MA3160: Probability and Stochastic Processes
Homework assignment #1 — solutions

1. (i) Consider two events A and B, with P(A) = 0.3, P(B) = 1. Compute P(ANB), P(A°NB),
and P(AN B€) (where we denote by A° = Q\ A the complement of an event A).
First, it follows from A N B¢ C B¢ that

0 <P(ANB®) <P(B°) =1—-P(B) = 0.

We thus have P(AN B€) = 0.
Second, we can write A as the disjoint union A = (AN B) U (AN B€), which implies

P(A) =P(ANB) +P(AN B°).

We deduce
P(ANB)=P(A) —P(AN B°) =P(A) =0.3.

Finally, for similar reasons we have

P(A°N B) = P(A%) = 1 — P(A) = 0.7.

(ii) We now consider three independent events A, B, and C. Using the definition of inde-
pendence, show that the two events A¢ and B°U C° are independent.

In order to prove the independence of these two events, we need to check the relation
P(A°N (B°UC*)) =P(A°) -P(B°UC°),

and we have the following four relations at our disposal, coming from the independence
of the three events A, B, and C:

1. P(AN B) = P(A)P(B),
2. P(BNC) = P(B)P(C),
3. P(ANC) = P(A)P(C),

4. P(ANBNC) =P(A)P(B)PC).

We can for example proceed as follows. First,
P(A°) =P(A°N(B°UCY)) +P(A°N(B°UC))
(since we have a disjoint union), so

P(A°N (B U C°))

P(A) — P(A° N (B U C9)°)
= P(A%) —P(A°NBNC).

Then (for similar reasons),

P(A°NBNC)+P(ANBNC)=P(BNC)



SO

P(A°NBNC)=PBNC)—-P(ANBNC)
=P(B)P(C) — P(A)P(B)P(C)
= (1 = P(A))P(B)P(C)

= P(A9)P(B)P(C)

(where we used relations 2. and 4. to go from the first line to the second one). Finally,
we write

P(A° N (B°U C°)) = P(A°) — P(A°N BN C)
A%) = P(A°)P(B)P(C)

(A%) =
(A%) =
(A9)(1 = P(B)P(C))
(A9)
)=

P
P
P

A®YP(BC U C°)

(since P(B)P(C)=P(BNC)=1-P(BNC)° —P(B°UCY)).

2. We consider the electrical circuit set up as in the figure below, with 6 elements. We denote by
E; the event that the it" element does not work (1 <i<6), and we assume that the events
(Ei)1<i<e are independent. We also know that P(E;) = & fori=1,2,3, P(E;) = § fori=4,5,
and P(Fg) = i. Compute the probability of the event E that the circuit does not work.
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We have
P(F) = P((Fl U Fg) N (Fg U (F4 N F5) U Fﬁ) = P(Fl U FQ)P(F;; U (F4 N F5) U Fﬁ)

(using independence of the events for the second equality). We then compute separately the
two factors in this product. On the one hand,

P(Fy U Fy) =P(F)) + P(F,) —P(Fy N Fy) =

Wl

1
3
On the other hand,
]P)(Fg @] (F4 N F5) U Fﬁ) = P(Fg) + ]P)(F4 N F5) + P(Fg) — P(Fg NFyN F5) — IP)(F;; N Fﬁ)
- P(F4 N F5N FG) +]P>(F3 NFyNE5N FG)
1 1 1 1 1 1 1 )
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Note that we could also compute the probability of the complement, which involves simpler

calculations:

P(Fg U (F4 N F5) U F6) =1- ]P)((Fg U (F4 N F5) U Fﬁ)c)
=1 —]P(Fg N (F4 ﬂFg,)c ﬂFg)
=1 = P(F)P((Fy N F5))P(Fg),
and we have P(F§) = 1 —P(F3) = 2, P(F§) = 1 —P(Fg) = 3, and P((Fy N F5)¢) = 1 = P(Fy N
F5)=1—3-1 =3 50 we find again
3 5
P(FgU(F4ﬂF5)UF6):1— 77777 :1_§:§

Finally, we obtain
25

5 5
P(F) :P(Fl UFQ)]P)(Fg U (F4ﬂF5) UFG) = § . g = i

. We can perform a test to determine if a given electronic component has a defect, which oc-
curs with a probability 0.001. If the component is defective, the test detects it correctly with
probability 0.99, while if the component is not defective, the test wrongly detects a defect with
probability 0.01.

Let us denote by D the event that the component is defective, so that P(D) = 0.001. We also
denote by T the event that the test is positive, i.e. it says that the component has a defect.
We know that P(T'|D) = 0.99, and P(7'|D) = 0.01.

(1) If the test says that a component is defective, find the probability that this component
indeed has a defect.
We want to determine P(D|T'), which can be done by using Bayes’ formula:

P(T|D)P(D)
(T|D)P(D) + P(T|De)P(De)
(0.99) - (0.001)
(0.99) - (0.001) + (0.01) - (0.999)
~(0.09...

