MA1201 Basic Calculus and Linear Algebra I

Lecture Note 6

Matrix, Determinant and System of Linear Equations
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Basic Definition of Matrices

A m X n matrix, denoted by A, is a rectangular array of mn numbers arranged in

the form
n columns W
a1 Q4qp Ain
Az1  Qzz .- Q2n
A= : : . : > M rows
aml amz amn
Example 1

(i g) isa 2 X 2 matrix. We also call this matrix as square matrix.

(3 1 2)isa 1x 3 matrix. This matrix is also called a row vector.

2
(3) isa 3 X 1 matrix. This matrix is also called a column vector.
0
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Algebra on Matrix

1. Comparison of two matrices
Definition (Equality of matrices)

We say two matrices A and B are equal (i.e. A = B) ifand only if BOTH
the size of two matrices and ALL entries of two matrices are the same.

Example 2

O R A R ) A Pl B e B e

Remarks

Different from real number, we cannot say whether one matrix is bigger / smaller
than another matrix. We cannot say

A>B or A <B-
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2. Addition, subtraction and multiplication matrices

Definition (Addition and subtraction of matrices)

Let A and B two m X n matrices (must be the same size), the addition
(A + B) and subtraction (A — B) two matrices are defined as

a1 0 Qin by - bin i1 £byy 0 Ay £ by
A+B=[ : . N . P = : .. :
Am1 " Omn B 900 B Am1 T b1 Qn £ b
Example 3
2 1 0 1\ (240 1+1 (2 2
(—1 3) t (2 —3) B (—1 +2 3+ (—3)) B (1 o)'

(_21 é)‘(_11 (2)):(—12—_&1) ;3):((1) _31)
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Definition (Multiplication of matrices)

Let A be m X p matrixand B be p X n matrix, then the product of two

matrices, denoted by AB, is defined as

alp) byy - bin
ampJ bpl bpn

-

mXp matrix pXn matrix

p
/Z 15 by1
k=1
,
\z A by
k=1

p

2.

k=1

p

2.

k=1

A1 byn \

Amk bkn/

—

mxXn matrix

More generally, the (i,/)™ entry of AB is given by

p

[AB];; = z Qg by -

k=1
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How to memorize the formula?

According to the formula, the (i,j)™ entry of AB is formed by adding the product

of the some entries in i row of A and j™ column of B.
aj1 Q12 0 Qqp
byy - by - by
. b “~ b “~ b
AB=| Qi1 Gz - Qg 21 2J 2n
' ’ ' ’ b oo b . b
\aml Am2 ° Omp/ - pl b pn’s_

-

- ith column of B
ith row of 4 J7 columno

p
[AB]U = Eaikbkj = ailblj + aizsz +Cli3b3j + -+ aipbpj
N e’ N —— N ——
k=1 1st term 2nd term pth term
of each part  of each part of each part
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Remark about multiplication rule

e When doing multiplication of two matrices, the number of columns of matrix A
MUST BE THE SAME as the number of rows of matrix B. You cannot find the
product of the following matrices:

0 1 2

1 2) (—1 3> and (—1) G 2 o)

1x2 \N2 0/ 0/~ ~

. -7 2%3
3X2 3x1

e Different from real numbers, the order of multiplication of matrices cannot be

reversed in general (i.e. AB # BA). As an example, we take A = ((1) _11)'

B = (1 O), we have

-6 9-G

sa=( (4 )=G Deas
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Example 4

Compute the product (_21 é) (; g)

©Solution:

Let C = ( 2 1) (1 0) be the product, the entries of C are formed as follows:

-1 3/\2 7

(1,D™ entry: C

2><1+1><2—5 77)
27

(2,D)™ entry: C

(2,2)™ entry: C =

(
;2
(1x1+3xz_5 )
(22

77 —1><O+3><7—21)

e, (3 )0 9-C 1)

(

2
-1

N O NN O N O
N—— N——r N—

N O
—
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Example 5

0 1
Compute the product (_12 (1) _21) (2 3 )

©Solution:

-

0 1
According to the definition, the product D = (_12 (1) _21) (2 3 ) isa 2 X 2
-\1 -1

2x3 matrix - v —
3X2 matrix

matrix. The entries of the product D can be computed as follows

(59D 3)

1 -1

0 1
oo (77 1X140x3+(—1)x (~1) 1 0 -1
(1,2) entry.D—(?? ’o ) (_2 X Z)i 31

(1,1)™ entry: D = (1 X0+0x2+(—1)x1 ??)

27 27
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77 27
th . _ P ]
(2,1)™ entry: D = ((—2)><0+1><2+2><1 ??)

77 ?7?

th . —
(2,2)™ entry: D = (?? ()X 1+1x3+2x(~1)

Therefore, the product is given by

)
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Example 6

0 -2
Compute the product (1 2 32(1 0 )
M0 -1/

3X2 matrix

1x3 matrix

©Solution:

According to the definition, the productisa 1 X 2 matrix. The entries of the product
can be computed as

0 -2
(LD entry: D=(1x04+2%x1+3%x0 ?7?) (1 2 3)(1 O)
0 -1

0 -2
(1,2)™ entry: D= (27 1x(=2)+2x0+3x(—1)) (1 2 3) (1 0 )

0 -1
Therefore the product is given by

0 -2
a 2 3)(1 0>=(2 -5).

M - -
1x3 matrix \Q) —1 1x2 matrix
~—————
3X2 matrix
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Example 7

a 0
0 b
any positive integer.

let A = ( ), find the value of A% and A3. Guess the value of A™, where n is

©Solution

7= DG ) =6Xais%0 oxotnxn) = (5 1)

ObOb_ ObZ

AT =A% = (C:)z bOZ) (o 2) B (gzxxaa++b2 9 8 gzxx00++b(2) $ Z) - (%3 b03)'

Following this pattern, we guess that

AN = (aon bon).
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Definition (Scalar Multiplication)

Let A bea m X n matrices and c is a scalar (or real number), then the
scalar multiplication, denoted by cA, is defined as

a1 - Qip cayqp 0 CAqn
cA =—c : : = : : i
Am1 *° Amn Cami * CAmn

2(_13 —11):(_26 —22)
O(_11 i):(g 8)

(*Note: The last matrix obtained is called “zero matrix”).

Example 8
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Definition (transpose of matrix)

The transpose of a m X n matrix A, denoted by
matrix defined as follows:

T
a1 A4gp Ai1n a1
AT = dz1 Q22 A2n | Q12
aml amz amn aln

AT or A, isanxm

azq Am1
Ao Am?2
aZn amn

In order words, the i™ row (column) of matrix A
column (row) of AT.

Example 9
1 23" _(1 3 o _1
GG (2 1
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will becomes the ith

T 0 1 -1
) = <—1 0 1
1 -1 0



Some Special Matrices

In this section, we introduce some special types of matrices which are of theoretical

interest.

1. Zero Matrix (denoted by 0)
A m X n matrix azero matrix if all entries of the matrix are 0,

0 0 -- 0
o={7 o o]
0 -« - 0

Properties of zero matrix
(1) A+ 0= A (provided that the operation is feasible)
(2) OB = B0 =0 (provided that the operation is feasible)

Therefore, zero matrix plays a role of “zero” in the matrix world.
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2. Identity Matrix (denoted by I,,, must be a square matrix)
We say a n X n square matrix is an identity matrix (denoted by I,,) if all
diagonal entriesare 1 (a; = 1) and all off-diagonal entriesare 0 (a;; =0, i #

J).
=G %) 1=0 1 0)

0 0 1

Properties of identity matrix

Forany m X n matrix A4, we have
Al, = A, [,A = A.
Therefore, an identity matrix plays a role of "1" in the matrix world.
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3. Upper Triangular, Lower Triangular and diagonal matrix
v’ A square matrix is said to be an upper triangular matrix if all lower off-
diagonal entries are 0.

27—3 Diagonal Entries
Lower Off- 1=—2 8
. . 0 3 1
Diagonal Entries
0 2

v’ A square matrix is said to be a lower triangular matrix if all upper-off-

1 0502 Upper Off-
< 2 3 O%’ Diagonal Entries
-1 1 2

v’ A square matrix is said to be a diagonal matrix if all off-diagonal entries are

diagonal entries are O.

