MA1201 Calculus and Basic Linear Algebra ll Solution of Problem Set 4
Problem 1
(a) The position vectors of A, B and C are given by

0A=7+j, 0B=2j+3k and OC =20—7J

(b)  AB=0B-0A4=(2/+3k)—(@+))=-1+]+3k.
CA=04-0C=0+)-Qi-)=-1+2]

(c) Note that
BC = 0C — 0B = (21 —J) — (2] + 3k) = 27— 3] — 3k.
Since the 7-component of AB and BC are not the same, thus AB + BC.

@ o _AB __ —U+]+3k 1., 1. 3.
|AB| /(=12 + 12 + 32 Vil V11T Vi1
_ BC 21— 37 -3k 2 3 . 3.
BC = p—e] = 1 — J— k
BC| J@?+(-3)2+(-3)2 V22 V22 V22
(e) (i) - . 3, 3, 9.
a=3X(—AB) = [ — — k
(-4B) V11 \/11] Vi1
(i) - _ 10 . 15 . 15 .
b=5x%x(BC)= [ — — k.
(5¢) V22 \/ﬁ] V22
Problem 2
(a) AB=0B-0A=(0+2)—-(f—k)=i+]+k
A= 28] x (4B) = 2[aB|x 2y R) = 21 24 2R
e | 3 /T T3 T3 TR
magnitude direction

(b) Using the fact that AX = 0X — 04, we have

a2 2. 2. 2.

1z
3 37

wl| vt

Problem 3
(a) ld| = /22 + (=3)2+ 52 = /38

|@ — 2b| = |-97 + 5k| = /(=9)% + 52 = V106.
(b) b 1+3] 1 3

b=—o = -1t
5| viZ+3 Vi  vio®

(c) Note that

|2d + b| = |57 — 37 + 10k| = /52 + (=3)2 + 102 = V134.
Thus the vector ¢ is given by

= L+

) A 1
¢=2a+B|x b =\/134(
| [ x & J10 V10

T+ J
magnitude direction V10 V10

3 ﬁ) V134, 3134,
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Problem 4
(a) da-b=1(-2)+3(1) —2(3) = —5.

(b) Let 8 be the angle between the vectors @ and b. Then we have
o=l b > S 9~ 110.92
cosf = - = = >0 = .92°,
ldl|b] 12432+ (=2)2/(-2)2+12+32 V14V14
(c) ¢ and b are perpendicular, then &-b = |E||l;| c0s90° = 0

= (374 x] — 2k) - (=21 +]+3k) =0
= 3(=2) +x(1) + (-2)(3) = 0 = x = 12.

(d) d =yd+3b and @ — b are perpendicular, then d - (@a- l;) = |3||51 — B| cos 90° =
= (ya+3b)-(@—b)=0
>y(@-a)+@-y)(a@-b)-3(b-b)=0
S yldl2+ B —y)(@-b)-3[6] =0
> y(V14) + (3~ )(=5) - 3(VI8) =0

=y =23
Problem 5
(a) Let 8 = £ABC, then @ satisfies
BA-BC
co0sl = ————...... *)
|BA||BC]|

Since BA=0A—0B =71-2k, BC=0C—0B = 27— 2k and BA-BC = (1)(2) + (0)(0) +
(=2)(—2) = 6, then we can deduce from (*) that
6

6
= 0 ~ 18.43°.
VP + @R + 27 VB

cosf =

(b) Given that DE is perpendicularto EF, we then have ED - EF = |ED||EF| cos90° = 0.
ED=0D—-0E=(x-1)T-7

Since {_, L (f %)l i, then we have

EF = OF — OE =31— 6] — 2k

ED-EF=0=>(x—-1@)+(-1)(=6)+(0)(-2) =0=>x = —1.

Problem 6
(a) Let 8 = £ABC, 6 isfound to be
BA-BC
oSl = ——....... )
|BA||BC]|

BA=0A—-0B =37+
Notethat {__, __, _, | 7,
BC=0C—-0B=1+2

3W+MWE@ 51
JHF2VIZ+22 VIOVS V2

then we obtain from (*) that

= 0 = 45°.

cosf =

(b) We need to check whether 2ABD = %AABC.
Let ¢ = £ABD, then we have
BA - BD
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Since BD = 0D — OB = 21 + 2J, then we can obtain from (**) that

OS¢:3(2)+(1)(2): 8 :£:>¢z2657o
V10V8 V80 V5 o

It is obvious that ZABD # %LABC. Therefore BD is not an angle bisector of ZABC.

