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Second-Order Linear ODE

m Lectures 2 through 4 are focused on first-order ordinary differential equations
(ODEs).

m In this lecture, we begin our march to higher-order ODEs.

m A second-order linear ODE has the form

d2y
a2

dy

df+dﬂy g(t). (1)

+ p(t)

m Second-order linear ODEs probably command the attention of more engineers
more of the time than any other type of differential equation, for many physical
systems can be described by second-order ODEs (think of Newton’s law).
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5.1 Second-Order LTI Homogeneous
rdinary Differential Equations

m In a time-invariant linear second-order ODE, the coefficients p(¢) and ¢(¢) in
Equation (1) are constants.

B A homogeneous equation has input g(¢) = 0.

m Consider the electrical circuit shown in Fig. 5.1.

Resistor
F ohms

Inductor

—L__ Capacitor
L henrys

T Charads e Fig. 5.1 Second-order electrical circuit.

",
/ Closesat £=0

m Recall that the circuits we analyzed in Chapter 2 included a resistor accompanied
by either a capacitor or an inductor.
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5.1 Second-Order LTI Homogeneous
rdinary Differential Equations

m The circuit in Figure 5.1 combines all three. As discussed in Chapter 2,
Kirchhoffs voltage law says that the sum of the voltage drops around the circuit

equals zero.

m The voltage drop over a resistor is IR, where I is the current through the
resistor, the voltage drop over an inductor is LdlI /dt;

m The voltage drop over a capacitor is V. = ¢/C, where ¢ is the electrical charge
on the capacitor. (Note: the terms R, L, and C are known constants.)

m We assume that the quantity of interest is the voltage over the capacitor, V =V,
that a voltage V| exists on the capacitor at time ¢t = 0 and then a switch is turned
on, resulting a response.
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5.1 Second-Order LTI Homogeneous
rdinary Differential Equations

m Kirchhoffs loop law:

(LY LRI+ V., =0, V.=V

LCLY L ROV 4 v = 2
\ ) dt2_|_ dt+ W ()
\CizTXZ/JF%CgJFLlCVZO'

m This is a linear, time-invariant (LTI) second-order homogeneous ODE.
m [n this case the initial conditions are

V(0) =W,
1(0) = 1o, 3)

m Second-order ODEs posed as initial value problems must have two stated initial
conditions to yield a unique solution.

m How do we solve Equations (2) and (@)?

Page 4



ESJ Second-Order LTI Homogeneous
rdinary Differential Equations

m Based on our experience with first-order LTI ODEs we try the solution

V(t) =e"". (4)
m Then we have
d rt rt
E(e ) =Tre (5)
d2 rt 2 rt
ﬁ(e ) =re". (6)
m Substituting Equations (4), (5) and (6)into Equation (2) we obtain
(r* + Er + %) " =0. (7)

m Since ¢ > 0 we can divide through by e and we are left with

r —|—ET+%—O. (8)
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5.1 Second-Order LTI Homogeneous
rdinary Differential Equations

m Equation (8)), a second-order polynomial equation in r, is called the characteristic
equation for the ODE in Equation (2).

R R\®> 1
¢() L 9

m Solutions to the ODE differ in form and behavior depending on the value of the
expression under the radical.

m lts solutions are

m f (%)2 — % > (, the characteristic equation has two real roots;
m If (%)2 — 7 = 0, it has repeated roots;
m If (%)2 — 7= < 0, it has complex conjugate roots.
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5.1.1 Two Real Poles

m If (%)2 — % > (, the roots of the characteristic equation can be written

rL = _04_67
rg = —a+ 0. (10)

where:

m Notethat o > 3 > 0.
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5.1.1 Two Real Poles

m In Section 5.2 will prove that any solution to the ODE in Equation (2) can be

written as
V(t) = cre™" 4 cpe™t. (13)

where the coefficients ¢; and ¢, are constants that depend on initial conditions.

m Here, to satisfy Equation (3)), we must have

V(0)261+CQIVQ, (14)

m Equations (14) form two linear simultaneous equations in two unknowns.
m The solutions are

o Io—12V0

— Y
_ Ioimt (15)
Co = ro—11 °
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5.1.1 Two Real Poles

Engineers call this kind of systems overdamped, a term we can explain more
clearly in Section 5.1.4.

m The system is overdamped if a > 0, b > 0, and

b—a%/4 < 0. (17)
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5.1.2 Repeated Roots

m If the electrical circuit in Fig. 5.1 satisfies

R\ 1,
2L LC

then 3 =0,r; =ry = —au.
B We determine the solution by taking the limit when 3 — 0. The two roots

7“1:_04_67
T2:_a+67

approach one another. For simplicity, assume Iy = 0.

m As (8 goes to zero:

_ =B campr @ F B (aipy
V(t)—égr%)‘/()( 25 e + % e . (18)
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5.1.2 Repeated Roots

m We begin by dividing through by Ve *:

