Chapter 1

MA2001 Eigenvalues and Eigenvectors

1 Introduction

If Aisan 3 x 3 matrix and 7 is a vector in R3, then there is usually no general geometric relationship
between the vector Z and the vector AZ, see figure (a). However, there are often certain nonzero vectors
Z such that ¥ and A are scalar multiples of one another, that is, AZ = AZ for some real number A, see
figure (b). Such vectors arise naturally in the study of vibrations, electrical systems, genetics, chemical

reactions, quantum mechanics, mechanical stress, economics, and geometry.

Ax ‘i‘

@ (b)

Let A be an n X n square matrix and consider the equation A7 = A\Z. A value of A for which AZ = \7¥

has a non-trivial solution # # 0 is called an eigenvalue (or characteristic value) of A and the

_>
corresponding solution  # 0 is an eigenvector (or characteristic vector). The set of all eigenvalues of A

is known as the spectrum of A.

Example- Electric Circuit

Counsider the electrical circuit

The currents flowing in the loops satisfy

C
L L[ (iy—ig)dt + & [ (is — i1) dt = 0 = LC# + 2iy — i3 — 4 = 0
L4 4 L [ (i5 —iy)dt = 0 = LC# + i5 — iy = 0
Or
1 -1 0 o il
1 2 1| |=-LC|
0 -1 1 i3 i
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Look for solutions which are sinusoidal and all have the same frequency, that is,

’il = [1 sin (U)t —+ 91) ,ig = [2 sin (wt + 92) ,ig = I‘g, sin (wt + 93) .

Then ¥ = —w?iy, i) = —w?iy and i = —w?i3 and the problem becomes
1 =1 0 11 i1
-1 2 =1 iy, | =w?*LC | i, |, which is an eigenvalue problem with A = w?LC
0o -1 1 i3 i3

2 Determination of Eigenvalues and Eigenvectors

A=A\ T=AMTo Al - A\f=0 o (A-A)T=10

For this equation (A — )7 = T to have non-trivial solutions & # 0 we must have (A—XI)~! not
existing, for otherwise (A — \I)Z = T = (A= XM A-MT=(A- )\I)_lﬁ> = Ii=0=7=10is
the unique solution. Hence ) is an eigenvalue if and only if (A — AI)~! does not exist if and only if
det(A — \I) =0

Consider det(A — AI). After expansion det(A — AI) is a polynomial of degree n in A, known as the
characteristic polynomial of A. And det(A — AI) = 0 is the characteristic equation of A. Clearly, if

multiplicity roots are counted, an n x n square matrix A has n eigenvalues including real and complex

eigenvalues.
Example
Find eigenvalues of A = and the corresponding eigenvectors.
2 3

Solution:

1 4 10 1—Xx 4
A=) = - A =

2 3 0 1 2 3=

1-X 4
det(A — \I) = =1-MNB=-XN)—-8=X—-4A+3-8=X—-4A-5=A=-5)(A+1)
2 3-=A

Hence the eigenvalues are A =5 and A = —1

To find the corresponding eigenvectors we solve:

When A =5
—4 4 T 0 —4 410 1 =110
2 =2 T 0 2 =210 0 010
x 1
Let x9 = k # 0, then the corresponding eigenvectors of A for A =5 are Y=k Jk#£0.
T 1
1

And one of the eigenvectors for k =1 is

When A\ = —1



2 4 1 0 2 410 1 210

= =0« ~ =T = —219 =
2 4 X9 0 2 410 0 00
—2
k Kk #£0.
1
Let k =1, then B is one of the corresponding eigenvectors of A for A = —1.
1
Example
1 =1 0
Find eigenvalues of A= | —1 2 —1 | and the corresponding eigenvectors.
0o -1 1
Solution:

x

X2

JA=X|=] -1 2—=X =1 [=1=-NMN1-=-NM2=-N)—=-1=-XN)—-(01-=X)
0 -1 1-=A
=(1=ANA\=3X2+2-2)=A1-X)(\-3)
When A =0
1 =1 0 1 1 =1 010 1 -1 0|0 1
-1 2 -1 o | =0 -1 2 —-1/0|~[0 1 —-1{0]~]0
0o -1 1 x3 — 0 0 -1 110 0
1
=Ty =T3,T1 =Ty =>T1 =Ty =T = | x4 1 |,k#0
1
1
Let k = 1, then one of the eigenvectors for A = 0 is 1
1
When A =1
0 -1 0 T 0 —-1 010 -1 1 =10
-1 1 -1 o | =0=1] -1 1 —1{0 |~ 0O -1 0|0 |~
0 -1 0 T3 0 -1 0|0 0 -1 0|0
T —1
> =0r1=22—23=—23=>| 2y, | =k 0 Jk#0
T3 1