0 (In other words, the diagonal matrix is both upper triangular and lower

1 0 O
0 3 0
0 0 2

triangular).
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Remark about diagonal matrix

If the given matrix A is diagaonal, there is a simple formula regarding the power of
this matrix.

For any positive integer n and a m X m diagonal matrix A, we have

a; 0 - 0\ /(@)™ 0 - 0
0 a, ces 0 _ 0 (az)n 0
O 0 am O 0 Ve (am)n

For example:

2 0 0o\* 24 0 0
(0 —1 0) =<0 (—1)* 0)
0 0 3 0 0 34

e One has to be careful that the above formula can be applied to diagonal matrix
ONLY!
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4. Symmetric matrix and skew-symmetric matrix
v We say a square matrix A is symmetric if and only if AT = A. For example:
1 0 —-1\" 1 0 -1
0O 2 3 =1 0 2 3
-1 3 1 -1 3 1

v'We say a square matrix B is anti-symmetric if and only if AT = —A. For
example:

0 2 —-1\T 0 -2 1 0 2 -1
(—2 0 —3) =<2 0 3>=—<—2 0 —3).
1 3 0 -1 =3 0 1 3 0
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Example 10

Let A = (; )26) Suppose A is symmetric, find the values of x. Is A skew

symmetric?
©Solution
Note that A is symmetric, thus AT = A

= 2)=6 3)

- - -

AT A

)th

By comparing the entries (1,2)"*, we have x = 3.

On the other hand, A is not skew-symmetric because

w=( Pe-( D=a
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Inverse of a matrix — Motivation and Definition

e In real number world, we can solve the equation ax = b for x by multiplying

both sides of equations by % (which is also called multiplicative inverse of a):

1 1 b
ax=b:~(—)ax=(—)b=>x=—.
a a a

=1
e Let’s consider the following system of linear equations:
2x — 2y +z =13
¥x+y—z=1.
dx+y+z=0
Using the matrix multiplication, one can rewrite the above system in the
following “matrix form”:

2x —2y+z=3 2 =2 1 X 3
{x+y—z=1 =<1 1 —1><y>=<1>:Ax=b
4dx+y+z=0 4 1 1 Z 0
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2 -2 1 X 3
Where A = (1 1 —1), X = <y> and b = (1)
4 1 1 VA 0

Intuitively, one may follow the method as in the single equation case and solve
for x by multiplying the whole equation by the matrix A~ !:
A lAx) =Ap=> (A 1A)x=4""b=>x=4"1p

N———
Iy

-()-( 7 2) ()

=A"'B=>x=A4"1B.
Such the matrix A™! is called (multiplicative) inverse of the matrix A. In the
coming section, we shall study the inverse of a square matrix in more detail.
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Definition (Inverse of a square matrix)

Let A be n X n square matrix, the inverse matrixof A isa n X n matrix B
such that

BA=AB =1,

where [, isa n X n identity matrix. If such matrix B exists, we denote this
matrix B by 471

Remark:

e One has to be careful that the inverse of matrix is defined on square matrix only.

The inverse of a rectangular matrix (say 5 X 6 matrix) is not defined.

e The inverse of some matrices may not exist (see example below). These matrices
are called singular matrices (or non-invertible matrix).

e On the other hand, we say the matrix is non-singular (or invertible) if its inverse
exists.
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Example 11

let A = (_23 _11) and B = (_31 _21) be two matrices.

(a) Find AB and BA.
(b) Is A non-singular (invertible)? Explain your answer.

©Solution

(a) By direction calculation, we find that

AB=( 2X(-1)+1x%x3 2X(-1)+1x%x2 )=(1 o).

(-3)x(—D+(-1)x3 (-3)x(1D+(-1)x2 0 1

_(CEDX2+ (DX (=3) CDx1I+EDX(EDY_1 0
BA_( 3X2+2x%x(-3) 3x1+2x(-1) )_(0 1)'

(b) Since AB = BA =1,, hence B istheinverseof A (i.,e. B = A™!) and the
matrix A isinvertible.
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Example 12

Show that there is no inverse for zero matrix 0 = (8 8)

©Solution:

For any square matrix M = (CCL Z), we have

=5 )¢ @=(Xaioxe oxnroxa =l 0=k

Since there is no matrix M such that OM = I,, hence the inverse of 0 = (8 8)

does not exist. In other word, 0 = (8 8) is singular (or not invertible)
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Example 13 (Harder Example)

Let A be asquare matrix such that 43 — A + I, = 0, show that A is invertible and
find A7 L.

©Solution:

IDEA: To show the matrix is invertible, one can rewrite the equation into the form
A(??7) = (??)A =1I,. Then (??) will be the desired inverse.

Note that
A3—A+L,=0>A43—-A=—1,
>A-A3=1,

> A, —A?) =, —A*)A =1,

7? 7?

Therefore A isinvertibleand A™1 =1, — A%,
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The following shows some important properties of inverse:

Properties of inverse matrix
Let A, B be two n X n non-singular (invertible) square matrix, then

1. (A H1=4
2. (cA)™t = %A‘l where ¢ is any scalar.
3. (AB) 1 =B7147! (NOT A~ 1B~ 1))
Reason:
Since (AB)(AB) 1 = (AB)(B™1A™ ) = A[LA"' = AA"t =1,
4. (AT)™1 = (AT (i.e. you can reverse the order of invese and
transpose.)
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Questions:

e |s there any efficient way to check whether a given square matrix A is non-
singular (invertible) or not? (i.e. Does its inverse exist?)

e |s there any efficient way to find the inverse of an invertible matrix (instead of
trial by error)?

To answer those questions, we need a notation called determinant of matrix.

Given n X n square matrix A, then

(1) If detA = 0, then the matrix A is singular (not invertible)
(2) If detA # 0, then the matrix A is non-singular (invertible) and its
inverse is given by

A—l

= i A.
det A adj
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Determinant of a square matrix
We start to define the determinant of a 2 X 2 square matrix

Definition (Determinant of 2 X 2 matrix)

aij; Qg

(yy azz), denoted by

The determinant of a 2 X 2 square matrix A = (

detA or |A|, is defined as follows:

detA = |A| = a;1a;5; — a12051.

Example 14
det (i _34) = 2(—4) — (3)(1) = —11, det(% g) — 1(3) — 2(0) = 0.
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Determinant for an n X n matrix (n = 3)

We need to define two guantities:

Let A be an n X n square matrix, we define

ij denoted by M;;, is the determinant of a

(n—1) X (n — 1) submatrix of A obtained by deleting i** row and j™

e The minor of the element a

1 2 3
column of A. As an example, we let A = (4 5 6). Then
7 8 9

1 2 3 5 6
My =det(4 5 6]=det(> )=5(9)—6(8)=-3
7 8 9 8 9

1 2 3 -
My, =det[4 5 6 =det( )=1(8)—2(7)=—6.
7 8 9 78

» The cofactor of the element a;;, denoted by A4;;, is defined as

Aij — (—1)l+]MU
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The determinant of an n X n matrix (n = 3) can be defined as follows:
Definition (Determinant of an n X n matrix)

Let A be an n X n square matrix (where n = 3), the determinant of A is
defined as

det4 = a11A11 + alelz + a13A13 + .-+ alnAln.

(We say that the determinant of A is expanded along 15t row)

Remark:

In general, one can compute the determinant of A by expanding along any row or

any column, i.e.

detA = a;{Aj; + apAp + -+ ay Ay, (along it row)
or

detA = a ;A1 + azjAz; + -+ an;Ay; (along jth column).
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Example 15

1 0 2
Compute the determinant of 4 = (1 1 2).
3 -1 1

©Solution

We can compute the determinant by expanding along the 15t row:

detA —_ a11A11 + a12A12 + a13A13

-1 1
Ap1=(-1)1*+1My4
1 1
_ 4\143
x!( 1) det(3 _1)1
A13=(—£)1+3M13

N

Lx[Drdee( L D))+ 0 x[-nr2 det@ i)]+ 2
~ > -~ Qi3

aiq aiz

A12=(—1Y)1+2M12

=1x(1(1)=-2(-1))+0+2x[1(-1) — (D(3)] = -5.
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Example 16

Compute the determinant

1 3 =2
det (O 0 3 )
2 —2 4

(a) By expanding along the 1* row.
(b) By expanding along the 2™ row.
©Solution:
(a) By expanding the determinant along the first row, we have

1 3 =2
det(O 0 3>=@A11+a12A12+a13A13

2 =2 4 1 3 5
=1 [(—1)1+1det(_O 3)] + 3 [(—1)1+2 det(O 3)]
e A11=(—i)1+1M211 = faz - A12=(—1')1+21%I124 i
+22[nder () O))]=16) +3(6) + (200 = 24,

ais v
Aq3=(—1)1+3M 3
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(b) By expanding the determinant along the second row, we have

1 3 -2
det (0 0 3 ) = Q1 Ay + Ay Az + ay3 A3

2 —2 4 Y Ny 3
=3 [(—1)2+3det( _32)] 3(8) = 24

-

aq3 = v
Az=(—1)1*3M 5

Remark

In this example, we observe that the computation is relatively easier if one expands
the determinant along the second row. It is simply because there are quite a number
of "0" in the second row so that one does not need to compute so many confactors

Ajj.