Vi)  (a=08) g  (a+8) g
Vol - 28 ¢ T ap ¢ 9
m Next we expand e~#* and e”? in power series:
2
e—ﬂt::1-5t4—(ﬁ;) + ..., (20)
2
eﬁt::14-5t4-(@g) + ..., (21)

m Substituting Equations (20) and (21) into Equation (19):

Vi) _ _(a—§) (1—[3t+(5t)2+...>+(a+ﬁ) <1+Bt+(5t)2+...>,

Voe— ot 28 2 28 2
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5.1.2 Repeated Roots

. 2

= oty = 5 (—a+5+(a—6)5t—( B)(8Y) +)
2

by (0t Bt (ot p)pe 4 00”4 )

2,2
=L (28+2apt+ B2 +..)=1+at+ 55 +...

2p
m Hence, 0
. VI(t
él—% Voe—ot Lo,
V(t) = Voe (1 + at). (22)

m Equation (22) is the solution to Equation with the specific initial conditions
given in Equation (3).

m Note that we can also use LHospitale rule to evaluate directly the limit

o =B apy , OB (arpy
V(t)—éli%‘/()( 25 € + 25 &
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5.1.2 Repeated Roots

m One can verify by direct substitution into Equation (??) that V; = e " and V5 =
te— <t are solutions to Equation (?7?).

m Any solution to (??) can be written as
V(t) = cre” + cote™ Y, (23)

where coefficients ¢; and ¢y are constants that depend on initial conditions.

m Engineers call a system modeled by Equation (??) critically damped,
another term we will defer explaining until in a later section.
m If the ODE is of the form

d?V A%
4DV =0 24
aw YT | (24)

m the system is critically damped if a > 0, b > 0, and

b—a*/4=0. (25)
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5.1.3 Complex Conjugate Roots

m If the electrical circuit in Fig. 5.1 satisfies

52 L<O
2L LC ’

then according to Equation (9) the roots of the characteristic equation can be
written as

ry = —A+ 1w,
ro = — A — iw. (26)
where: R
= 27
A= 27)
1 R ?
w=\l7o" (ﬁ) : (28)

and : = /—1, the imaginary unit.
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5.1.3 Complex Conjugate Roots

m To summarize the situation, in seeking to solve Equation we proposed in
Equation (4) the trial solution e"* and Equations (26) through (28) resulted.

m A general solution would be of the form

V(t) _ Cler1t+c2er2t _ 616(_>\+w))t—|—026(_>\_zw)t _ Cle—)\tezwt_’_c26—)\t€—zwt. (29)

m What does Equation (29) mean? What are e¢'“* and e~*w?

m Consider the series expansion

i 1 1 1
Co bt QG
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5.1.3 Complex Conjugate Roots

m Let x = wwt In Equation (30), remembering that

| | ||
|
\.N. [S—

ot =~ W \V}
N

m Then Equation (30) becomes

m We recognize the real part of Equation (31) as

cos(wt) = 1 — (%)(wt)2 T (4 3.9
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5.1.3 Complex Conjugate Roots

m and the imaginary part as

isin(wt):i(wt—(Sf12)(wt)3—|—(5.4%3.2)(wt)5—...+ (=1) () )

m Hence we can write |
et = cos(wt) + isin(wt).

m Equation (32) is known as the Euler’s Identity.

m We have, from Equation (29),

V(t) _ Cle—)\teiwt 4+ 626—>\t€—z'w757
and using the Euler’s identity,
V(t) = cre”*(cos(wt) + isin(wt)) + cae™*(cos(wt) — isin(wt)),

V(t) = (c1 + ca)e M eos(wt) +i(ci — ca)e M sin(wt),
V(t) = cze * cos(wt) + cae™ M sin(wt).

e )

(33)
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5.1.3 Complex Conjugate Roots

m Now if V(¢) is a real solution then the coefficients cs = ¢ +co and ¢y = i (¢1 — ¢2)
must be real.

m Since the coefficients ¢; and ¢, are arbitrary, we see that they must be complex
numbers.

m Ifweletcy = (c3—icy) /2, co = (c3 +icy) /2, then
V(t) _ Cle—Ateiwt 4+ CZB—Ate—iwt’
IS equivalent to

V(t) = cse M coswt + cae” M sinwt, (34)

where all the constants in Equation (34) are real valued.
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5.1.3 Complex Conjugate Roots

m We can verify by direct substitution that V;(t) = e=* cos(wt), Va(t) = e sin(wt)

are solutions to
d?V  RdV 1

where, again,
R
A= —
2L’
and
A &y
“= V1o ‘ar’

m For the initial conditions V(0) = Vy and dV/dt = 0, we have

V(O) — C3 — V(),

aV(0) = —Ae3 + weg = 0. (36)
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5.1.3 Complex Conjugate Roots

m So, the solution to Equations (2) and (3) is

V(t) = Vole M coswt + (A /w)e M sinwt). (37)

m Fig.5.2 presents a graph of an example of this function, showing the
decreasing envelope due to the damping factor A and the oscillatory behavior

with frequency w.

o 1\ e S ‘
B AT A /‘j»/\h Solution of a second — order LTI
I R W A 7 e e Fig. 52 ODE when the characteristic
o equation has complex roots.