-1 010
1 —-11]0
0 010

1 -1 110

0 -1 00

0 0 0/0



One of the eigenvectors for A =1 is 0
1
When A =3
-2 -1 0 T -2 -1 0|0 -1 -1 —-110
-1 -1 -1 To =0= -1 -1 —-110 ~ -2 -1 010

0 -1 -2 T3 -1 =210 0 -1 =210

-1 -1 =110 1 11 1

0
0

~ 0 1 2 10 ~ 01 2|0 = Tg = —213,T1 = —Ty — T3 = T3 = To =
0

0 -1 =210 000 T3
1
El —2 | ,k#0
1
1
One of the eigenvectors for A =31is | —2
1
Example
Find eigenvalues of A = a and the corresponding eigenvectors.
4 1
Solution:
A—N|=| = | =X =2 +5=A=1%2i For A =1+ 2i, we have
1—A
-2 —1 1 0 -2t —1 10 1 % 0 1 —% 0
= R4 ~ = ~
4 =2 Ty 0 4 =20|0 ) =mn \ 4 =2i|0 4 =2i|0 ) =i
1 —tl0 x ik L
2 =T = 5Ty = N =k| * |, k#0
0 010 X9 k 1
Notice QL = _22:2 =—3
An eigenvector for A = 1+ 2i is 2 ) .
1
_ 2i —1 2 0 2i =10 1 -2 10
For A =1 — 24, we have = & ~ ¢ =
4 2 Ty 0 4 2|0 )=\ 4 2|0
1 10 1 4]0 . T —ik —1i
2 ~ 2 Sao=—in= | = T | =k % |.k#0
4 2000 )" N0 0]0 Ty k 1
Notice —% =55 = —}2 = %



An eigenvector for A =1 — 27 is

o]



Example

Find eigenvalues of A = and the corresponding eigenvectors.
-3 -1
Solution:
5—A 3 _ _
|A— \| = = (A —2)%,\ = 2 is the only eigenvalue.
-3 —1-2A
3 3 T 0 T -1
= = =k Jk#£0
-3 -3 To 0 T 1

3 Eigenvalue Results

Theorem

Eigenvectors corresponding to distinct eigenvalues are linearly independent.
Proof:

The proof is by induction on the number of distinct eigenvalues.

Any single eigenvector by itself, being nonzero, is linearly independent.

Assume any k — 1 eigenvectors associated with k — 1 distinct eigenvalues are linearly independent.

Suppose U1, - - - , U}, are eigenvectors associated, respectively, with k distinct eigenvalues Ay, - -+, Ag.
. - .
Consider clv_1>+---+ckv_k>: 0,claime¢ =---=¢, =0.

Suppose not, then without loss of generality suppose, say ¢; # 0. Then
5 5 5 5 —
(A-MD)(ath+-+ath) =(A= M) cath+-+ (A= M) exU, = (A= X\I) 0

%
= (ACl?j\l - )\1]01171) + (ACQU—2> - /\1102172) + -4 (ACkU—]Z — Allck{)’k) =0
= (ClAU_1> - 01)\1?71) + (0214?72 - )\1sz_2>) +oeee (CkAU_k> - Ck)\1[U_k>) = 6>
5 5 5 5 5 5 —
= (Cl)\ﬂ)l — Cl)\11)1> -+ (02/\2’01 — 02/\1’111) I (Ck>\kv1 — ck)\lvl) =90
%
=M= A)0 M=) T = 0
By induction hypothesis 3, - - - , v; are linearly independent, so ¢ A= XN)==c (M=) =0.
Then Ay — Ay £ 0, -+ Ap— A £ 0= ¢y = - = ¢ = 0. Tt follows that ¢,7] = 0.
— . . . . — — . .
c1vi = 0 = ¢; = 0. It contradicts to ¢; # 0, implying v7,--- , vi are linearly independent.

It is also possible to have a repeated eigenvalue which does lead to more than one linearly independent

eigenvector.