Problem 7
(Method 1)
Let 8 = £BAC, then
AB - AC 2 1

9: p— p— —_— :—.
Y T 1AB|[ac) ®® 8

Using cosine law, we have
1
BC? = AB? + AC? — 2(AB)(AC) cos 8 = 4% + 42 — 2(4)(4) (§> =28 = BC = +V28.
(Method 2)
Using the fact that BC = BA+ AC = AC — AB and |d|? = d - d, we get

BC = [B¢| = VBC - BC = |(AC - 4B) - (AC - B)

- [Gc - 70) —2(ac - 75) + (@6 - 75) = | aC| - 2(3F - 7C) + [AB[ =y 2@ T # = VS

Problem 8
(a) Let 8 be the angle between @ and b, then we have
o= b_ 1 = 0 = 60°
cosf = —=— == = )
alp| 1@ 2
(b) Using properties of scalar product, we get

(36 —2B) - (d+3b)=3(@-a) +7(a-5)—6(b-b)=3lal’>+7(a-b)—6|p|
=3(1)2+7(1) — 6(2)% = —14.

@ — 2b| = J(a—zz) -(@-2b) = J(a-a) —4(d-b)+4(b-b) =J|a|2 —4(@-b) +4|p|”
=12 — 4(1) + 4(2)? = V13.

(c) Let ¢ be the angle between the vectors @ — 2b and 2d + 3b. We have
(G- 2b) - (2d + 3b)

cos¢ = |&—25||2&+3B| ...... (%)
Since
(a—2b)- (2a+3b)=2(a-a) — (a-5)—6(b-b) = 2lal> — (a-b) — 6|b|
=2(1)2 - (1) — 6(2)% = —23.
and

|2d + 3b| = \/(za+ 3b) - (2d +3b) = \/4(&-&) +12(d-b) +9(b - b)

- -2
= \/4|5|2 +12(d-b) +9b|" =412 +12(1) +9(2)* = V52,
then we can conclude from (*) that

—23 23 o~ 1522
———=——>0¢= .2°.
V1352 26

- 3-
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Problem 9

(a)

(b)

Let 8 be the angle between a — 2b and —9d + 25, then we have
(@ - 2b) - (-9d + 2b)

cosf = 5 S
|d@ — 2b||—9d + 2b|

We first note that

i+ b = 1d|B] cos —13)—2(3)(3>—18
a = |a COS | COoS 5 = 5 = 5
Then we have

(G—2b)-(—9d +2b) = —9(d-d) +20(d-b) — 4(b - b)

- -2 18
=—9]d|* +20(d-b) — 4|p| =-9(2)? + 20 (?) —4(33)*=0.
Then we obtain from (*) that
0
cosf = — = - —=0= 6 =90°.
|d — 2b||—9d + 2b]
This shows that the two vectors are perpendicular to each other.

Let ¢ be the angle between @ and d@ + kb, then we have
d-(@+kb) d-(a+kb) 1
_ N _

cos = = — = —
_oo ldlld+kb| ldll@+kb| 2

Note that

S > 18
(i-(a+kb)=|a|2+k(a-b)=4+?k,

@+ kB| = J(@-+kb) - (d + kB) = Jlalz + 2(a- B) + sl :J4+3—56k+9k2,

then we obtain from (*x) that

4+%k 1
:E:>---=>99k2+540k+300=0
2\/4+%k+9k2
_ 4043 30 _ 403 30
733 1Yt T 33 Tar

Problem 10

In the following, @ refers to the angle between the vectors a and b

(a)

(b)

Note that
da-b  3(1)+(—4)(-18) _
|al|B| 5V325 V13

Then the required projection vector is given by

cosf =

=0 <90°.

b

= ot

113

3 1—18] 3, 54,
5( )x

projzd = (|d| cos 8) x @ NeE —1——

magnitude direction

\/325 —13' 13t

Note that
d-b _2(6)+(-3)(-2)+ (-6)(11)  —48
lal|b| V49161 7161

Then the required projection vector is given by

cosO =

= 6 > 90°.