\ ' \ /] L
4"; i‘ 5 \‘Z . Period = 21t/®
:\5 1/ P N )
P W(8)/Vy= e (cos mt + (/) sin wf)
1

m Note that, in terms of A\ and w, Equation (35

can be rewritten as

A2V av
A () 2\ZW = 0. 38
T + o + (AN +w)V (38)
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5.1.3 Complex Conjugate Roots

m Any equation of the form in Equation (38) has the general solution

V(t) = cre Mewt 4 CQG_Ate_iwt, (39)

where c¢; and ¢y are constants determined by initial conditions.

m It is important to note that in solving a new problem we do not have to
go through the intermediate steps represented here by Equation (29) and
invocation of Eulers equation.

m We can go directly from identification of a complex root of the characteristic
equation to the real solution represented by Equation (39).
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5.1.3 Complex Conjugate Roots

m Engineers call a system modelled by Equation (38). underdamped, and call w
the circuits natural frequency.

m If the ODE is of the form

d?V dV
bV =0 40
3 —|—adt + bV : (40)

the system is underdamped if « > 0, b >0, and

b—a%/4>0. (41)
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5.1.4 Under-, Over-, and Critically Damped
ystems

m We are now in a position to explain why engineers use the terminology under-,
over-, and critically damped systems.

m You will recall that engineers say an LTI system is damped if, with no external
iInput, it ultimately rests at the origin independent of initial conditions.

m Consider now a general second-order LTI homogeneous ODE with a > 0, b > 0,
and specific initial conditions:

dtQ 44 a —|— by =0,
y(0) = 1 (42)
§(0) = 0.

B The solution in all detail depends on the two parameters a and b;
m But the qualitative character of the solution, that is, the shape of the curve
y(t), is determined by just one parameter.

Page 23



5.1.4 Under-, Over-, and Critically Damped
ystems

m We can scale (nondimensionalize) time with the substitution ¢, = ¢v/b and
Equations (42) are converted to a form that can be written as

y+20y+y=0,
y(0) =1, (43)
y(0) =0,
m the derivatives are understood to be with respect to the nondimensionalized
time;

m(=a/ (2\/5) IS called the damping ratio.

m This is the form employed by control system engineers.
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5.1.4 Under-, Over-, and Critically Damped
ystems

m Communication system engineers prefer the form

1

m where Q = Vb/a is called the quality factor.
m The point is that the solution as a function of scaled time is governed by just

one parameter.

osl W\
Solution of a second — order
e Fig. 5.3 LTI ODE as a function of

time and damping ratzo.

¥(£)
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5.1.4 Under-, Over-, and Critically Damped
ystems

m Fig. 5.3 graphs the solution of Equation (43) as a function of scaled time and
damping ratio.

m We see that solutions for ( < 1, the underdamped systems, overshoot the
origin and oscillate about it before finally settling in. This behavior is more
prominent the lower the damping ratio.

m Solutions for ¢ > 1, the overdamped systems, do not overshoot and oscillate
but progress relatively slowly toward the origin, the higher the damping ratio
the slower the motion.

m The system with ( = 1, the critically damped system, is the fastest to reach any
given distance from the origin among the nonoscillating systems. Because it
Is fast and nonoscillating, critical damping is often sought as a design goal.

m But perhaps more often, systems with { = 0.75 are implemented because they
are faster yet and their overshoot and oscillation are minimal.
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5.1.5 Stability of Second-Order Systems

m From the forms the fundamental solutions can take and their dependence on the
coefficients a and b in Equations (16), (24), and (40), we can easily see that:

m second-order time-invariant systems are stable if « > 0 and b > 0 and damped
ifa > 0andb > 0;

m If either a or b is negative the system is unstable;

m Any second-order electrical circuit consisting only of inductors and capacitors
Is stable and any consisting only of resistors, inductors, and capacitors is
stable and damped.
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5.2 Fundamental Solutions

m Consider the general homogeneous linear second-order ODE

d*y dy
t 44
Tz tpt)— +a(t)y =0, (44)
with initial conditions
= Yo,

25(()())) = Y0. (49)

dt

m Solutions y; (t) and ys (t) to Equation 5.48 are called fundamental solutions if
any solution to Equation (44) can be written as

y(t) = c1y1(t) + caya(t). (46)
m What makes a solution fundamental?

m It is easy to prove that a function in the form Equation (46
44) but that is insufficient.

satisfies Equation
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5.2 Fundamental Solutions

m A function in the form Equation (46) must also be able to satisfy the initial
conditions, Equation (45).