Example

Let J,,n=2,3,--- be a square matrix with all its entries being 1 , that is,



(a) Find all eigenvalues of .J,,.

(b) Find n linearly independent eigenvectors.

Solution:
11 --- 1 1 Ix1+4+---+1x1 n 1
Observe that | : @ . Sl = : = : =n| : | sonisan
11 --- 1 1 Ix1+4+---+1x1 n 1
1

eigenvalue of J,and one of its eigenvector is

1
1 1
11 ... 1 —1 I1x1—-1x1 0 —1
In addition, see that | & & . 0 = : =1 :1=0] 0
11 .- 1 : I1x1—1x1 0
0 0
1
—1
So 0 is also an eigenvalue of J,,n = 2,3,--- and one of its eigenvector is 0
0
For A =0, J, —0[, = J,.
11 10
11 --- 110
00 - 0[0
Solve T ~
11 - 1]0
00 -~ 010
Soxy+x9+--+x,=0. Thenz, = —21 — - — Tp_1
Let x1 = ay,29 = ag, -+ ,T,_1 = a,_1 Where ay,as,--- ,a,_1 are arbitrary real numbers.



Then

Observe that

ay : + as

= a; = 0,&23: O,"

It follows that

T T
Tpn—1 Tp—1
T —T1 — T Tp-1
0
a1
a2
0
0
= -
0
0
0
1
1
0
0
= + a9
0
0
—1
—1
0
0
1
0
0
tota, | 0 | =
1 0
0
—1
—1
y n—1 = 0
0
1 0
1
0
0
’ ) ) 0
0 1
0
—1 —1
—1

451
Ap—1
_al—--.—a/n_l
0
<+ 0
Ap—1
—Qp—1
0
"+’an71 0
1
-1
aj
ag
Ap—1
_al_a2—--

are linearly independent.




Claim that

Consider x;

Both sides of (A) time J,, then

Since J,

then z,, = 0.

Thus, x4

0
1 0
1
0 1
0
) T 0 )
0 1 1
0
—1 —1
1
0
1
1
0
0
+ + e T
0
0
—1
—1
0
1
0
+.T2Jn +"'+xn71t]n
0
—1
0
1
1
0
0
-0, J, =0,
0
0
-1
—1
0
1
1
0
0
+ 2 4o T
0
0
—1
—1

are linearly independent.

1 0
+ 2, = (A)
1 0
1 0
1 0
1
= 6), it follows that x,n
1




1 0
1
0
0 . :
As , . RN 0 are linearly independent, z; =23 =--- =2, 1 =0
0 1
0
-1 -1
—1
0
1 0
1
0
0 1
It follows that x1 =29 =+ =2,_1 =z, = 0 and : , R 0 , are
: 1
0 1
0
-1 -1
-1
linearly independent.
Theorem
If A is a real symmetric matrix, then
(a) the eigenvalues are all real (but not necessarily distinct).
(b) eigenvectors corresponding to distinct eigenvalues are orthogonal.
Proof:
(a)
5 o L, =
Suppose Av = AU where v # 0
T
_ _ _ _
Consider TtAT = T\ = A\t = A (T1zy + -+ - + Tpwy,) where 08 = (T, -+, T,) f U=
Tn

Then 'AT = 7t AV = P AT = T* AV
Observe that A7 is a 1 x 1 matrix, so 7" AV = (WAﬁ)t = 5tAt(17t)t =AY

As a result, we have 0t AT = 0" A It follows that 0" A7 is real.

We conclude that A\ = % is real (note that Tyxy + - - - + Tz, is real).
— — —
(b) Suppose Av; = M7, Avy = \oU5 where )\ % Ao, IR #£ 0

1

MU = (MT]) 0F = (AV])' W = (V[ AY) 0f = (9" A) U = uf! (AT3) = ¥} (\03) = Aoi 'S

= M- M) =0 = '3 =0
A1 —A2£0

S
Sl

Theorem

If Ais an n x n real symmetric matrix, then it is possible to find n linearly independent eigenvectors

10



(even though the eigenvalues may not be distinct).

Proof: Omitted.

Example
111
Consider J3 =] 1 1 1 |, which is real symmetric.
1 11
1 11
Js=1 1 1 1 | haseigenvalue 3 of multiplicity 1 and eigenvalue 0 of multiplicity 2, all of them are
1 11
real.