Therefore, one should expand the determinant along the row (or column) with
largest number of "0" in it so that the computation cost is minimized.
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Example 17

0O 2 3
Compute the determinantof B=(0 1 2.
0 -1 2

©Solution

Although one can obtain the answer by expanding along the 15 row, it may be
easier if one choose to expand along the 15 column.

We expand the determinant along the first column, we get
detB — b11A11 + b21A21 + b31A31
— 0XA11+0XA21+OXA31

= 0.
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Example 18

1 0 2 3

: 1 0 2 1 0

Compute the determinant of A = 5 1 0 1
-1 1 1 0

©Solution

We expand the determinant along the 2™ row:
0 2 1 0
det A = a1 Apq + (g3 Agy + Qo3 Apz + (34 Agy

I 1 2 3 1 0 3
=2 X [(—=1)?*? det( 2 0 1) (—1)?+3 det( 2 1 1)‘
I -1 1 0

-1 1 0
axfexcvranl Yrixcvtaa(’ )

+ 1 X

1 1

1 x [1 x (—1)1+1 clet(1 )

)+3x (=D det( 5 )] = =-2
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Application of Determinant #1 — Finding inverse of a square matrix

Theorem 1 (Existence of inverse matrix)
Given n X n square matrix A, if

(1) detA = 0, then the matrix is singular (not invertible).
(2) detA # 0, then the matrix is non-singular (invertible).

Theorem 2 (General formula of inverse of matrix)

Let A be n X n invertible square matrix, then its inverse A~! is given by

Ain Az o A\
A—l — dA — .21 .22 .Zn
detAa J detA4 : : :
Anl Anz Ann

where A;j is the cofactor of the entry a;;.
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How to memorize the inverse matrix formula?

Although the formula looks complicated, one can memorize this formula in the
following way:
The entries of A (a;;) are

replaced by its cofactor (4;;)
in A™1
ee e A

T
aqq aqiy aln 1 11 A12 Aln
A _ asq as- cee aZn A—l — A21 AZZ
=1 detd| i i

and

There are two extra terms
detA

the transpose T above the matrix
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Example 19

Show that the matrix G i) is invertible and find its inverse.

©Solution

. (1 3) ... :
Step 1: Show that the matrix (2 4) is invertible.
1 3

Note that det (2 4) =1%X4—-2%Xx3=-2+#0, so (% i) is invertible.

Step 2: To find the inverse, we first compute all cofactors, note that
A1 = (D1 (4) =4, A, = (1)M2(2) = -2,
Ay = (_1)2+1(3) = —3, Ay = (_1)2+2(1) = 1.

Thus the inverse is given by

(1 3)‘1: 1 (A11 A12>T:i(4 —Z)T:(—Z 3/2)
2 4 detA\4;1 A4y —2\-3 1 1 —-1/2)
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Example 20

1 -1 2
Let A = (1 1 0 ) be a 3 X 3 matrix. Find the inverse of A if it exists.
o 1 -1

©Solution:

We first check whether the inverse exists by computing the determinant of A:

By expanding the determinant along the first row, we have

_ 1 0y _ 1 0 1 1
detA—1><(\iet(1 _1) ( 1)><fiet(0 _1)J+2><£iet(0 1)4
=1x(—1)—(1x0) =1x(-1)—(0%0) 1x1—(0%1)

=1x(-=1)-(C-D(1)+2(1)=0.

Since detA = 0, we can conclude that A is not invertible (or A is singular) and its

inverse A~1 does not exist.
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Example 21

3 2 6
Let A = (1 1 2). Show that the matrix is invertible and find A~ 1.
2 2 5

©Solution:

Step 1: Show that the matrix is invertible.

Note that det A = 3 det (% é) — 2 det G é) + 6 det (% %) = 1 # 0. Hence the

matrix A isinvertible.

Step 2: Find the inverse A~ 1.

Note that the cofactors are given by

1 2

, 5) =1, 4, = (—1)1+2 det(1 2) -1

—_ 1+1
Ayy = (=1)"* det ( S
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A13 — (_1)1+3 det (% ;) =0, A21 = (_1)2+1 det(

AZZ = (_1)2+2 det (3 g) = 3, AZS — (_1)2+3 det(

Az = (D% det(? O)=-2, A3 = (~1)*2det(

1 2

Asg = (—1)3+3 det(i i) = 1.

Hence, the inverse is given by

1 <A11 Ay, Agz r
A7l = Ayy Azpy Ay | =
det A
4 \Ad3; Agy Ass

3 2
2 2

I
I
I
NNI—\
I

OUJH

|
I—\NO
N——

ﬂ
Il
|
p—

2 6
2 5

)=2

)=-2

1 2)=0
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Example 22

Using the inverse of matrix to solve the following system of linear equations

x+ y+2z=3.

{3x+2y+6z=1
2x+2y+5z=1

©Solution

One can rewrite the above system into the matrix form:

3x+2y+6z=1 3 2 6\ /x 1
{x+ y+Zz:3=><1 1 2)(3;):(3)_
2x+2y+5z=1 2 2 5/ \z 1

A

1 2 =2
For Example 19, we know that A isinvertibleand A~ = (—1 3 0 ) Thus,

O-GiRe-
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Remark of Example 22

e This method only works for the system which the number of equations equals
the number of unknowns so that the coefficient matrix A is a square matrix (say
in this example, we have 3 equations and 3 unknowns).

e This method will fail when the number of unknowns does not match with the
number of equations. For example
X
2x —y+2z=3 2 -1 1 (3
{x+y+z= 17 £1 1 12 (i) B (1)
not squai"e matrix

or the coefficient matrix is not invertible

lximy=2 G 3) G)=0)
not invertible

To solve those equations, we shall apply a more general method (called Gaussian
Elimination) which will be discussed in next Chapter.
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Example 23

Let A = (_32 D and B = (; g)

4o (=1 0
(a) Show that A BA—(O 4).

(b) Hence, evaluate B199.
©Solution:

(a) By some calculation (Exercise!!l), one can obtain

1,1 —
A_lzﬁ(% 31)

Then using multiplication rule, we have
1 _
aea=c(y 3G DG D)

B %(_81 112) (—32 D - %(_05 200) N (_01 Z)
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(b) From (a), we observe that

A7'BA = (_01 2) = A(A71BA)A™ = A (_01 Z) A1
= B = A(_Ol Z)A‘l
Then
B100
=
= O Yaa( Yatea(d Yan
100A(_017 Z)A‘lls
0y 100

=4 (_01 4) A~

13100 1 _
= (—32 1) (( 10) 41000) [E (% 31)]
1(3+2><4100 —3+3><4100)_

T 5\=2 42 %4100 24 3 4100
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Application of Determinant #2 -- Computing vector product
The determinant is also useful in computing vector product of two vectors. Given
two vectors @ = a7+ a,] + ask and b = byl + b,] + bsk in a plane, one can
compute the vector product a X b using direct expansion:
dx b = (a7 + apf + ask) x (bl + byj + b3k)
= a;by(Tx70) + a1 b, T X J) + a;b3(T x l_c>) + a,b,(GX 1)+ a,b,(G X7)
+ aybs(7 x k) + azby (k x ) + asb, (k x J) + azbs(k x k)
= (azbs — ash,)T — (a1bs — ash,)j + (ayb, — azby)k

I ] k
_ az a4z, ap asy., ap azy»
= det (bz b3) I — det(b1 bg)] + det(b1 bz) k=det|la;, a, as

by by b3
Hence, the vector product can be computed via determinant

B I j k
a X b = det a; a, das
by by b3
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Example 24

let @=50—k and b =T+ 2] — k be two vectors, compute @ X b.