m That is, we must be able to find coefficients ¢; and ¢, satisfying

c1y1(0) + c2y2(0) = yo,
c191(0) + c292(0) = 9o. (47)

m From algebra we recall that we will be able to do this provided the coefficients
of ¢; and ¢y have a nonzero determinant:

y1(0) v200) \ _ . . .
det ( yl(o) 92(0) ) — yl(o)y2(0) yZ(O)yl(()) 7é 0. (48)

m Therefore, functions y; (t) and y- (t) are fundamental solutions provided that
they satisfy Equations (44) and (48).
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5.2 Fundamental Solutions

B The determinant

Wi =dec (U0 B0 ) —n@inl) - mORO,  49

Is called the Wronskian.

m Word Problem 5.7 seeks to show that the Wronskian satisfies the differential

equation

dW
py +p(t)W =0, (50)

which we know from results of Chapter 2 has solution

W (t) = cexp (— /O t p(T)dT) , (51)

where c IS a constant.
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5.2 Fundamental Solutions

m From Equation (51) it follows that if W (0) # 0 then W (0) # 0 for all ¢.

B This is an important result because it implies that if 3, () and y5 (¢) are found to
be fundamental solutions at a specific point in time then they are fundamental

solutions for all time.

m The Wronskian also proves important in the study of nonhomogeneous linear
ODEs, as Section 5.3.2 will discuss.
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5.3 Second-Order Linear Nonhomogeneous
rdinary Differential Equations

m A nonhomogeneous second-order linear ODE has the form

d?y dy

T T p(t)a +q(t)y = g(t), (52)

where ¢(t) is nonzero.

m Example: Automobile Cruise Control

e Fig. 5.4 Schematic for automobile cruise control
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5.3.1 Example: Automobile Cruise Control

m Consider an automobile under cruise (speed)-control transitioning from a level
roadway to an ascending grade (See Fig.5.4).

m We seek to derive the equations governing this process to demonstrate an
important application but also to illustrate the technique of linearization so vital
to engineers.

m As discussed in Section 3.1.1.2, Newtons second law of motion is
F = ma,

where: F' is the total force on the vehicle, m is its mass, and a is its
acceleration.

m We assume that the vehicle is in steady state (i.e., at a constant speed 1}) on
the level roadway before transitioning to the ascending grade at time ¢t = 0.
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5.3.1 Example: Automobile Cruise Control

m Prior to ¢ = 0, on an axis parallel to the level roadway, the cars constant engine
thrust T balances the air resistance (drag) Dy and horizontal road resistance
Ry, which gives to:

To = Do+ Ry

Ty = @V@Q + Ry,
where, p is the air density, S the vehicles cross-sectional area, and Cp is its drag
coefficient, assumed constant.

(93)

m When the car transitions to the ascending grade, in an axis parallel to the
ascending grade a component of the cars weight is added to the forces on the
car.

m Then the equation of motion on that axis becomes

CZV _ 7 _ ,OSCD
e 2

V2 - R— mgsiné. (54)

Page 34



5.3.1 Example: Automobile Cruise Control

B Now we assume that R = Ry and let

V:V0—|—u,

T =Ty + AT, (59)
m From Equation (59),
dV  du
o7 56
dt  dt (56)
m We assume that u is small relative to Vj, so that we can approximate
V2 =V + 2Vou + u? = V% + 2Vju. (57)

m Thatis, we linearize Equation (54).

m We are examining perturbations about the nominal condition.

m Our approximations will be valid as long as the perturbations remain small,
which will be the case if the angle 6 of the grade is not too large and cruise
control is effective.
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5.3.1 Example: Automobile Cruise Control

m What is the change in thrust AT?

m We assume that the cruise-control system is based on feedback as shown in
Fig. 5.5.

Disturbance: —ig sin 6

Plant
Desited @ === feccccccccccccc—csdeccsssss .

! 1
I 1
! 1
Controller : 3 Actuator Process : —»

|

' l
| I
I

o Fig. 5.5 Block diagram for feedback
/ .................... 9- 99 ontrol of vehicle speed.

Speedometer [
Computer software that /

electronically controls
the flow of gasoline
into the engine

The engine, drive train, and tires

m that is, that a change in thrust results when the speedometer measures that
the speed deviates from that desired.
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5.3.1 Example: Automobile Cruise Control

m In Fig. 5.5 we model the response of ‘Controller + Actuator’ as
t
AT = —klu — kg/ U(T)dT. (58)

m In doing so we are assuming a proportional plus integral control law and that
the time required for the vehicles engine to deliver increased horsepower in
response to the controller's command for added gasoline flow is small.

m A realistic control-system design would take into account engine dynamics
and be digitally implemented in the form of difference equations.

m We are presenting here an introductory, top-level view.
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5.3.1 Example: Automobile Cruise Control

m Combining Equations through (58) results in our model for the 'Process’ in
Fig. 5.5

t
Vo> — Ro) — (pSCpVy + k1)u — ks / u(7)dT —mgsinf. (59)

m From Equation (53) the first term in parentheses on the right-hand side equals
zero, so Equation (59) becomes

t
m— = —(pSCpVy + k1)u — kg/ u(7)dT — mgsin 6. (60)

m Defining a new variable y (t) = ftu(T)dT and rearranging Equation (60), then
we obtain that