- 4-
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b
] 61— 27 + 11k
- - 2]+ 11k
projzd = (|d] cos(180° — 6)) X (-=b) = —|d|cosf x (— %)
magnitude direction . 161
—48 -6+ 2] — 11k 288, 96 , 528
= —7( ) X = - [+ Jj— k
74161 V161l 161 161 161
(c) Note that
i-b DO+Q@QD+@7) 9
sp= LB _CODT@N+@QD _ 9 g
|dl|b| 3v99 V99
Then the required projection vector is given by
5:% .
i (dlcosd) x (B) ,l'g 9\ I+7+7TR_3. 21, 21,
projza = (|af cos = ( ) =—1+—]+—k.
magnitude dir;:;ion v 99 v 99 11 11 11
Problem 11
(a) Using the same method as in Example 10, we need to find |R| and |pr0jﬁ R|

First, we note that
AC=0C—-0A=-1, AB=0B—-0A=-2i+]+3k
It remains to find the magnitude of projﬁﬁ.
Let 8 be the angle between AC and 4B
AC-AB _ (-1(-2)+0(1)+0(3) _

0SSO = ——= = 6 <90°.
|AC||AB]| (DHV14 V14
Thus the magnitude of projﬁﬁ is given by
A cos 6 = VI (=) = =
cosf = —_—]=—
V14 V14
Therefore the required distance d is given by
4 \/|R|2 Iproj Rlz 2 ( 2 )2 10
= — |projz = =) = [—
PTOJzB N 14
(b) Using the same method as in Example 10, we need to find |ﬁ| and |projﬁ ﬁ|

First, we note that

DF=0F—-0D=-14+4/—2k, DE=0E—0D=-20+]
It remains to find the magnitude of proj;z DF.
Let ¢ be the angle between DF and DE
DF-DE _(-1(-2)+4(1)+(-2)(0) 6
|DF|[DE| V21V5 V105

Thus the magnitude of projyz DF is given by

|ﬁ| cos¢ = \/ﬁ(%) = %

cos¢p = = ¢ <90°

Therefore the required distance d is given by

6)2 69
=

2
= {[5F" ~Iprojss PP = j(@z -(=
Problem 12
(a) dxb=(T+3))x(~2/+5k) =—-2@x]) +5(Ixk)—6Fx])+15(7 x k)
= —2k + 5(=)) — 6(0) + 15 = 157 — 5] — 2k.
- 5-
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(b)  daxb=(T+]—2k)x (=30+ 2] +5k)
=—-3@xD+2Ax))+5(@xk)=3GxD+2(Gx))+5Fxk)+6(kx1)—4(k x )
—10(k x k)
—3(0) + 2k + 5(=)) — 3(=k) + 2(0) + 57 + 6] — 4(=1) — 10(0) = 97 +j + 5k.

() dxb=(-30+]+3k)x (6] +k)
=-18(Ix)) = 3(Ix k) +6Gx]) + (Fx k) + 18(k x J) + 3(k x k)
—18k — 3(=)) + 6(0) + 7+ 18(=7) + 3(0) = —177 + 37 — 18k.

(d  dxb=(+k)x(31—]+2k)
=3(GxD) —GxN+2(Fxk)+3(x?)— (kxj)+2(kxk)
=3(=k) — (0) + 27+ 37 — (-0) + 2(0) = 37 + 3] + 3k.
Problem 13

According to the definition of vector product, the vector a x b is perpendicular to both @ and b. Then
we conclude that

d-(dxb)=l|dl|d x b|cos90° = 0.

Problem 14

(a) AB =0B — 04 =21-3j -2k

We first note that {_, L . , - According to the definition of vector
AC=0C—-0A=-31—-2]+k

product, the vector AB X AC is perpendicular to both AB and AC. Thus the required vector is

found to be

AB x AC = (21— 37— 2k) x (=31 - 2] + k)

=—6(xD—4@x])+2(Ixk)+9GxD) +6Gx]) —3(x k) +6(k x7) + 4(k x)
—2(k x k)

= —6(0) — 4(k) + 2(=) + 9(=k) + 6(0) — 3()) + 6()) + 4(-1) — 2(0)

= 77+ 4 — 13k.

(b) Note that BC = OC — OB = —50+ ] + 3k, the required vector is given by

. . AB x AC —77+ 4] — 13k
d=|BC|x (AB x AC =V35 X ————=+v35 X
@ = [Befx( ) |AB x 4C| V234

7\/35q+4\/35e 13V3 p
—_ l —_ .
V234 \/234] V234

(c) For any point P = (x,y,z) inthe plane, the vector AP lies on the same plane and its

perpendicular to the vector AB X AC. Notethat AP = 0P — 04 = (x — )T+ (y — 2)] + zk,
then we have
AP - (AB x AC) =0
=>—-7(x—1)+4(y—-2)—13(2) =0
=>7x—4y+13z = —1.
Thus the equation of planeis 7x — 4y + 13z = —1.
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Problem 15
(a) According to the definition, the vector a x b is perpendicular to both d and b. The required
vector is found to be
¢=dxb=(20—j+2k) x (41 — 4] + 3k)
=8(Ix7D) — 8(1XD+6(le) 4G x D) + 4G x ) —3( x k) +8(k x 1) — 8(k x J)
+6(k x k)
= 8(0) — 8(k) + 6(—=)) — 4(=k) + 4(0) — 3(D) + 8() — 8(=1) + 6(0) = 57 + 2] — 4k.