P(DIT) =

(i) If the test says that a component is not defective, find the probability that this component
indeed has no defect.
We use again Bayes’ formula:
P(T°|D)P(D")
P(T¢|D¢)P(D¢) + P(T¢|D)P(D)
(0.99) - (0.999)
(0.99) - (0.999) + (0.01) - (0.001)
~0.99...

P(DY|T°) =




4. Consider n independent random variables X1, ..., X,, each having density function fx,(z) =
3¢ g ooy (x) (1 <i<m). Let S, =37, X;.

(i) Compute E[S,] and Var(Sy).

For E[S,,], we use the linearity property of expectation:

n

E[S,] = ZE[XZ-] = nE[Xi] = 2.

For Var(S,,), we use the property that “the variance of the sum is the sum of the vari-
ances”, since the random variables (X;)1<;<y are assumed to be independent:

Var(Sy,) = ZVar(Xi) =nVar(X;) = %
=1

Here, we used the formulas seen in class for the expectation and the variance of a random
variable with exponential distribution (here, with parameter 3). Let us recall quickly how
to obtain them.

— We can compute E[X;] as follows, using the definition of the expectation for a con-
tinuous random variable, and then an integration by parts:

+oo
E[X;] = / zfx,(z)dz

+oo
= / 5636731]]_[07+00) (x)dz

. +oo +oo
= (—xe*“) + e 3 dy
0 0
1o |7
S 3z
0

— A similar computation (but now, with two integrations by parts) yields E[X?] = 2,
so Var(X;) = E[X?] - (E[X;])? =2 - (})* = &.

(ii) Let Y = min(Xy,..., X,): compute the cumulative distribution function of Y, and then
its density. What is the distribution of Y ¢

First, Fy(a) =0 and fy(a) =0 for all @ < 0. For a > 0, we have

Fy(a) =P <a)
=1-PY >a)
=1—P(min(Xy,...,X,) > a).



We then notice that min(Xy,...,X,) > a if and only if for all i = 1,...,n, X; > a.
Hence,

P(min(Xy,...,X,) >a) = P(Q{Xi > a}>

= ﬁP(Xz > CL)
=1

73a)n ef?ma'

= (6
We thus have Fy(a) = 1 — e~3"? and we can recover the density by differentiating:

na

fY(a) = 7Fy(a> = 7a(1 _ €—3na) _ 3716_3

Hence, fy(a) = 3ne_3”a11[07+00) (a), which is the density of the exponential distribution
with parameter 3n.

(iii) Determine the cumulative distribution function of Z = X1 + Xa, and then its density.

Since Z is the sum of two independent r.v. with exponential distribution of parameter 3,
its distribution is the v,—2 y—3 distribution seen in class. We can compute its cumulative
distribution function “by hand” P(Z < a) = 0 for a < 0, and for a > 0,

Fz(a) = P(Z < a) = P(Xl + X5 < CL)
—+00 —+o00
= / / fox1,x2) (1, 12) Loy 1y <adw1dms.

The joint density function fx, x,)(z1,22) is the product of the densities of X; and Xo,
since these two random variables are independent:

foxix) (@1, m2) = fx, (#1) - Fxo(w2) = (37 L jooy(21)) - (367> Lo 400 (72))-

We deduce

—+00 —+00
Fyz(a) =/ d$13€3“11[o,+oo)(561)</ dx?ge3x2]]-[0,+oo)(x2)11’1+332§a>

—00 —0o0

a a—I1
:/ dx13e 301 </ d$23€3m2>
0 0

:/ dx13e*311(1 — 673(‘““‘”1))
0

a a
—/ dx3e 3% —/ dri3e 3¢
0 0

3a 3a

=1—e"%—3ae”

We can then recover the density fz by differentiating: fz(a) = 0 for a < 0, and for

a > 0,
d d —3a —3a —3a
fz(a) = %Fz(a) = %(1 — e 7" = 3ae™"%) = 9ae "

5



Note that this is indeed the density (seen in class) of a r.v. with the v, -2 y—3 distribution:

—Aa ()\a)n—l

J2(@) = A0

Lo, 400)(@) withn =2 and A = 3.

5. Let X be a continuous random variable, with density fx(x). We denote by Fx its cumulative
distribution function.

(i)

(i)

(iii)

Let Y1 = 3X + 2. Eapress the cumulative distribution function of Y1 in terms of Fx.
What is the density of Y1, in terms of fx (hint: the density of a r.v. can be recovered as
the derivative of its cumulative distribution function)?

For the cumulative distribution function Fy, of Y7, we have: for all y € R,

Fy,(y) =PY1 <y)=PBX +2<y)
|

As we explained in class, the density fy, of Y7 can then be recovered as the derivative of
Fy, (y) with respect to y:

i) = P = B (3 - 3) = g (5 - 3).