©Solution:

Using the fact in the previous fact, we obtain

. T ] k
axb=detls o —1
1 2 -1

=d t((z) j)?—det(i :Dj+d t(i (Z))E

= 27 + 4] + 10k.
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Example 25 (Computation of triple scalar product using determinant)

let @ = a,T+ ay] + ask, b = byT+ b,j + bsk and & = c,0+ ¢,] + csk be three
vectors. Show that

a, a, das
a- (E X E) = det <b1 b, b3>.

1 C (3
©Solution:
4 ‘o ok
da-(bxc¢)=d-det| b, b, b,
(1 C (3
= (it + agh) - [der(P2 )i aer(Pt B aer(®s B2)g
_ a1 v det (bz b3) . a2 X det (bl b3) + a3 X det (bl bZ)
Co C3 C1 C3 C1 Co
a, ap das
=det<b1 b, b3>-
1 C (3
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Shortcut in computing determinant: Properties of Determinant
The following properties are useful in computing the determinant:
1. If all the elements in a row (or column) are zero, then its determinant is 0.
a; ap Aas a;, 0 by
det(O 0 0) =0 and det(az 0 b2> =0
by by b3 a; 0 bs
2.The sign of determinant A is changed if one interchanges any two rows (or

columns)
by b, bs a a; as
det (al a, a3> = —det <b1 b, b3>
Ci Cyp C3 i € C3

3. (Determinant of product of matrices) For any two n X n square matrices A, B,
we have

det AB = detAdetB and detA” = detA.
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4. (Determinant of inverse) If A is invertible square matrix, we have

1
det(A‘l) = m

5. (Powerful properties) The value of determinant is unchanged if multiple of one
row (column) is added to another row (column).

aq a, as a; daz; das
det <b1 + ka, b, + ka, b;+ ka3> = det <b1 b, b3>,
C1 C2 C3 i € C3
a, a,+ka; aj a, a as
det <b1 b, + kb4 b3> = det <b1 b, b3>.

c1 Cy+kcy c3 ¢1 €2 (3
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6.For any scalar k, we have

ka,, kay, - kaq, ai1  A4q2
det a:21 a:22 a?n — I det a:21 a:22
An1 An2 ot Ann Ap1  Ap2
[ /A11 Q12 0 Qqp\ | ka1 kaq
det[k| #2t %22 7 Gan )| _ gop| KG21 Kaz
| Ap1 An2 = Qpn/ | kanl kanz

a1 Ai2 A1n

_ knder| 2t %22 O

An1 An2 *°° Qnn
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Example 26

Let A be asquare matrix with detA = 5. Find the value of (i) det(4TA4), (ii)
det(4°) and (iii) det(4™1).

©Solution:

Using the properties of determinant (3 and 4), we obtain

det(ATA) = det(A") det A = (detA) detA = 5(5) = 25.

det(4®) =det(A-A-A-A-A) = (detA)(detA)(detA)(det A)(detA) = (detA)>

— 55 = 3125,
det(4™1) = 1
© “detd 5
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Example 27

©IDEA:
12 ___3_ ---22%7"" “Generate” some "0" in a particular row/
Compute det| 4<--57 " 6-}- :
=T column so that the computation of
2¢"—=1 3 . e
determinant can be simplified.
©Solution:
R,—4R,

1 2 3\ R3—2R; 1 2 3
det<4 5 6) = det<4—4(1) 5—4(2) 6—4(3)>

2 -1 3 2-2(1) -1-2(2) 3-2(3)

1 2 3
= det (O -3 —6)
0 -5 -3

= 1x[0det (T3 TO)|+ox [(-D*det( 5 2] +o

x[—3+ider( 2, 2]

=1x(=3x(=3)—(=5)x (-6)) =9 —30 = —21.
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Example 28

1
" _ q 3 ©IDEA:
Compute the determinant det 1 *~ uGenerate” some "0" in
2 first row
©Solution:
C,+Cq
1 -1 2 1 CC3__ZCC1 1 —-1+1 2—2 1-1
3 0 1 1) .7 3 0+3 1-6 1-3
det{ 7 1 1 2] = 9y 444 1.2 2.1
2 7 1 0 2 7+ 2 1—-4 0-—-2
3 3 -5 -2 3 5 2
= det =1Xxdet|{0 -1 1
1 0 -1 1 9 _3 _9
2 9 -3 =2
_ —1 1 -5 =2\ _ _ _
=3xdet(; _)+9xdet(> T°)=15-63=-48
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Example 29

1 1 1
Factorize det(a b c)

a’ b* c*

©Solution:

1 1 1 1 1-1 1-1
detl a b ¢ |=det| a b—a c—a
a?> b2 2 a? b2 —_g? c?—_ g2

1 0 0
= det| a b—a c—a
a> b2—qg? c?—g?

= 1% [(~1)!*" det (bl; 2 ZZ)]

=det( b—a c—a )

(b—a)b+a) (c—a)(c+a)
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=(b—a)(c—a)det(aib c-|1—a)

= -a)(c-a)[(1)(c+a)—(a+b)(1)]
= (b —a)(c — a)(c — b).

Example 30
a 1 1
Factorize det|{1 a 1 |.
1 1 a
©Solution

a 1 1 1 1 a
det|1 a 1]=-—-det|{1 a 1
1 1 a a 1 1

1 1 a
=—det< 1—1 a—1 1—a>

a—a(l) 1—a(l) 1-—a(a)
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1 1 a
= —det(O a—1 —(a—l))
0 1—-a 1-—a?

1 —(a—1)
= —1x (-1)*1d t(“ )
(=1 e 1-a

1 —1
=—(a—1) det(1 —a (1-a)(1+ a))

= —(a—1)1-a) det(i 1‘+1a)

= (a-D*[(DA+a)— (D(-1)]
= (a—1)%(a + 2).
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Example 31

a b c
Show that det(b c a) = —(a+ b+ c)(a*+ b* + c? —ab — bc — ca).
c a b

©Solution
a b c a+b+c a+b+c a+b+c
det(b c a>=det< b C a )
c a b c a b
1 1 1
=(a+b+c)det<b C a)
c a b

1 0 0
=(a+b+c)det<b c—>b a—b)

c a—c b-c
_ c—b a-—»>b
—(a+b+c)[1><det(a_c b—c)]

= —(a+b+c)(a*+b*+c*—ab— bc—ca).
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System of Linear Equations

A system of m linear equations in n unknowns, x{, X,, ..., X, isaset of
equations of the form

(A11X1 + aypX + -+ A1 X, = by
a»,1X1 + ar-2Xy + .-+ aann = bz

\ A1 X1 + QpppXy + -+ Ay Xy, = by,

Here, al-j’s are the coefficients of the system and b;’s are called the non-
homogeneous terms of the system.

e If at least one of b;’s is non-zero, the system is called a non-homogeneous
system of linear equations.

e Ifall b;’s are all zero, the system is called homogeneous system of linear
equations.
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Some examples of system of linear equations and its solutions

Example 32 (Unique Solution)

fx—y=3
x+y=3

One can use the method of elimination by adding the first equation to the second
equation. We obtain 3x =6 =>x =2 and y = 3 — x = 1. This is the only solution
of the system.

Example 33 (No Solution)

{x + y+ z=2
2x +2y+2z=5

One can obtain from first equation that 2x 4+ 2y 4+ 2z = 4. This contradicts to the
second equation.

Hence, the system has no solution.
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Example 34 (Infinite many solutions)

{x+ y =2
2x +2y =4

The second equation is redundant and we only have one equation governing x and
y, ie. x +y=2.

In fact, this system has infinitely many solutions, i.e.
x=2—-t y=t
where t is any real number.

(For example, (x,y) = (2,0), (1,1), (3,—1), (—3,5) are all possible solutions).
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A system of linear equations may have either no solutions, unique solutions or
infinitely many solutions.

e We say a system is consistent if the system has at least one solution (one or
infinitely many).
e We say a system is inconsistent if the system has no solution.