Page 38



5.3.1 Example: Automobile Cruise Control

d*y  dy .
ﬁ—ka%—kby:—gsmﬁ, (61)

where:
a — (pSCDV() + kl)/m,

m With knowledge of vehicle characteristics and density of air the designer of the

vehicles cruise-control system can achieve a desired response by scheduling
gains k, and ks as a function of the speed V/, set by the driver.

m One would expect the control system designer to seek a rapid, smooth transition
between power states:

m rapid so as not to cause traffic problems,
m smooth (without overshoot and oscillation) so as not to cause driver and
passenger discomfort.
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5.3.1 Example: Automobile Cruise Control

m Consistent with these design goals, we assume here that the designer selects a
critically damped response (recall the discussion in Section 5.1.4) with a given
time constant, which can be accomplished by setting

a =20, (63)

b = a”.

m From Equations (61) and (63), the equation of motion of the vehicle under cruise
control is

d
— 2 4+ 20— + oy = —gsiné. (64)

m It follows from Section 5.1.2 that the fundamental solutions to the homogeneous
form of Equation (64) are

Y1 (t) =e (65)
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5.3.1 Example: Automobile Cruise Control

m Section 5.3.2 will prove that the solution to Equation (64) can be written as the
convolution

y(t) = /0 K(t—71)(—gsin6)dr. (66)

where the kernel K (¢t — 7) is given in this case by

Kit—71)=(t—7)e 7, (67)

m Substituting Equation (67) into Equation (66), we find

¢ t ¢

y(t) = / (t —7)e =) (—gsin@)dr = —gsinh - e_o‘t(t/ e*dr — / Te*7dT).
0 0 0

(68)

m Now
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5.3.1 Example: Automobile Cruise Control

m Using integration by parts, we have

'
/ T7e*TdT = /udv = UV — /Udu.
0

B Let u = 7, which means that du = dr, dv = e*"dr, v = ¢*" /a. and sO

! 1
/ Te“"dr = —71e””
0

1 [ 1
b —/ e*Tdr = —<(ate®” — e +1).
o 0

0 Q a2

m Then Equation becomes

y(t) = —gsin - e (¢ fot e dr — f(f Te7dT)
= —gsind [te”*(e® — 1) /a — e"*(ate®™ — €T +1)/a?]

y(t) = —gsin - (1 — (1 + at)e ") /o’ (69)
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5.3.1 Example: Automobile Cruise Control

m Recall now that the speed error u(t) = dy/dt:

u(t) = —gtsin® - e~ (70)

m Figure 5.6a graphs this result for an incline of 5 degree and a time constant 1/«
as a parameter.

4 -
’ e Y
o i~ e \
-1 ~ - ~ 2 is 1/
\\ / 25 / ~ W c Parameter is 1/0 (sec)
U (ft/s) - 3 7 d*u o3y 9 pE— 25
_9 4 %_‘ // p ( ? {fti s ) = \‘._RI\ 3
- \ - arameter is 1/ (sec) i A\
N A\
\ e 14 N
-3 \k‘—_#_‘/ N
\\ "“--‘_‘
J ; . : 0 A | |
0 3 6 9 12 0 3 6 9 12
(a) t(s) (b) t(s)

Fig. 5.6 Speed error and ’jerk’ due to an abrupt 5 degree change in grade for a vehicle under
cruise control: (a) speed error and (b) derivative of acceleration (a measure of rider discomfort.)
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5.3.1 Example: Automobile Cruise Control

m Under the same conditions, Figure 5.6b graphs the second derivative of the
speed error (the derivative of the acceleration), which is frequently used as a
measure of rider discomfort. It is often called ‘jerk’.

m The lower the value of the time constant the smaller the speed error, but the
greater the jerk.

m The control system engineer must make a decision on the design value of o
balancing speed error with comfort of the ride.

®m In summary, an automobile in cruise control mode transitioning from a level

roadway to an ascending grade experiences a speed error given by Equation
/0) if it utilizes a proportional plus integral control law set for critically damped
response.

m Note that the steady-state error is zero. It is left as an exercise for the reader
to show that the steady-state error is not zero if the control law is merely
proportional (i.e., if ko = 0 in Equation (58)).
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5.3.2 Variation of Parameters (Kernel) Method

m Theorem:

If y1(¢) and y»(t) are fundamental solutions to

then the solution to

d*y dy
> J . Dy =
dt2+p()dt+Q( Jy=20
Yo% 1 qwy = o)
T () +at)y = g(b),
y(to):O’
y(tg) =0

(71)

(72)

(73)