Let Yo =1 — X. Find its cumulative distribution function and its density, in terms of
F X and f_)(.
This is very similar to the previous question:

Fy(y) =P(Y2 <y) =P(1 - X <y)
=P(X>1-y)=1-P(X <1-y)=1-Fx(l-y)
(we used the fact that X is continuous: where?). Hence,

d

m@zw&@ziudwrm%ﬁm—w

Let Y3 = X?2. Find its cumulative distribution function and its density, in terms of Fx
and fx.

We have Fy,(y) =0 and fy,(y) =0 for y < 0. For y > 0,
Fyy(y) =P(Y3 <y) = P(X* <) =P(—/y < X < \/y)
=PX < vy) - P(X < =) = Fx(Vy) = Fx (=)
(where did we use the fact that the random variable is continuous?). Hence,

m@zém@zimm@—&e@» (Fx(v3) + (i)

1
2\/§



(iv)

Assume now that X has standard normal distribution N'(0,1): what is the density of
X??

We use the result from the previous question with fx(y) = \/%6_92/ 2 (the density of an
N (0, 1)-distributed r.v.): fx2(y) =0 for y <0, and for y > 0,

_ 11 L ey L

fx2(y) = N m(fX(\/ﬂ) + fx(=v)) = NTRENG on

(note that this is a classical distribution: it is known as the 1 1 distribution).
272

6. Let X and Y be two jointly continuous random variables, with joint density function

faxy) (@, y) = el g (@)L, (v)

for some constant ¢ > 0.

(i)

Determine the value of ¢, and then the marginal density functions fx(x) and fy(y) of,
respectively, X and 'Y (hint: fx(x) can be obtained by keeping x fized, and integrating
over all values of y, and similarly for fy(y)).

First, the joint density f(x y) should satisfy the normalizing condition

+oo +oo 2 1
1= / Ty (z,y)drdy = / (/ cdy> dx = 2c¢,
—oo J—oo 0 0

1

so we must have ¢ = 5

We then obtain the marginal density functions, as explained in the hint:

+oo
@) = [ fxv iy = 310 ()

—0o0

and similarly, fy(y) = Lip,1) (y)-

Compute P(X > Y).
We have

+o0 +oo
P(X >Y) :/ / fxy(z,y)la>ydrdy



(i) Let Z=X+Y, and a € [0,1]. Compute P(Z < a).
We have
400
P(Z <a)=
—00

+o0
/ fX,Y(xay)]lirygadxdy
—co
a—y

=2, ()

(this can be seen on a picture, since (X,Y") is uniform on the rectangle [0,2] x [0, 1]).

7. In a factory, the failure times of machines can be modeled by a Poisson process (N¢)i>o0 with
some rate A > 0. On average, there are three failures per unit of time.

(i) Find the value of A.

We know that the expected number of failures per unit of time is E[Nyy; — Ny = A
(Niy1 — Ny having Poisson distribution with parameter \). Hence, A\ = 3.

(ii) Ewaluate the following probabilities:
(a) the probability that the first failure occurs after time 2,

This is
P(Ny =0)=e 2 =¢ 6
(using A = 3).
(b) the probability that the third failure occurs before time 4,
This is
P(Ny > 3)=1—-P(Ny <2),
where
_el2 26712 + 1—2Qe’H — 8512,
1 2
Hence,

P(Ny > 3) =1 — 85¢ 2.

(c) the probability that two failures occur in [2,6], no failure in [4,10], and at least one
failure in [8,16].
This is
P(Ny — Ny =2, Nig — Ny =0, Nig — Nig > 1)
=P(Ny — Ny =2)-P(Nyg— Ny =0)-P(N1g — Nig > 1)

62
_ <2€—6> . 6_18 . (1 o 6_18),



(iii)

(iv)

using the fact that the increments are independent, and then that they are Poisson
distributed.

Fort >0, compute Cov(Nt, Nit4).
We make appear independent increments: since Nyjq = (Nppq — Ny) + Ny,

COV(Nt, Nt+4) = COV(Nt, Nt+4 — Nt) + COV(Nt, Nt) = Var(Nt)

(Cov(Nt, Nyyq — Ni) = 0, since these two random variables are independent). Since N;
has Poisson distribution with parameter 3t,

COV(Nt, Nt+4) = 3t.

Let n > 1: what is the expectation E[S,] of the n' failure time S, ?

We can write
n

Sn=> (Si—Si-1),

i=1
and we know that each interarrival time S; —S;_1, 1 < i < n, has exponential distribution
with parameter A = 3.

We have
E[Sn] =

W =

i

(since each S; — S;_1 has expectation

S Sz 1 ] S Si_l]:n~
l
3
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