(b) The area of the triangle is
1 -1 V45
=_lgxpl==./c2 2 4 (—4)2 = _
2|a b| st +22 + (—4) >
(c) For any point P = (x,y,z) inthe plane, the vector AP lies on the same plane and its

perpendicular to the vector ¢ = d X b. Notethat AP = 0P —0A = (x — )T+ (y — 1)] +
(z— 1)%, then we have
AP -¢=0
=>5(x-1)+2(y—-1)—-4(z—-1)=0
= 5x +2y —4z =3.
Thus the equation of the planeis 5x + 2y — 4z = 3.

(d) The volume of parallelepiped is given by
=|d-(@xb)|=|@+2k)- (51+2] - 4E)| (D) + (0)(2) + 2(=4)| = |-3] = 3.
Since the volume is non-zero, thus the vectors a b and d are not coplanar.

Problem 16

AB = 0B — 0A——31+8]—5k

AC = 0C — 04 = —127 + 4] — 6k

AB x AC = (=31 + 8] — 5k) x (=127 + 4] — 6k)

=36(Ix1) —12@x ) +18(i x k) — 96(F x ) + 32(f x J) — 48(7 x k) + 60(k x 7) — 20(k x J)
+30(k x k)

=36(0) — 12(k) + 18(=)) — 96(—k) + 32(0) — 48(®) + 60()) — 20(-7) — 30(0)

= —287 + 427 + 84k.

Note that {

Then
o theareaof AABC = §|E x AC| = g\/(—zs)2 ¥ 422 + 842 = 49,

e the area of parallelogram = |E X Té| = 98.

Problem 17
Recall that the points A, B and C are colinear if and only if |E x AC| =0

(a) AB = 0B — 0A = 31+ 4j — s 7
We note that ' ]q and AB X AC = -+ = —41 + 3] — 5k. Since
AC=0C—-04 =2 +7—k

|E XR| =J(=4)2+32+ (=5)2=+50+#0, so 4, B and C are not colinear.

(b) AB =0B —0A = -21—]+ 3k

We note that { > and AB x AC = --- = 07+ 0] + Ok. Since
AC=0C — OA—21+]—3k
|ﬁ xﬁ| =+v02+024+02=0, so A, B and C are colinear.

- 7-
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Problem 18
Recall that the points A, B, C and D are coplanar if and only if the volume of parallelepiped with A, B,
C and D as adjacent verticesis 0, i.e.

4B - (AC x AD)| = 0 = 4B - (4C x 4D) = 0.

(a) AB = 0B — 04 = 21+ 2k
Note that { AC = OC — 04 = —47 — 2] + 6k, then
AD = 0D — 04 = 2] — 2k
AB - (AC x AD) = - = AB - (—87 — 8] — 8k) = (—27 + 2k) - (—87 — 8] — 8k)
=(—-2)(-8)+0(—8)+2(—8) =0.
Therefore volume of parallelepiped = 0 and the four points are coplanar.
(b) AB = 0B — 04 = —2j + 2k
Note that { AC = 0C — 04 = —2l—J+ ié, then
AD=0D - 0A=1-2]+k
AB - (AC x AD) = - = AB - (1 + 3] + 5k) = (=2 + 2k) - ({ + 3 + 5k)
=(0)(1) + (-2)(3) +2(5) = 4.
Therefore, volume of parallelepiped = 4 and the four points are not coplanar.
Problem 19
(a) Following the procedure as in Example 15, we need to obtain the vectors AD and 7 = 4B x R,
one can find that
e AD=0D—-0A=-20+2]—k,
e AB=0B—0A=-1+27+3kand AC=0C—0A=—-21+]+k
=7 =AB X AC = - = =1 — 5] + 3k.
Let 8 be the angle between AD and 1, then we have
o d AD -7 (-2)(-D+@)(-5)+ (-DB) _-11
" |aD|IHl 3v35 T 3V35
Then the required distance is simply the magnitude of the projection vector projﬁﬁ and is
given by
E|cos€| = |3<_11>| = 1
I 3v35/ V35
(b) We first note that 4B = OB — 04 = —1 — 2j + 7k.
Let 8 be the angle between BA and 71, then we have
osg < ABT _(DEDH ()EDH(DED | 4
~|4B|@I V543 ~Viez
The required distance is the magnitude of the projection vector projﬁﬁ and is given by
A—B>|c059| = |\/§(_—4)| = i
I Vi) T
Problem 20