(74)
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5.3.2 Variation of Parameters (Kernel) Method

m where:
K(t,7) = (—y1(t)y2(7) + y2(t)ys (7)) /W (7), (75)
and
W(r) = y1(7)y2(7) — y2(7)y1(7) (76)
is the Wronskian of y; (7) and ys(7).

m Proof:

m We try a solution in the form

y(t) = ur(t)y1(t) + ua(t)y2(t). (77)

Then
Y = u1y1 + uyi + ugys + uays. (78)
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5.3.2 Variation of Parameters (Kernel) Method

m Proof:
m We set
u1y1 + ugy2 = 0, (79)
and are left with
Y = u1y1 + u2ye. (80)
Then
Y = u1y1 + ury1 + u2y2 + uzijo. (81)

m Substituting equations for y(¢) (Equation (77)), y(¢) (Equation (80)) and 4(t)
(Equation (81)) into the ODE, it gives

2
)L+ gty = glt). (82)
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m We have, after some rearranging,

w1 + p(t)1h + q(t)y1] + ualye + p(t) Y2 + q(t)y2] + w1y + U2y2 = g(t). (83)
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5.3.2 Variation of Parameters (Kernel) Method

m Proof:
m Now ) |
i1 +p(t)y1 + q(t)yr = 0, 84
o + p(t)ye + q(t)y2 = 0.
SO

w1y + Uzye = g(1). (89)
m Equations (79) and constitute two linear equations in two unknowns, and
their solution is

Uy = —y29/W, (86)
u2 = y19/W, (87)

where
W = y192 — y291- (88)
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5.3.2 Variation of Parameters (Kernel) Method

m Proof:

m Integrating Equations and we have

m Incorporating Equation

y(t) = —n (8 /t y2(1)9(7) - yal®) /t yi(r)g(r)

m Defining

K(t,1)=

(

(0=~ J e

)= [ By

89) into Equation (

W(r)

(—y1(t)

Yo (T) + ya(t)

77) results in

y1(7))/W(7).

(89)

(90)

(91)
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5.3.2 Variation of Parameters (Kernel) Method

m Proof:

m We then arrive at ,

y()= | K(t.7)g(r)dr.

to

(92)

m It remains to show that y(¢) defined by Equation satisfies the initial

conditions of Equation (73):

y(tO) — 07
y(tg) = 0.
It is clear that b
y(to) = K (tg, 7)g(7)dT = 0.

to
m Now, by Leibniz rule:

LOK

it) = K(t.0g(0) + | G

t,7)g(T)dT.

(93)
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5.3.2 Variation of Parameters (Kernel) Method

m Proof:

m By its definition (Equation (91)), K (¢,t) = 0, so Equation becomes

, LOK
y(t) = E(tﬁ)g(’r)dﬂ (94)
to
m Then we have
, b oK
i) = [ Gy tto.)g(r)dr 0. (95)
to

and so y(t) as defined by Equations (92), (91), and satisfies both the ODE
Equation (/2) and initial conditions Equation (/3), as was to be shown.
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5.3.2 Variation of Parameters (Kernel) Method

m For LTI nonhomogeneous second-order ODEs Equation (92) becomes the

convolution

_ /t:K(tT)g(T)dT

® When a linear nonhomogeneous ODE has nonzero initial conditions its solution
will be of the form

y(t) = c1y1(t) + caya(t) + yp(l), (96)

where y,(t) is the particular solution (or, recalling Section 2.2.3, the forced
response) given by Equations (88), (91), and (92) and the coefficients ¢; and
co are determined by the initial condltlons

m Equation

96

follows from the ODEs linearity.
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5.3.2 Variation of Parameters (Kernel) Method

m The variation of parameters method is the most powerful of the three methods.

m We will examine for the solution of second- and higher-order linear
nonhomogeneous ODEs.

m |t works for time-varying equations with continuous coefficients and for all
continuous inputs ¢(t), whereas the other methods do not.

m Its disadvantage compared to the other methods is the time and energy
required to execute it.

m We will meet the second solution method in the following Section 5.3.3 and the
third in Chapter 7.
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5.3.3 Undetermined Coefficients Method

m The simplest of the three approaches we will meet for solving LTI
nonhomogeneous ODEs, but the most limited in its power, is the undetermined
coefficients method.

m In this method, we let the form of the input determine a trial solution.

m Table 5.1 lists solutions to try, given a specific input function.

TABLE 5.1
Trial Solutions for Given Input Functions Using the
Undetermined Coefficients Method

Input Trial Solution

e Ce™

t Ct+D

te™ (Ct+ D)e ™

* Ct*+Dt+E

sinot Csinwt + Dcosot

e Msinot (Csinwt + Dcosot)e™

tsinet (Ct+ D)sinwt + (Et HF)cos ot
te ¥ sinot ((Ct+ D)sinwt + (Et +F)cos ot)e ™

((CF* + Dt + E)sinot + (Ft* + Gt + H)cosot)e ™

m We substitute the trial solution into the ODE and solve for the undetermined
coefficients.
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5.3.3.1 Steady-State Solutions

m Recall the definition of steady-state solution in Section 2.2.3: in a stable, damped
system, the steady-state solution remains when transients have died away.