For eigenvalue 3, one of its corresponding eigenvectors is | 1

1
1 0
For eigenvalue 0, its independent eigenvectors are 0 , 1
—1 —1
1 1 1 0
Observe that 1 0 =0,] 1 1 =0
1 —1 1 —1
1 1 0
11, 0 , 1 are linearly independent.
1 —1 -1

An n X n matrix is said to be diagonalizable if there is a non-singular n x n matrix P such that

D = P7'AP where D is a diagonal matrix.

We observe that:

det(D — M) = det (P7'AP — \I) = det (P'AP — AP7'IP) = det [P~} (A — \I)P]

= det (P71) det(A — \I) det(P) = det(A — \I)

Thus, A and P"*AP = D have the same characteristic polynomial thus the same eigenvalues. We also
notice that the eigenvalus of D are just the main diagonal entries.

Theorem

If n x n matrix A has n linearly independent eigenvectors then it is diagonalizable.

Remark:

Let A be a p x m matrix and B an m x n matrix. Recall that the product of AB can be evaluated in two

different ways:

11



ailr a1z - dim an A1m
(91 Gga “*+ Q2m a A2mm
A= AT 2 :A:(&’1|a_2>] ](Zn)),where aj = 2 , ay = 2
(p1 Qp2  ***  Opm Qp1 Apm,
by bz - b b1t bin
b by -+ boy R - b — bay,
p=| ™ ™ 7 —p-= (b1 by ~~|bn>,whereb1: =] 7
bml bm2 T bmn bml bmn
We observe that
aix Gz - Qim bin bz -+ bin
Q21 Q22 -+ Q2m bor  bap -+ Doy - —
AB = | Pt L T = (A an | - (4D, )
Gp1 Qp2 - Opm bml bm2 e bmn
= (bna_1> + by a3 4+ by |b12a_1> + bygaz + - - +bm2a_>m‘ S bin@) + bon@s + - - +bmna—>m)
Proof:
Suppose I, - - , I, are linearly independent eigenvectors with corresponding eigenvalues A, --- , A\, such
that A7} = Alz?{, _ ,A:z:_>n =\, 7, Construct n x n matrix P = (2 \:72>| e x_Z) with :?1), _ ,:c_n> as its
columns. Then eigenvectors of A. Then AP = (AZ |AZs| - | AZ,) = (M1 | Aafa] -+ | AnZn)
= (M + 05 + - + 0T | 0T + AT + -+ + 0Z5] .. [0ZF + - - + 0T} + An)
N O - 0 N O - 0
0 A -+ 0 A
= (7 |75]... | =) _ .2 ' ' = PD, where D = _ ‘2 =diag (A1, -+, \n).
0 - N\, T
As T, --- , @, are linearly independent, P~! exist. Thus we have P~'AP = P~'PD = D
Example
L4y :
Show that A = is diagonalizable.
2 3
Proof:
4 . .
For A = , we have eigenvalues A\; = 5, \y = —1( they are distinct).
2 3
o 1
For A\; = 5, one of the corresponding eigenvector is
1
o . 2
For A\y = —1, one of the corresponding eigenvector is
-1
-1
1 2 ] ) . 1 2 )
Let P = , as the eigenvectors of A are linearly independent, P~! = exists and
1 -1 1 -1

12



: 2 : 2 1 4 1 2 5 0
pPl= i’ 31 . Also P7'AP = i’ 31 =
4
It concludes that A = is diagonalizable.
2 3
Example
5 3
Is A= diagonalizable?
-3 —1
) 5—A 3 ) )
Solution: |A — \| = = (A —2)? and X\ = 2 is the only eigenvalue.
-3 —1-2A
3 3 1 0 T —1
= = =k Jk#£0
-3 -3 T 0 T 1
5
As there is only one linearly independent eigenvector, A = is not diagonalizable.
-3 —1
Example
1 3 3
Diagonalize A = -3 -5 -3 |, if possible.
3 3 1
Proof:
1—A 3 3
JA—=X|=| -3 —5-) -3 |=-XM-3\N+4=—-A—-1)(A+2)>When A =1
3 3 1—A
0o 3 3 T 0 3 3 010 1 1 010
-3 —6 -3 zx | =1 0]l -3 -6 -3/0]|~]0 -3 =3[0~
3 3 0 T3 0 0o 3 310 0 3 310
1 1 010
0 -1 —-110
0 0 010
T 1
= T9 = —T3,T1 = —To = T3 = T9 =k —1 ,k?é()
T3 1
When A = -2