Question

e How do we determine whether a given system has no solution, a unique solution
or infinitely many solutions?
e How do we obtain a solution of a given system efficiently?

Answer: Gaussian Elimination.
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Matrix Representation of the system

Using the fact that (@11 Q12 - Q1) = aq1X1 + Q12X + -+ a1px, (can

be verified by direct matrix multiplication) , we can express the system in the
following form:

a1 Azt Qi X1 by
Az1 Az - Az X2\ | by
Am1 Am2 *° Omn Xn bm
N v -’ v — N\ /
A X b

A is called the coefficient matrix, x is called an unknown vector and b is called the
non-homogeneous vector.
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Example 35

The matrix representation of the system

is given by

The matrix representation of the system

{x—2y+z=0
3x —z=1

is given by
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Given a matrix representation of the system Ax = b, we can define the
corresponding augmented matrix as

(A | b)
or
ai1 Qg A1n | bq
Az1 Ayp An | by
Am1  Am2 Amn bm

This matrix plays a crucial role in analyzing the solutions of a given system.
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Gaussian Elimination
Motivation

Suppose we would like to solve the following equations:

x+ y=1.... (1)
{2x+3y=2 ...... (2)

One can adopt the method of elimination by multiplying equation (1) by a factor of 2
and subtract from the equation (2):

{x+ y=1=>{x+y=1
2x + 3y =2 y=0

One can obtain from last equation that y = 0. Then one obtains x = 1 using the
first equation.
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Consider another system of linear equations

2x —4y + z = -5,

{x+ y+ z= 4
3x —4y+5z= 0

One can use the same method to solve the system. There are a lot ways of doing this:

(Approach 1: Eliminate z first)

x =1

x+ y+ z= 4 { x+ y+z= 4 {x+ y+z=4 {y:Z
z=1

{2x—4y+ z=-5={ x-—-5y -9 ={x—5y =-9=
3x—4y+5z= 0 —2x — 9y —20 —19y = -38

(Approach 2: Eliminate y first)

(x+y+z= 4

_ y =2
2x —4y+ z=-5= 6x  +5z=11 {

3x—4y+5z= 0

7x +9z =16 \ ?Z:? z=1

{X+ y+ z= 4 {x+y+z= 4
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When we encounter a bigger system (more unknown and more equations) or
“irregular” system (infinite many solutions or no solution), we need a more
systematic elimination procedure so that the solution of a system can be obtained
easily.
Step 1: Eliminate x (first variable) in the 2" and 3™ equation
(2)—2x(1)

x+ y+ z= 4 @-3x()(x+ y+ z= 4
{2x—4y+ z=-5 5 { —6y— z=-13

3x —4y+5z= 0 —7y + 2z =—12

Step 2: Eliminate y (second variable) in the 3" equation

x+ y+ z=4 x+ y+ z= 4 B)-7xW(x + y+z= 4
{ —6y — z=-—13 =>{ —6y— z= —13 = —6y —z=-13 .
—7y + 2z =—-12 —42y + 12z = =72 19z = 19

Then we can solve backward and obtain z =1, y =2 and x = 1.

Such process is called Gaussian Elimination Method.
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Roughly speaking, Gaussian Elimination is a solution technique which uses the

method of elimination (also called elementary transformation or elementary row

operation) and transforms a given system into a specific form (known as echelon

form in matrix form) which is easy to obtain, i.e.

( A11X1 + Q12X + -+ AypXy, = by (ay1x; +agx, +
—_— 4
< a»1X1 ~+ Ar92X~p + -+ AoxnXn = bz N < Ar>X> +
\Am1X1 + Xy + -+ A Xy, = by, \
or in augmented form
14 14 14 14 14
a a N b 11 Q2 Qi3 0 Gip-1 Qin
11 12 in 1 ! ! ! !
a a a 0 azp az - G4p-1 Az
21 22 21 . N ; ; ;
: : : : : 0 0 azz - azp-1 Az
aml amz amn bm \ . . . % : ’Z
0 0 o - 0 Amn

o+ @y = b}
ot Ay Xy = by

! —
amnxn - bm
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Definition (Row Echelon Form & Reduced Row Echelon Form)

A (augmented) matrix representation of the row echelon form has the following two

properties:

All entries below each pivot

(the first non-zero entry of
each row) are all zero.

Q % % * %
*

O Q. ¥ ¥ ¥

Each pivot lies to the right of the
pivot in the row above.

Remark:

The number of pivots is also called the rank of the matrix.
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As an example, we suppose that the augmented matrix of a linear systemis
transformed into echelon form as follows:

2 6 1

0 3 -1

1
)
0 0 1 3

It is equivalent to the following linear system of equations

¥2x+6y+z=1

3y —z=2.
z=3

One can solve the equation backwardsandget z =3, y = g and x = —6.

The matrix is of reduced row echelon form if it is in row echelon form, the pivotis 1 in
each non-zero row and all entries above each pivot are all zero.

Remark:

The reduced row echelon form of a matrix is unique.
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Some Notions: Elementary transformation & elementary row operations

Roughly speaking, elementary transformations are simply the operations that we
carried out in solving the system. The corresponding action in augmented matrix

form is called elementary row operations.

Elementary Transformation

(1) Interchange two equations

{2x—y=2(1)§(2){ x+y=1

x+y=1 2x —y =2

(2) Multiply an equationby ¢ + 0

{2x—y=22>§2){2x— y =2
x+y=1 2x +2y =2

(3) Addition of a scalar multiple of any

equation to another equation.

2)+(1
2x—y=2()g() 2x—y=2

e'g'{x+}’=1 3x =3

Elementary Row Operation

(1) Interchange two rows
R2<—>R

—_ ~ 1
G el o6
(2) Multiplyarowby c + 0
2R,
G BEE T B
(3) Addition of a scalar multiple of any
row to another row.

Ry,+Rq

CIREe TR
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Example 36

Using Gaussian elimination, solve the following system of linear equations

5x—3y—7z= 6.

{ X+ 2y —4z =—4
3x —2y+3z=11

©Solution:

We first express the system in augmented form

1 2 -4
5= =

3 -2 3

—4
6
11

We perform the Gaussian Elimination as follows:
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Standard Form

5x—3y—7z= 6
3x —2y+3z=11

(2)-5x%(1)
(3)—3%(1) {x + 2y — 4z =-4

{ X+2y—4z=—4

~ —13y + 13z = 26
—8y + 15z = 23

2)+=-13 (X + 2y — 4z = —4
~ { y— z=-2

—8y + 15z = 23

(3)+8x(2) (x + 2y — 4z = —4
= { y— z=-—2

7z = 7

Augmented Matrix Form

1 2 —4 |-4
3 -2 3 11
R,—5R;
R3-3R; /1 2 —4 —4
= (o -13 13 26)
0 -8 15 [23
Ry/-13 /1 2 —4 |—4
= (0 1 -1 —2)
0 —8 15 123
R3+8R, /1 2 —4 |—4
= (0 1 -1 —2)
0 0 7 7

By solving backward, weget z=1, y=—-1, x = 2.
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Example 37

4y— z= 5
Solve {2x + 1y + 3z = 13 using Gaussian Elimination.
XxX—2y+2z= 3

©Solution
0O 4 -1 5
We first express the system in augmented form: | 2 1 3 13
1 -2 2 3
We perform the Gaussian Elimination as follows:
Standard Form Augmented Matrix Form
4y — z= 5 0 4 -1 |5
2x+ y+3z=13 2 1 3 13
x—2y+2z= 3 1 =2 2 3
WeB) ( X —2y+2z= 3 R1:R3 1 -2 2 3
= {2x+ y+3z=13 ~ 12 1 3 |13
4y— z= 5 0 4 -1 I5
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(2)-2x(1) (X — 2y +2z =3 R,—2R; /1
= Sy— z=7 ~ |0
4y — z=5 0
(2)+5(x—2y+22:3 e 1
~ 1 7 =10
~ y——=Z=<
5 5 0
\ 4y — z=5
‘x—2y+ 2z= 3 _ 1
(3)—4x(2) 1 7 S
~ e/ = ~
2 4 y 5 5
1 3 0
| T5%7 3

By solving backward, weget z=3, y =2, x = 1.

ul]| = Ul| =

LTUl| QW
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Example 38 (The system has infinitely many solutions)

x+ y—2z=2
Solve {Zx +2y—3z=1
©Solution
The augmented matrix is given by (% ; :g ﬁ)

Using Gaussian Elimination, we have
R,—2R,
(1 1 -2 ‘2) ~ (1 1 -2 ‘2)
2 2 =3 11 0O 0 1 —3
Solving backward, weget z=—-3 and x+y—2z=2=x+y = —4.

