the vector —2i—3j -2k or ———————
17
(b)
The rate of change of temperature with respect to distance experienced by the missile at P (1, 2, 3) Is:
0
—=‘—2i—3j—2R‘: <
km
()
dw dwds °C
17 — 50—
dt ds dt = km min mlm
(d) o
. . . . . i s i+ J 1- 1 -
The unit vector in the direction of the given vector v=i+ j isu= =——i+—=].

1% +1? 2 2

The temperature gradient vector VT (1,2,3) = (4x—yz)i—xzj - xyk|,, =-2i-3j-2k.
y=2
z=3
Therefore the missile’s initial rate of change of temperature with respect to distance is:
dT - =) —2-3°C 5 °C
—=D.T(32,3)=VT(1,2,3)-u= =
& =T (423)=VT(1.23)-li=(-20 )(J‘ J‘J 7 km o JZkm
Its speed is gs = 50k—_rn , S0 the time rate of change of temperature experienced by the hawk is
min
dT dT ds ds 5 °C km 250 °C
—=——=DT—=|-——~—||80—/— |=—F———.
dt dsdt J2 km min J2 mim

3]—2k

15. Letu(x,y)=3x*+y?.
(a) Find the directional derivative of u(x, y)= 3 x*+ y* at the point (x, y)in the direction (11).
(b) Determine the points (x, y)and directions for which the directional derivative of
u(x,y)=3x"+y’has its largest value if (x, y) is restricted to lie on the circle x> + y* =1.
Solution:

@)
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6X -
u(x,y)=3x*+y? = gradu = . The unit vector with the same direction as (1,1) is n =
2

ol -

Thus, the directional derivative of u(x, y)= 3 x?+ y* at the point (x, y)in the direction (L1) s:

1
T
()| |-
N

(b)

At (x,y), u(x,y)=3x"+y’ hasits largest directional derivative in the direction as pointed by

6
{ZXJ — [36x2 +4y7 .
y

If (X, ) is restricted to lie on the circle x> + y? =1, then x =cosd,y =sin0,0< 6 < 2r.
6cosd

Then .
2sing

when =0, .

For 6 =0,wehave x=1,y=0, for & =z, we have x=-1,y=0.

6
gradu = [2);] and the corresponding value is |gradu| =

= 36C0s60% +4sin 02 =/4+32cos> @ and V4 +32cos’ @ has the greatest value v/36

6 -6
Answer: at x =1, y =0 and the direction (OJ and at x =—1, y =0and the direction[ 0 J ,

u(x,y)=3x’+y?’ its largest directional derivative 6.

-End-
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