13



3 3 3 X 0 33 30 1 1 110
-3 -3 -3 o | =10 =]1000[0 [~ O0O0O0|0|=23=0ta=511=
3 3 3 T3 0 00 00 00 0|0
—s—1
1 —s—1 -1 -1
= | z | = s =t| 0o |+s| 1 |,2+s#0
T3 t 1 0
1 3 3 1 3 3
A= —3 —5 —3 | has three linearly independent eigenvectors, therefore A = -3 —5 —3 | is
3 3 1 3 3 1
a0 (13 s 1 -1 1 2 0 0
diagonalizable and 0o 1 -1 -3 -5 =3 o 1 -1 |= 0 -2 0
1 0 1 3 3 1 1 0 1 0 0 1
Example

Diagonalisation is useful if it is required to raise a matrix A to a high power, that is, A™. If
P7'AP = D, then A= PDP~! and
Am = (PDP™Y...(PDP™Yy=PDP'PDP~...PDP'PDP~' = PDIDI---IDIDP~!' = PD™P~!

and
A0 0 AT 0 0
0 Ay «or . 0 AP - '
D= . . . :dlag()‘17"'7>‘n):>Dm: . . . :dlag()‘T""v)‘nm)
0 An 0 A
J
An important application of diagonalisation occurs in the solution of systems of differential equations.
Example
Consider a system of n first order linear differential equations for the dependent variables z1, x5, -+, x,
as follows.
L — anwy + a1 + -+ A1ty
% = QX1 + A29To + -+ AopTpy - ... .. (E), where the a ’s are given constants. The system (E) can be wri
L dcale_tn = Qp1%1 + Ap2lo + - -+ Apn Ty,

14



ai;pr a2 ... Qip
I
Q21 Q22 ... Q2p
. ) di S T2
as the following matrix form & = Au--- (F), where @ = ‘ and A =
Tn
Gp1 Ap2 ... GOpp
Suppose A is diagonalizable, then there exists nonsingular matrix P such that D = P~'AP, where D is a
y(t) 1(t)
Let : = p!1 : , then
Yn(t) T (t)
yi(t) 1(t) 1(t) 1 (1) 1 (1)
d . d p— . 1d . _ . _ .
E . — EP 1 : — P 15 : - P 1A : - DP 1 : -
Yn(t) Tn(t) zn(t) Tn(t) T (t)
y1(t)
D :
Yn(t)
Observe that D is diagonal so each row of the system is of the form Ly;(t) = d;y;(t).
yi(t) yi(t) yi(t)
The solution of % : =D : is easy to obtain. Once : is known, then
Yn(t) Yn(t) Yn(t)
1(t) y(t)
: _p :
T (t) Yn(t)
|
Example

1 11
(a) Use Gauss-Jordan elimination to compute the inverse of | 1 2 1

001

(b) Let A be a 3 x 3 matrix which has eigenvalues —1,1,0  with corresponding eigenvectors

1 1 1

1|, 2 |,] 1 |.With the help of (a), find A!".
0 0 1

Solution:

(a)
1 1 1|1 0 0 1 1 1)1 0 0 110} 1 0 —1
1 2 1{0 10 rzf:‘ﬁ 01 0—-1 10 Tlfjrg 01 0(-11 O
00 1]0 01 00 1/0 01 0010 0 1

15



~lotoj-1 1 0
0010 0 1
REAE 2 —1 -1
So| 121 (110
00 1 0 0 1
(b)
111 111 100
Wehave Al 1 2 1 |=]1 2 1 0 10
00 1 00 1 0 0 0
111 1.0 0 RELAE 111
A=1121 0 10 121 | =|121
00 1 0 0 0 00 1 00 1
111 200\ (2 -1 1
A= 1 21 0 10 -1 1 0 |=
00 1 0 0 0 0 0 1
111 (1) 0 o0 2 1 —1
121 0 19 g 11 0
00 1 0 0 0 0 0 1
111 100 2 1 —1 110
=121 01 0 11 0 |=|120
00 1 00 0 0 0 1 00 0
Example

(a) Let B be a 3 x 3 matrix and A, Ay, A3 are the eigenvalues of B.

equation of B and show that A\j\;\3 = det B.