(a)

We let A =(5,0,—1) and B = (6,2,—2) be two points on the line L;. We also let C = (2,4,0)
and D = (3,3,1) be two points on the line L,.
Following the procedure as in Example 16, we need to obtain the vectors AD and i =AB x CD .
e AD = 0D — 04 = —2i+ 3] + 2k.
e AB=0B—-0A=1+2—k and CD=0D—-0C=7—]+k.

- 8-
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The normal vector 71 is found to be
A=ABxCD=(+2]-k)x({—]+k)=1-2]-3k.
Let 8 be the angle between AD and 7, then we have

g A _ (M + D+ @3 14
cosf = :
|4D||7] V1714 CV17V14
Then the required distance is simply the magnitude of the projection vector projﬁﬁ and is
given by
[|AD|cos @ | = |V1 ( ) =v14.
40 V17V/14

(b) Welet A =(1,1,1) and B = (2,1,2) be two points on the line L;. We alsolet C = (2,1,0) and
D = (3,2,0) be two points on the line L.
Following the procedure as in Example 16, we need to obtain the vectors AD and #=AB xCD.
e AD=0D—-0A=20+j—k
e AB=0B-0A=1i+k and CD=0D—-0C =7+].
The normal vector 7 is found to be
i=ABxCD=({+k)x(@+])=—-T+]+k.
Let 8 be the angle between AD and 7, then we have

osg A0 @QED+ MO+ DA 2
|4D||7| V6v3 ~Vis
Then the required distance is simply the magnitude of the projection vector projﬁﬁ and is
given by
14D cos 1 = V6 (=) 1 =
cosf| = — | =—
V18/' 3
Problem 21
(a) Since

laxb| =|@-2))x Qi+l =|5k| =5 =0,
thus @ and b are not collinear and these two vectors are linearly independent.

(b) Note that
d-(bx&)=d-(—-170+97 - 11k) = (i — 2] + 3k) - (=178 + 97 — 11k)
=(1)(-17) - 209) + (3)(—11) = —68 = 0.
The vectors a, b and & are not coplanar, these three vectors are linearly independent.

(c) Note that
i-(bxé)=a-(—471—8j—4k) = ({+ 2] — 5k) - (—47— 8] — 4k)
R = (D49 +2(-8) + (=5 (-4 =0.
The vectors d, b and ¢ are coplanar, these three vectors are linearly dependent.

Problem 22

If & b and & are linearly dependent, then we may have
d-(bx&=0=d-(~5mi—10j—10mk) = 0

= ((1 = m)i + 6] + 5k) - (=5mi — 10] — 10mk) = 0
= —5m(1 — m) + 6(=10) + 5(—=10m) = 0
>m?—-11m—-12=0=>mM—-12)(m+1) =0
>m=12 or m=—1.
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Problem 23

(a)

(b)

(c)

(d)

(e)

(@—b)x (d+b)=(@xa+(@xb)—(bxad) - (bxb)=(daxb)-(-(dxh))
G T
=2(d xb).
Giventhat @ and b are perpendicular, we have a - b= |51||l;| cos 90° = 0.

|*+E|=J(a+5)-(a+5)=J(a-a)+z(a-5)+(5-5)
) 0\/(5-&)—2(5-5)+(5-5)=\/(5—5)-(5—5)=|5—E|.

113 S

If @ and b are parallel, the angle between these two vectors is either 0° or 180°. For either
case, we always have d@ x b = |d||b|sin6 7 = 0.
=0
We consider
from (a)

(@-b)x(@a+b) = 2(@xb)=0.
Since the cross product is 0, the vector d — b and @+ b may be collinear and hence are
parallel.

|&>< E| 3 |&||E|sin9 3

S5 = S = tan 6.
a-b |&||b|c059

lax B = 1al?|b| sin?6 = |d|2|B| (1 — cos? 6) = |a@?|b|" — 1d12|B|” cos? 6

= 1a;|p|" - (@-5)"
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