B The undetermined coefficient method is especially attractive when we seek only
the steady-state solution, because we are then spared the effort of factoring the
characteristic equation and determining fundamental solutions.

m We must determine that the system is stable and damped, but recalling Section
5.1.5 we can do this for second-order ODEs by examining whether the ODEs
coefficients are greater than zero.

m Example:

m Problem: Find the steady-state solution to the ODE

d? d
_y_'_g_y

2 = 12t. 7
a2 o T (97)
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5.3.3.1 Steady-State Solutions

m Solution: The ODEs coefficients are greater than zero, so the system is stable
and damped.

m Then, following Table 5.1, we try the solution

y(t) =Ct+ D, (98)
and solve for C and D.
m Now, from Equation (98),
dy
E_C’ (99)
and o
Y
—2=0. 1
p; 0 (100)

m Substituting Equations (98), (99), and (100) into Equation (97) we have

0+ 3C +2(Ct+ D) = 12t. (101)
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5.3.3.1 Steady-State Solutions

m Solution:

m Collecting coefficients of powers of ¢, it gives

(3C 4 2D) + (20)t = 12t. (102)

Equating coefficients of powers of t,

m Equation

103

solutions are

3C 4+ 2D =0,

20 = 12.

(103)

are two simultaneous linear equations in two unknowns. The

C =6,

D =-3C/2 = -9,

and the steady-state solution to Equation (97

y(t) = 6t — 9.

IS
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5.3.3.2 Example: RLC Circuit with Sine-Wave
ource

m Consider the electrical circuit shown in Fig. 5.7:

Resistor
R ohms

po— —— Capacitor e Fig. 5.7 Second-order RLC electrical circuit
with sine-wave voltage source.

()
N

Sine-wave voltage source

m We are interested in the steady-state voltage V' (¢) over the capacitor when the
voltage source has the form V4, sin wt. Following the results in Section 5.1 we can
write the circuit equation as

2V  RdAV 1 1
—— + = — _— Vysinwt. 104
az LTI’ T roresmet (104)
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L5.3.3.2 Example: RLC Circuit with Sine-Wave

ource

m For simplicity let

R
a = fl,
m Then Equation (104) becomes
A’V dV :
oy + a% + bV = bV sin wt.

m Using Table 5.1 we try the solution

V(t) = Csinwt + D cos wt.

(105)

(106)

(107)
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5.3.3.2 Example: RLC Circuit with Sine-Wave
ource

B We are then led to
dV

rry = w(C coswt — wD sin wt, (108)
2
% — —w?C'sinwt — w?D cos wt. (109)

m Substituting Equations (107), (108), and
some rearranging,

P

109) into Equation 5.110 we have, after

(b — w?)C — awD)] sinwt + [awC + (b — w?)D] cos wt = bVj sin wt. (110)

m Equation (110) must be true for all t.

m When wit=2nm, sinwt = 0, coswt = 1 and we see that Equation (110) implies

awC + (b —w?)D = 0. (111)
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5.3.3.2 Example: RLC Circuit with Sine-Wave

ource

m When wt=2nm + 7/2, sinwt = 1, and coswt = 0, in which case Equation (110

implies that

m Equations (111

and

unknowns C' and D.
m Their solutions are

(b — w?)C — awD = bV}, (112)

112

are two simultaneous linear equations in the two

b—w?

= o @V

= et (a0

(113)

m We can simplify the form of the answer. Following Section 2.2.3, instead of

writing

V(t) = Csinwt + D cos wt.
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L5.3.3.2 Example: RLC Gircuit with Sine-Wave
ource

m We can define .

\/C24D?’

—D

o2+ p2’

V(t) = VC? + D?(cos 0 sin wt — sin 6 cos wt),
V(t) = v/C? + D?sin(wt — 0).

cos b =

sin @ =

and write

(114)

m The steady-state solution to Equation (1086)), then, is

V(t) = GVysin(wt — 0), (115)

where

G = : (116)

0 = tan"*(aw, b — w?). (117)
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5.3.3.2 Example: RLC Circuit with Sine-Wave
ource

m As discussed in Section 2.2.3 for a water pipe temperature problem, Equations
116) and (11/) provide the gain and phase lag of the frequency response of the
RLC circuit in Fig. 5.7.

m Note that we have derived these results without knowing the magnitude of a =
R/Landb=1/LC.

m We have neither factored the ODEs characteristic equation nor determined the
ODEs fundamental solutions.

Page 64



5.3.3.3 Resonance with a Sine-Wave Source

m Let us examine the behavior of the gain GG in Equation (116) as a function of the
input frequency w.

m Recall that Section 2.2.3 determined that the gain of the frequency response
for a first-order LTl system decreases monotonically with input frequency.

m We examine here the possibility that, for second-order LTI systems, a certain
input frequency may maximize the gain.