(b) Let Asx3 be a real symmetric matrix. Suppose

1 —1 1 -2
detA=1,A1 2 | =| -2 | ,A 0 = 0
1 —1 —1 2

(i) use part (a), or otherwise, to find the eigenvalues of A;

-1 0 0
10
0 00

0

1 0 -1
01 -1
00 O

Write down the characteristic

(i) find a matrix P having its columns to be the unit eigenvectors of A and show that PTP = I;

(iii) show that A is diagonalizable and find the matrix A.

Solution:

(a)

16



)\ - bll _b12 _613
det(M — B) =det |  —byy AN—byy —byz | =A=A) (A=) (A= A3)

—b3y  —byy A —bss
=A% — (AL F A+ A3) A2 (A + A ds + Aads) A — Ao

Let A = 0, then det(—B) = —)\1)\2)\3 = (—1)3 det B = —)\1)\2)\3 = det B = )\1)\2)\3.
(b)

1 —1 1 -2 1 -1 1 1
Al 2= -21],4] 0 =10 Al 2|= 2= 21],A]l0 =
1 —1 —1 2 1 —1 1 —1
—2 1
0 =(=2)] 0
2 -1

So we have, say A\ = —1, Ay = —2.
detA=1= )\1)\2/\3,/\1 = —1,)\2 =-2=1= 2)\3 = /\3 = % As a result, A= —]_,/\2 = —2,/\3 = %
(Observe that the real symmetric A has distinct simple (of multiplicity 1) eigenvalues, therefore, A has

the orthonormal (orthogonal unit) eigenvectors which are linearly independent.)

(i)

1 1 L 1
V6 V6
For \i=—-1A 2 |=(-1)| 2 | =4 \/lé = (-1) \/lé
1 1
! ! 7 7
1 1
! L 7 7
For \i=—-2, A1 0 =(=2)| o = Al o =(=2)] o
1 1
- -1 7 —
x x
Suppose A | ¢y | = % y | - Since A is real symmetric, we have
z z
.
x 1
y 2 | =0
1
z 1 r+2y+2=0 Yy=—z )
. Let z=1,then | —1 | isan
x 1 r—2z2=0 r=z
1
y 0 =0
\ z -1
eigenvector of A for A3 = %
1
V3
and the corresponding unit eigenvector is _\/Lg
1
V3

17
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1 Quadratic Forms

1.1 Introduction

A quadratic form is an expression of the form

n n
i—1 j—1
Example
= 32? + 4119 — 75

Example

The 3-mass, 2-spring system considered previously

m B BRI s

P pr P

has kinetic energy

x? 22 22
T = L, 72, 73
m(2 Ty 2)

and potential energy

V=mlk(z:— 21)° )2+ k(x5 — x5)° /2]

V=m [k:a:?/Q + ki + ka2 /2 — kxyzy — kxgxg]

T is a quadratic form in z1, x5 and x3 while V' is a quadratic form in z, o and x3.

Example
The general equation of a conic is
ar® +2by+cyt +dr+ey+ f=0

Associated with every quadratic form is a symmetric matrix, since



n n

q= Z Z @ijTil;

i=1 j=1

May be written as

q=x"Ar A= ay]

Where A = AT,

Example

q =377 +4dzy39 — 75

3 2 T
= [2122]
2 —1 )

Note however that it is also possible to write ¢ in terms of non-symmetric matrices, eg.

3 4 T
q = [x1x2]
0 —1 i)
or ~ o _
3 1 I
q= [5511'2]
3 -1 i)
etc.
Example

1 -1 2 2
= [Tiwaws] | -1 2 —1 Lo
2 -1 7 Z3

If in the general case a;; # aj;, we define ¢;; = (a;; + a;1) /2, then ¢; = ¢; and the coefficient of

(xiz; + xj2;) is ¢ + ¢ji = ai; + aj; as required. Then

q=2z"Cz with C = C7

1.2 Definitieness



It is of interest in many applications to know if the sign of ¢ remains the same whatever the values of the
elements of z.
q = xT Az is positive definite if ¢ > 0 for all z # 0

q = 2T Az is negative definite if ¢ < 0 for all z # 0

[ ¢ is positive semi-definite if ¢ > 0

q is negative semi-definite if ¢ < 0

q is indefinite if it can take both positive and negative values ]
The associated real symmetric matrix A is also said to be positive or negative definite if ¢ > 0 or ¢ < 0
respectively.
We may determine whether ¢ has constant sign or not by ”completing the square”.
Example
q= xf + Qx% + 7m§ — 20129 + 4x103 — 20923
= (21 — @y + 223)° + 222 + a2 — 2wyxs — a2 — dx? + daozs
= (21 — @y + 223)° + 22 + 322 + 21015

= (21 — 2o + 223)% + (xo + 23)° + 222

Thus ¢ > 0 for any choice of 1, s, z3 and both ¢

And the matrix A= | —_1 9 _1 | are positive definite.