We only have one equation governing x and y. So there are infinite many solutions
of the system and the general solution is given by

x =4 —t, y =t, t isany real number.
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In Example 38, there is a column with no pivot (column 2) in the echelon form.

G713

We observe that the corresponding variable y can take any values, y is also called
“free variable”.

In general, if there is column which does not have any pivots, then the corresponding
unknown will be the free variable (if the system is consistent). Hence, the system has
infinite number of solutions.

As an example, if the echelon form of the system is

1 4 2
(O 1 3
0 0 3

So x,, x, arethe “free variables” and the general solution is given by

X3 + 2x4 + 3x5 = 2,

1 X1+ 3x, +4x3+x, +2x5 =1
2) or {
3 3X5=3

xg = 1, Xy = t, x3 =—1—12¢t, X, =S, x1 = 3+ 8t — 3s.
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Example 39 (The system has no solutions)
Solve the following system

2x +3y —2z =5,

{x—2y+32=2
dx— y+4z=1

©Solution:
1 -2 3 2
The augmented matrix is (2 3 =2 5). Then using Gaussian elimination, we
4 -1 4 1
have
R,—2R,
1 -2 3 2\ R3—4Ry /1 =2 3 2 \Rs-R; /1 -2 3 2
(23—2 5)'3(07—8 1)':3(07—8 1).
4 -1 4 1 o 7 -8 I1-7 0 O 0 —8

Since the last row is of the type (0,0,0|b) with b = —8 # 0, hence the system has
no solution.
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Solution of System of Linear Equations: A brief summary

Given a system of linear equations, one can adopt the Gaussian Elimination to
transform the system into Row Echelon form. The solution of the system can be
studied easily by investigating the row echelon form of the system.

Case 1: Thereisarowwith (0 0 -+ 0 |b) (where b # 0) inthe
echelon form of the augmented matrix:

e This row corresponds to the equation:
0x; +0x, + -+ 0x,, =b =0 =b.
e Since b # 0, this implies the system has no solutions (or inconsistent).
If case 1 does not happen, then the system has solution (consistent). It remains to
check whether the system has unique solution or infinitely many solutions. To check
this, we check whether there is column with no pivots.
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Case 2A: There is a column with no pivot:

e The corresponding variables in such columns (with no pivot) are “free variables”
(see Example 38).
e The system has infinitely many solutions.

Case 2B: There are no columns with no pivot:

e There is no free variables and the echelon form of argument is given below
a * *x % *

0O b x= =« *
0 0 ¢ * |
0 0 0 d I«
e Every unknown is determined uniquely by solving backward.

e The system has a unique solution.
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Row Echelon Form of augmented matrix

There is no rows with
(0,0,...,0|b) and b # 0

There is a row with
(0,0, ...,0|b) and b #

The system has solutions

The system has no solution .
(consistent)

There is no column There is a column

with no pivot with no pivot

The system has a The system has infinitely
unique solution many solutions
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Example 40

Solve the following system

X1+ 2x5 — 3x3 + x; =2
{2x1+4x2+ Xy — 2Xc = 3,
3x, +6x, +5x5+x, — xc=1

©Solution

1 2 -3 0 1
The corresponding augmented matrix is (2 4 0 1 -2

3 6 5 1 -1
Elimination, we reduce the system into row echelon form:

R,—2Rq
1 2 =3 0 1 |2\Rs3R; /1 2 -3 0 1 2
(2401—23)2“‘(0061—4—1
36 5 1 -1 11 0 0 14 1 —4 |-5

2
3
1

). Using Gaussian
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0 0 1
0 0 14

— — — — ~

6 6 \ g8
—4 |-5 O 0 0 —-
6

1 2 -3 0 1 2 bz =30
— _ 1
Ra/6 1 4 1\ Mg o 1 =
~ - 6
6
1

1
4

6
32

6

2
1
6 |
16

6

Since there are columns (2" column and 5™ column) with no pivot, the system should

have infinitely many solutions.

The corresponding unknowns x, and xs will be free variables. We take x, = s

and xs = t, where s, t are real numbers. The corresponding system is

(X1 + 2x5 — 3x3 + xg= 2
1 4 1
) x3+6x4— gx5= 5.
8 32 16
\ 6T e ST T
Solving the equations backwards, we obtain x, = 2 + 4t, x3 = —;, X1 = % —2s—t

and the general solution vector becomes:
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Note that Xp =

()

2

1
X1 / 2 \ —2 —1

X2 0 1 0
X3 |l=1 1] +s| 0 |+¢t] O

) E) o) i)

general solution of the
particular homogeneous system

solution

is a particular solution of the nonhomogeneous system

(s =t =0), sothat A(x — xp) =b—b =0 and x — x,, is the general solution of

the corresponding homogeneous system:
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2x1 + 4x, + Xy —2x: =0,

{X1+2X2—3X3 +X5=0
3%, +6x, +5x53+x,— x5=0

A
1 0
Thus | O and 0
0 4

1

0
homogeneous system.

) are two linearly independent solutions of the above

Example 41

Find all values of ¢ for which the following system is consistent.

XxX+2y—z=¢
—x +4y +z = c?
x+8y—z=¢3

©Solution:
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1 2 -1
To start with, we first transform the augmented matrix (—1 4 1
1 8 -1

c
c? | into
3

echelon form using Gaussian Elimination.

R>+R4
1 2 —1 |c\Rs—Ry /1 2 -1 c
(—1 4 1 c2> ~ (o 6 0 c2+c>
1 8 -1 Ic? 06 0 I3—c
R3—-R, /1 2 -1 C
= <0 6 0 c’+c )
0 0 0 Ilc3—c?-2c

The system is consistent if there is no row with (0,0,0|b), b # 0. This implies that
c3—c?-2c=0c(c?—-c—-2)=0c(c—2)(c+1)=0
=>c=0o0orc=2 or c=-1.

©Remark: Since the column 3 has no pivot, the system has infinitely many solutions
(with z as the free variable) if the system is consistent.
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Example 42
We consider the following system of linear equations

x—2y+ z=1
x— y+ 2z=2,
y+clz=c

Determine all values of ¢ for each of the following cases:

(a) The system has unique solution.
(b) The system has no solution.
(c) The system has infinitely many solutions.

©Solution:
1 -2 1 |1

The corresponding augmented matrixisgivenby [ 1 —1 2 |2 ]. We first
0 1 «¢?* Ic

reduce the system into row echelon form using Gaussian Elimination.
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1 -2 1
1 -1 2

0 1 c?

INR,-R /1 -2 1
21 = (0 1 1

C 0 1 c?

1\ Rz3—R, /1 —2 1
1] = |0 1 1

C 0 0 c%?2-1

1
1 )
c—1

(a) The system has a unique solution only when there is no column with no pivot.
This implies c>—1# 0= c # +1.

(b) The system has no solutions only when there is a row of the type (0,0,0|b)
with b # 0. Thisimplies c>—1=0 and c—1 # 0.
Soweget ¢ = —1.

(c) Finally, the system has infinitely many solutions only when (i) there is a column
with no pivot and (ii) no row with (0,0,0|b), b # 0. Theseimply c?—1 =0
and c—1=0. Soweget ¢ = 1.
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Cramer’s Rule

This method provides an alternative to find the solution of a linear system when the
number of equations equal to number of unknowns.

We consider the system of linear equations with n equations and n unknowns,

(A11X1 + A%y + -+ + A1 X, = bq
a,1X1 + aAr92Xp + -+ AoynXn = bz

- (%)

\Ap1X1 + AppXy + -+ appXx, = by,

In matrix form, we have Ax = b.

The coefficient matrix A isnow a n X n square matrix.
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If detA4 # 0, then A isinvertible (non-singular) and A~! exists.
Then one can obtain the solution vector x by multiplying both sides by A71, i.e.
A 1Ax=A"1b
= x=A"1b.

