MA2001 Problem Set 4 Vector Differential Calculus

1. If r(t)=rcos(at)i+rsin(at)] is the position vector of a point at time t, v(t) is the velocity vector of
F(t) and a(t) is the acceleration vector of F(t), show that
(b) rxV=constant vector,
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2. (a) Compute the divergence and curl of the vector functions:
(i) V=e*cosyi +xy?j+yz°k
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(i) V=yzi +32x +zk
(b) (i) Find div(grad f), for f(x,y,z)=1-x* —4y? + 22

(i) Find VxV(V-V), for V(x,y,z)=e'T +e’ +e’k
(c) \Verify the formula div(fv)= f divi +V-grad f for f =e™ and V= xi +yj + zk .
(d) Prove that for any vector fields v and W on R®,

(i) curl(V+w)=curlV+curlw

(i) div(curlv)=0

3. ltisgiventhat r=xi+yj+zkand p=ai+bj+ck isa constant vector and u= (Bf)? .

() EvaluateG:(B-F)F.
(b) Show that
() V-u=4p-r, (i) Vxu=pxr, (iii) vX(BxF)zzﬁ.

4. Let F(x,y,z)=(x+2y+az)i +(bx—3y—2z)j+(4x+cy+2z)k be a vector field on R® where a, b and ¢
are real constants.

(a) Find the values of a, b and ¢ such that F is irrotational.
(b) With the values of a, b and ¢ obtained in (a), determine a potential function ¢ on R® for which

Vgozlf.

5. Let G(x,y,z)=3yzi +x*] +xcosyk be avector field on R,
(a) Show that G is solenoidal.
(b) Find a vector field F(x,y,z)= f,(x,y,z)i + f,(x,y,2)] on R®such that VxF =G.
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6. (a) Avectorfield F issaid to be solenoidal if V-F =0. Let F =(y+z)i+(x+2z)j+(x+y)k.

Show that F is solenoidal.
(b) As aconsequence of F being solenoidal, there exists a vector field H such that F =V xH .
Find a vector field H=h(x,y,z)i+h,(x,y,z)j+h(xy,z)k with h,(x,y,z)=0 such that

F=VxH.

(c) Observe thatif ¢ isascalar field and H,F are vector fields such that F =V x H , then we have
Vx(H+Vp)=VxH+VxVp=VxH=F-(l).
Using (b) and observation (1), find a vector field G = g, (X, y,z)i+9, (X, y,z) j+0;(x,y,z)k such
that F =VxG and g, (x,y,z)=2y.
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