Example

q = 322 + dx 19 — 23
=3 (2} + 4z122/3 — 23/3)
=3 [(z1 + 279/3)* — 22/3 — 423/9)]

q =3 (1 + 222/3)* — 722/3

Thus ¢ and its associated symmetric matrix are indefinite.

We shall now reduce ¢ to a sum of square using matrix and eigenvalue ideas.



Recall that for a real symmetric matrix it is always possible to find n linearly independent eigevectors. If
the eigenvalues are distinct these eigenvectors will also be orthogonal. If they are not distinct it is in fact

still possible to obtain n orthogonal eigenvectors (proof not required).

If these eigenvectors z; are normalized such that 27z, = 1 (orthonormal eigenvectors) then the matrix P

whose columns are the orthonormalised eigenvectors will have the property that

P'P=1
Since the ij-th element of PP is
1 i=j
T gj = 613 =
0 i7]

Hence PT = P!
Any matrix with this property is said to be orthogonal.

Thus it is possible to diagonalise a symmetric matrix using an orthogonal matrix P i.e.
P"AP =D

Given a quadratic form
q=2z"Az
We may make the change of variable
z =Py
where P is the orthogonal matrix whose columns are the orthogonal eigenvectors of A to give,
q¢ = (Py)"A(Py)
= QTPTAPQ
=y Dy

n

= Ay’

i=1



This shows that ¢ may be written as a sum of squares with the coefficients of the squared terms being
the eigenvalues of A.

This gives the result:

Theorem

A quadratic form and its associated matrix are positive definite iff all the eigenvalues of the
associated symmetric matrix are positive.

Example

Consider the quadratic form
q =223 — 2,79 + 203

2 —1 T
= [5515752] = &Tf@

-1 2 )
The eigenvalues and eigenvectors of A are

The normalized eigenvectors are

1/v/2 —1/V2

and

1/v/2 1/v2

Giving
1/vV2 —1/V2 1/vV2 1/V2
P= and PT = p~1 =
1/vV2 1/V2 —1/V2 1/V2
1 0
Then PTAP = = D and if we make
0 3

the change of variable x = Py or y = =

T 1/vV2 —1/V2 91—y2>/\/_
- 1/vV2 1/v2 (y1 +42) /V2

we have

¢=1yi+3y> (=y'Dy)



showing that ¢ and A are positive definite.

It may be verified directly that

q =223 — 23179 + 203

=20y — 1) 2= 2(1 — 12) /V2 (g1 +12) /V2+ 2 (11 +12)” /2
q=1yi+3y;

Or

q= (21 +22) /243 (w2 — 21)% /2
Note that ”completing the square” does not necessarily give the same factorization. In this case we

might have:
q =223 — 23129 + 203
=2 ([E% — T2 + x%)
=2[(z1 — T2/2)° + a2 — x3/4]

q=2(x; —x2/2)2 —|—3x§/2

Example

For any constant ¢ > 0 the points (z1, x2) satisfying

223 — 2m1w9 + 203 = ¢

Form a conic in the plane.

With the change of variable given in the previous example, we see that the equation becomes
yi+3y; =c

Which we recognize as the equation of an ellipse. The transformation

=Py

where

1/vV2 —1/V2
1/vV2 1/V2

represents a rotation of the axes through 45° (section 2.1 )

Equivalent definitions of positive definiteness of a matrix A are:



A) All leading principle minors are positive; that is, let

11

Al = CL11,A2 =

21

..y A, = det(A) be the leading principle minors, then A is positive definite iff A;, Ao, ..

positive.

a2

A22

Az =

ai

21

a31

12

22

a32

ais

23

a33

., A, are all

B) A is positive definite iff when A has been reduced to echelon form (only by replacement row

reduction), all the pivots (diagonal elements) are positive.

We shall not prove that these definitions are equivalent but only note that they can be

useful tests in practice.