Using the formula of A7, we get

Ain Az A\’ /by

X = 1 A21 AZZ AZTl bZ
detd| @ i o :
Anl Anz Ann bn

All A21 Anl bl

— 1 A12 A22 AnZ bZ
deta| @ ¢ o~ i ||
Aln A2n Ann bn
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A{1by +Ay1by + -+ A1 by
_ 1 Apby 4+ Agaby + 4 Az by,
~ detA :

Alnbl + AanZ + -t Annbn

where A;; is the cofactor of the element a;;.

Theorem (Cramer’s Rule)
Let A be the coefficient matrix of the system of linear equations Ax = b.

If detA # 0, then the system has a unique solution given by

_ Alibl + Azibz + ° + Anibn
¥= detA '

where A;; is the cofactor of a;;.
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Remark about Cramer’s Rule:

By the definition of determinant, one can express the numerator A;;b; + A,;b, +
-+ + Apib, as

Ay Agi-1 b Qg A
a ceoe a : b a . cee a

Ayiby + Agiby + -+ Apiby, = det| "2 TEmt T2 T2l Tnz

An1 - Apji-1 bn Ani+1 " Qnn

which is the determinant of the matrix obtained by replacing the elements in ith
b
. b,
column of matrix A by the column vector | .
by
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Example 43
Solve the following system of linear equations by Cramer’s Rule

{5x+2y=13
2x —3y =9

©Solution:

5 2

_ (13 . ,
) _3) and b = ( 9 ) Using Cramer’s rule, we have

Note that 4 = (

13 2
det(g _3)_13><(—3)—9><2_—57

= = = =3,
* det A 5x(—3)—2x2 —19
5 13
_det(z 9) 5x9—-2x13 19

= —1.

Y= 7 detA | 5x(=3)—2x2 —19
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Application of Gaussian Elimination #1 — Finding the inverse of matrix (Gauss Jordan
Method)

The method of Gaussian Elimination provides an alternative of finding the inverse of
an invertible matrix.

1 1 2
As an example, we would like to find the inverse of A = (1 2 O). We let
1 1 1

X1 V1 4

X = (xz Y2 Zz) be the inverse of A. According to the definition of inverse, X
X3 Y3 23

must satisfy

AX =13 or

1 1 2\/*%1 Y1 24 1 0 O
<1 2 O) (xz Y2 Zp | = <O 1 0.
1 1 1/ \X3 Y3 Z3 0O 0 1
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This system can be separated into three systems:
1 1 2\ /%1 1 1 1 2\ /N 0 1 1 2\ /4 0
(1 2 0) (xz> = (O), (1 2 0) ()’z =111 2 0]J{%22])=10
1 1 1/ \X3 0 1 1 1/ \V3 0 1 1 1/ \%3 1

In augmented matrix form, we have
1 1 2 |1 1 1 2 |0 1 1 2 |0
(1 2 0 0,1 2 O 1/,{1 2 O |0
0 1 1 1 10 1 1 1 1

1 1 1

We can apply Gaussian Elimination to solve each system above.

1 1 2
Since we handle the same coefficient matrix (1 2 0) for each system, it would
1 1 1

be easier if we put three augmented matrix into a single augmented matrix, i.e.
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1 1 2 |1 O
(1 2 0 10 1
1 1 1 10 O
Using Gaussian Elimination, we get
R2—R4
1 1 2 |1 0 O\Rs-R1/1 1 2 1
(120 010)2“‘(01—2 -1
1 1 1 10 0 1 O 0 -1 I-1
R3x(-1) /1 1 2 1 0 O
= (0 1 -2 |-1 1 o)
0 0 1 1 0 -1
R1—2R;3
R;+2R; /1 1 0 |1 O 2
~ (o 1 0 (1 1 —2)
0 0 1 1 0 -1
Ri-R, /1 0 0 |-2 -1 4
= (o 1 0 |1 1 —2> ...... (x%)
0 0 1 1 0 -1

0
0

)
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—2

1 0 O
Then [0 1 O 1 | gives x;y = —2, x, =1, x3 =1.

0 0 1 1
1 -1
0 1 | gives y,=-1, y, =1, y3 =0.
0 0

4

1
(O —2) gives z4 =4, z, = =2, z3 = —1.
0O 0 1 I-1

So the inverse is given by
-2 -1 4
X=A41=|11 1 =2

1 0 -1

which also equals the matrix on the R.H.S. of augmented matrix (**).

_-o O kL O
SO -k OO
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General Procedure in finding the inverse of A using Gaussian Elimination:
Step 1: We first write the augmented matrix

/an iz = QAQin 1 0 O O\
| A1 Az =+ Az |0 1 O O

n1 Qnz = Apn |0 0 0 1
A I,

Step 2: Use elementary row operations to transform the matrix into row echelon

form
1 =% % O
0O 1 - = *  x k%
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Step 3: Finally, we use elementary row operations to transform the augmented
matrix into the form which the matrix on the L.H.S. is an identity matrix I,,.

Then the matrix on the R.H.S. will be the inverse 471,
/1 O --- 0 ¥ ok % *\
O 1 - 0 ¥ ok k%

0 O

-

\—

(% ooe
*

*

\ ¥

I, A-1

This method is called Gauss Jordan Method.
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Example 44

Find the inverse of the matrix
3 2 6
A=|1 1 2]
2 2 5

We first write down the augmented matrix

3 2 6 |1 0 O
11 2 |0 1 O
2 2 5 10 0 1

Using elementary row operations, we have

3 2 6 |1 0 O0\ReRi/1 1 2
1 1 2 [0 1 0] = [3 2 6

2 2 5 10 0 1 2 2 5

©Solution

0 1 0
1 0 O

0 0 1
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R,—3R;

R3—2R1 1 2 1 O
0 —1 0 -3 0
O 0 1 -2 1
Rz><( n/1 1 2 1 0
(0 1 0 |- 3 0)
0O 0 1 -2 1
R1- 2R3 1 1 0 5 =2
0O 1 0 |[— 3 0
0O 0 1 -2 1
1 0 O 2 =2
’1? 0 1 0 —1 3 0 |
0O 0 1 0O -2 1

Since the L.H.S. becomes an identity matrix, therefore the inverse of A is given by

1 2 =2
Al=(-1 3 0|
0o -2 1
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Example 45

Find the inverse of the matrix

1 -2 0
(2 -3 3
B=lo 1 2
-1 1 1
©Solution:
1 -2 0 0 |1 0 0 0\F2h/
2 =33 1 (01 0 0} '~"[O
0 1 2 -2 10 0 1 0 0
-1 1 1 3 1o 0 0 1 0
Rs=R2 /1 =20 0 |1 0 0 O
R4+R,
~ [0 1 3 1 (-2 1 0 0
0 0 -1 -3 |2 -1 10
0 0 4 4 |-1 1 0 1

S O - O

o = O O

- O O
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3 1 -2 1

ol

£

3z

ol

w

S

SO O M

I

OOP—\N

| o
p—

o

N —

| o
p—

e = =)

-0 O O

_3
0 -8 |7 =3
23%“g> 1 =2 0 0 1 0 0
900 1 031 |2 1 o0
o 0 13 |-2 1 -1
0o 0 o0 1 |-7/8 3/8 —1/2
R2=Ry /1 —2 0 0 1 0 0
%o 1 3 0 [-9/8 5/8 172
0o 0 1 0 |58 -1/8 1/2
0 0 0 1 |-7/8 3/8 —1/2
1 -2 00 | 1 0 0
“2%o 1 00 |-3 1 -1
0o 0 1 0 |5/8 -1/8 1/2
0o 0 0 1 |-7/8 3/8 —1/2

0
0
0

~1/8

0
1/8
3/8

~1/8

0
—1
3/8

~1/8
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1 0 0 O -5 2 —2 —2
“l®lo1 00 -3 1 -1 -1
~“ 10010 |58 -1/8 1/2 3/8
o0 o0 1 |-78 3/8 -1/2 -1/8

Thus the inverse of the matrix B is found to be

-5 2 -2 =2
-3 1 -1 -1
5/8 —1/8 1/2 3/8
~7/8 3/8 -1/2 -1/8

B! =

Remark:

Comparing with the cofactor method that we used in previous section, Gauss-Jordan
method provides a simpler way in finding the inverse of matrices with larger size. If
one wishes to compute B~! using cofactor method in the previous example, one
needs to compute 16 cofactors (determinant of 3 X 3 sub-matrices) in order to
obtain the answer!
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Example 46 (Gauss-Jordan Method on non-invertible matrix)

Find the inverse of (; i)

©Solution:

Note that

(1 2 |1 O)RZ;Rl(l 2 |1 0)
2 4 10 1 0 0 I-2 1

We see that the last row is of the form (0,0|b,, b;), by, b, # 0. There is no solution
for the system.