B The gain is maximized when the denominator

F(w) = (b —w?)?* + (aw)? (118)

is minimized. We let x = w? and expand Equation (118):

F(x) = b* — 2bx + 2% + a*x = b* + (a® — 2b)x + z°.
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5.3.3.3 Resonance with a Sine-Wave Source

B To minimize F'(x) we set its derivative equal to zero:

dF
%:(a2—2b)—|—2m:0.

resulting in
r=>b-a’/2>0. (119)

m Recalling that = = w? we see that we must have
r=>b—a’/2>0

to have a real input frequency maximizing the gain.
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5.3.3.3 Resonance with a Sine-Wave Source

m Looking back at Section 5.1.3 we see from Equations (40) and (41) that the gain
has a maximum only when the system is underdamped.

m For this case, when w,,, = /b — a?/2 is real, the maximum gain is given by

. b ) b
VO =wn?)?+ (awn)®  /(a2/2) + (b — a2/2)°
b
av/b—a?/4 120)
m When a?/4 << b Equation (120) becomes
g, Vb .1 (121)
a 2

and we see that the gain can become very large.
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5.3.3.3 Resonance with a Sine-Wave Source

m That is, when a system is only lightly damped, an input frequency near the
natural frequency of the system results in a very large magnitude of the output,
a phenomenon known as resonance.

m Fig. 5.8 Output of an example underdamped second-order system of natural
frequency w,, when excited by sine-wave inputs of unit magnitude but different
frequencies w,,.
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5.3.3.3 Resonance with a Sine-Wave Source

m Fig. 5.8 presents the output of the underdamped second-order system whose
natural response is shown in Fig. 5.2 when that system is excited by three sine-
wave inputs, each with unit magnitude but with different frequencies.

m When the input frequency w; equals the systems natural frequency w,, the
magnitude of the output in steady state is much greater than it is when the
iInput frequency is a factor of two greater or less than the natural frequency.

m In summary, when driven by a sine-wave source, an underdamped second-
order system can experience a sharp rise in its gain when the input frequency
approaches its natural frequency, in contrast to the monotonically decreasing
gain in the frequency response of a first-order system.
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5.3.3.4 Resonance with a Periodic Input
ther than a Sine Wave

B The quantitative results of Sections 5.3.3.2 and 5.3.3.3 apply to a sine-wave
iInput, but the qualitative conclusions apply much more generally.

m We will see in Chapter 7 that:

m the steady-state response of a stable, damped nth order LTI system to any
periodic input is periodic;

m and that an underdamped system can experience resonance when the input
frequency approaches the systems natural frequency, independent of the
inputs waveform.
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5.3.3.5 Satistying Initial Conditions Using the
ndetermined Coefficients Method

B Suppose that the values of the solution y(¢) and its derivative y (¢) are specified
at time ty as yo and 1.

m Let us call the solution we derive using the undetermined coefficients method
ye ().

m In contrast to the particular solution generated by the variation of parameters
method, which has zero initial value and zero initial derivative, typically

yc (to) # 0, and g (to) # 0.

m To satisfy given initial conditions we must find the ODEs fundamental solutions
y1(t) and y2(t) and then choose coefficients ¢; and ¢, to satisfy

Yo = yc(to) + c1yi(to) + cay2(to),
Yo = Yc(to) + c1y1(to) + cay2(to).
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5.3.3.6 Limitations of the Undetermined
oefficients Method

m Note that the undetermined coefficients method applies only to LTI ODEs.

m It also applies only to a certain class of input functions, namely those that are
themselves fundamental solutions to the class of LTI ODEs.

m One cannot successfully apply the undetermined coefficients method when
the input function is, for example, In(1 +¢) or 1/(1 + ¢) or tan wt.

m Finally, the undetermined coefficients method is, in practice, a trial and error
method.

m Even if one recalls Table 5.1 faithfully (e.g., try C't + D, not C't, when the input
Is a multiple of ¢) the trial solutions in Table 5.1 fail when the input is itself a
fundamental solution of the particular ODE.

m For second-order equations the solution will then involve either ¢ or ¢* times
the trial solution suggested in Table 5.1.
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5.4 Existence and Uniqueness of Solutions to
econd-Order Linear Ordinary Differential
Equations

m Theorem:
Consider the second-order linear ODE

d*y dy

- t)— ty = g(t). 122

Tz Tt +alt)y = g(t) (122)
Suppose that the values of y(t) and dy/dt are specified to be y, and g, at time
to. If the functions p(t), ¢(t), and g(¢) are continuous on an open interval [
that contains the point ¢y then a solution to Equation (122) exists throughout the
interval Id the solution is unique.

m Corollary:

If the functions p(t), ¢(t), and g(t) are continuous everywhere then Equation
122) has a unique solution at every instant of time. In particular, LTI equations
have unigque solutions at every instant of time.
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End
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