Hence the inverse does not exist!
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Application of Gauss Elimination #2: Checking the Linear Independency of vectors

One can use the following fact to check the linear independency of vectors:

Theorem (General procedure of checking linear independency)

The vectors a;, a,, -+, a, are linearly independent if and only if the
equation x;a; + X, @, + -+ x,a, = 0 has only trivial solution (i.e.
X1 =Xy =+ =2x,=0).

On the other hand, if the equation x,@; + x, @, + - + x,,a@,, = 0 has other
solutions x1, Xx», ..., X, (other than the trivial solution). Then the vectors
a,, a;, -+, a, are linearly dependent.

One can use the Gaussian Elimination to solve the equation x;a; + x, a; + -+ +

X,a, = 0.
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Example 47

let @ =30+2], b=7—k and ¢ = 27+ 3] + 4k be three vectors, determine
whether these three vectors are linearly independent.

©Solution:

We need to solve the following equation for x;{, x,, x53.
xlc_i + xzb + x38 — (_))

= (3x; + x5 + 2x3)T+ (21 + 3x3)] + (—=x, + 4x3)k = 07 + 0] + Ok

By comparing the coefficients, we get
3x1 +x5+2x3 =0
2X1 + 3x3 = 0.
—X, +4x3 =0
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Using Gaussian Elimination, we get

R
3 1 2 |0\3/1 1/3 2/3 |0\R-2R;/1 1/3 2/3 |0
(2 0 3 0)’3(2 0 3 0) ~ (o -2/3 5/3 o)
0 -1 4 10 0 -1 4 0 0 -1 4 o
R:x(-3) /1 1/3  2/3  |0\Rs+Ra /1 1/3  2/3 |0
= (o 1 —=5/2 0) = (0 1 —=5/2 o)
0 -1 4 0 0o 0 3/2 o
The corresponding system is
1 2
x1+§xZ+§X3:O
5
< x2—§x3=0 :>X3:O,XZ:O,.X1:O.
3
\ EX3:O

Since the system has only trivial solution, the vectors are linearly independent.
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Example 48

Determine if the vectors d =T+ 5] — 2k, b =1—k, ¢ = =27+ 107 are linearly
independent.

©Solution:

We consider the following equations:
x1a+x25+x38=6

= (xq +x, — 2x3)T+ (5x; + 10x3)] + (—2x; — xZ)E =0

x1 + xz - 2x3 — O
= 5x1 + 10x3 —_ 0
_le - XZ — 0
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Using Gaussian Elimination, we have

R,—5R,

1 1 =2 |0\Rs*+2R; /1 2 =2 |0\R/(-5)/1 2 =2 10
(50100)2“(0—5200)9(01—40)
-2 =1 0 1o 0 1 —4 1o 01 —4 10

Rz3-R, /1 2 =2 |0
= (o 1 —4 o)
0 0 0 1o

Since the 3™ column does not have any pivot, the corresponding variable x5 isa
free variable, we take x3 = t, t isreal. Then we have x, = 4t and x; = —6t.

Since the equation x;d + x, b+ X3C = 0 has non-trivial solution (say when t =1,
we have x; = —6, x, = 4 and x5 = 1). Thus the vectors @, b and & are linearly
dependent.
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Example 49

1 1 —3
S | 2 > [1)Y 5 (O . o
Let a = 0 | b = 1) c = 1 be three vectorsin 4-D space. Determine if
—3 1 0
the vectors are linearly independent.
©Solution
We consider the following equations:
1 1 —3 0
S > L, = 2 1 0O} (O
X1ad+x,b+x3¢ =0> x4 0 + X, 1 + X3 1 1=1o
—3 1 0 0
x1+x2—3x3 0 ( X1+xZ_SX3:O
2x1 + x5 |0 N 2x1 + x5 =0
xz + X3 O xZ ~+ X3 — O
—3x1 + X5 0 \—3X1 + X5 =0
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Using Gaussian Elimination, we get

R,—2R,
1 1 =3 [O\RBst*2Ri /1 1 -3 [O\Rs*3R2 /1 1 -3 |0
R4+3R R4+4R
2 1 0 [0)™“E"[o -1 6 [|0o\™E"[0o -1 6 |o
-2 1 1 0 0O 3 =510 0O 0 13 |0
-3 1 0 0 0O 4 -9 10 0O 0 15 10
1 1 -3 |0 1 1 -3 |0
R3/13 R,—15R;3
~ [0 =1 6 0 ~ 0 -1 6 0
0 O 1 0 0 O 1 0
0O 0 15 10 0 O 0 0
x+y—3z=0
The corresponding system is { —y 4+ 6z = 0. Solving the equations backward, we
z=10

get z=0, y=0 and x = 0.

Since the system has only trivial solution, the vectors are linearly independent.
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Review Example 1
Solve the following system
S5x+3y+ z= 12,

3x —2y+5z=-1
©Solution: Using Gaussian Elimination, we have

{2x+ y—3z= 8

2 1 31 s\2/1 1 3| 4
(5 3 1 12)’3 2 2| 12
3 -2 5| -1/ \> 3 1 _4

3 -2 5
R,—5R,

< o 1/2 17/2

~ -8 = (0 1/2 17/2
0 —7/2 19/2

R3—3R1<1 1/2 =3/2
—13 0 O 69

4 )R3+7R2<1 1/2 =3/2

4
_8>
—69
1

Solving backward, we get 69z = —69 = z = —1; Syt %z =—-8=>y=1;

x+ly—§z=4:x=2.
2 2
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Review Example 2

Solve the system

3x + 2y —w =0,

{x— y— z+ w=1
—x—9y —-5z4+7w =5

©Solution:

Using the Gaussian Elimination method again, we get

1 -1 -1 1| 1\ Rs*+R, /1 -1 -1 1
320—10)2“05 3 —4

-1 -9 -5 7 5 0 —-10 -6 8

Rz3+2R, /1 -1 -1 1 1
—31.
0

R,—3R;

1
-3
6

~ (o 5 3 -4
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Note that the 3™ column and 4™ column have no pivots, the corresponding
variables z and w are free variables.
To obtain the full solution, we write z =s and w =t where s, t are two real

numbers. From the second equation (second row), we have
—3—32+4W_ —3 — 3s + 4t

5y+3z—4w=-3>y=

5 5
From the first equation, we get
2+2s—t
xX—y—z+w=1=x=14+y+z—w= - :
x 2/5 2/5 ~1/5
The general solution vector: | 2 | = 35 45 | T34 AP t.
Z 0 1 0
w 0 0 1
N——— — "
particular two linearly independent
solution solutions of the corresponding

homogeneous system
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Review Example 3

1 -2 0
Using Gauss-Jordan Method to find the inverse of A = (0 2 3>.

4 2 3
©Solution
1 =2 0 |1 0 O\Rs—4R; /1 -2 0 |1 0 O
0 2 3 o1 o] = 0 2 3 (0 10
4 2 3 1o o 1 0 10 3 I-4 0 1
R3—5R; /1 =2 0 1 0 O\Rz2 R3/(-12) /1 -2 O 1 0 0
< (o 2 3 0 1 0) = (0 1 3/2 0 1/2 0 )
0 0 -12 |l-4 -5 1 0 0 1 11/3 5/12 -1/12
Ro=3R3 /1 —2 0 1 0 0 Ri+2R, [ 1 0 O 0 —-1/4 1/4
o (0 1 0 |[-1/2 -1/8 1/8) 2 o 1 0 [-1/2 -1/8 1/8
o o 1 |11/3 5/12 -1/12 0o 0 1 |(1/3 5/12 -1/12
A1
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