AC Overview

L Components Alexander & Sadiku,
* Capacitors (C) [Section 6.2, 6.3] “Fundamentals of Electric Circuits”
5th Edition Chapters 6, 9

* Inductors (L) [Section 6.4, 6.5]
* C & L vs. R = Storage vs. Dissipation [Section 6.1]

II. Concepts

e Sinusoids [Section 9.1, 9.2]

* Phasors (complex numbers) [Section 9.3, 9.4]

* Impedance & Admittance [Section 9.5]

III. Combine and apply

* Apply Kirchhoff’s laws in Frequency Domain [Section 9.6]

* Impedance combinations [Section 9.7]

& EE2005



AC (Alternating Current):
Usual waveform is sinusoidal wave

_ Direct Current Alternating Current

Abbreviation DC AC
Electrode Fixed positive, negative “Alternating” positive,
electrodes negative electrodes
Current Direction Current always flowing Reverse direction
out of the positive pole periodically

Circuit Symbol v I’ - _@_

Common Power Supply Battery Household Power
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Capacitor and Capacitance

Capacitor

= Simplest way to form a capacitor is to sandwich an insulator (technical term
is dielectric) between a pair of parallel conducting plates

= Hence the symbol for a capacitor is two parallel lines separated by a gap

Dielectric with permittivity €

-

Metal plates, "
each with area A -
+q —-q
*— — ° B
S oo e
e P N we
\ +@_ (a) (b) (©)

i
o=cv_ ¢

I
Capacitance

| O
4 g —

= Commonly symbolized by the letter C with unit of Farads (F)
= Relates the amount of charge stored for a given voltage applied
= No energy dissipated unlike resistors

= Energy i1s stored (in keeping the plates apart)
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DC and AC response in Capacitor

-+ . .
y | o) = CV (D) Differentiate i(t) = CdV(t)

T with respect to time dt

If voltage is constant with time: dV/dt=0-2>1=0
No voltage change = No current

Case study to consider:
Given that C =1 nF

IfV(t) = 1 sin (10t) > Q(t) =
> i(t) =
If voltage changes with time: dV/dt# 0 2 1 #0
Voltage change = Charge changes = Current
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Summary: Capacitor response to DC & AC

1) If applied voltage 1s DC

* Insulating dielectric blocks the current from flowing
through

* Plates will charge up
* At DC, capacitor blocks current from flowing through
2) If applied voltage 1s AC (e.g. sine wave)

* Charge on the plates also likewise varies in time with the
AC

 Capacitor therefore does not act as an open circuit in the
presence of an AC

* In AC, capacitor allows current to pass through
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Inductors and Inductance

Inductor

= Simplest way to form an inductor 1s to winding a coil around a core that
concentrates magnetic field lines (flux)

= Hence symbol of an inductor 1s coil between two terminals

—ensit— \ (|9 G
Cross-sectional area, A ;
3 a)
Core material o —

Number of turns, N

. | e
ri ¢ — Ll ()]

Inductance
= Inductance 1s commonly symbolized by letter L with unit of \\
Henrys (H)

= Passing a current through an inductor produces a magnetic
flux (¢) that 1s related to the inductance (L)

= No energy dissipated unlike resistors (note that wires are
assumed to have no resistance by definition)
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I-V relation in an inductor

If the current through an inductor is time-varying, then the generated voltage
must also be time-varying:

) (@]
‘l Flux: ¢ = Li
do(t
+ Faraday’s Law: v(t) = (&)
ig L dt di(t)
Differentiating with respect to time (t): v(t) =L dt

Voltage depends on the rate of change of current

If current is constant with time = di/dt =0 = V = 0 (No voltage)
No current change = No voltage difference

If current changes with time = di/dt # 0 = V # 0 (There is voltage)
Current change = Voltage difference
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Sinusoids

Sinusoids can be written as sine or cosine functions

x(t) = Asin(wt + @)
A = amplitude
w = radian frequency = 2mf (rad/s)
f = natural frequency (cycles/s or Hz)
T = period = 1/f (second)
@ = phase (with reference to a cycle: 2m)
We compare the two waves by:

1) The ratio of their amplitudes
2) Phase difference

1l’m, -
.

v =V, sin wf

vy =V, sin(wi + ¢)

We can immediately see that an AC signal has as lot more key features than a
DC signal. For a DC signal, the magnitude alone is a sufficient quantitative
description. But in the case of sinusoidal AC signals, concepts like frequency

and phase also need to be considered.
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I-V relationship in a resistor

=220 This plot shows the relationship
between the current and voltage in
a 42 resistor when the signal 1s an
AC sinusoid.

It can be seen that there is no phase
difference between the voltage and
current.

-4
0

0.8 .1 1.2
Time

This 1s because R 1s simply given by the ratio of voltage to current
and there 1s therefore no phase shift between the two, but simply a
scaling in the amplitude.
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I-V relationship in a capacitor

I ¥ If the voltage across a capacitor is: V(t) = 1}, cos(wt)
O | O Then the current through it will be:
i = I(t) = CdV/dt) = —wCVy, sin(wt) = wCV, cos(wt + 90°)
A N = Shift forward by 90°

Therefore we say that I leads V by 90°

(or /2 in radians)

J[A
m_ o Ly ag=T
I, C 2

“Time
1) Current goes through a phase shift relative to the voltage (in a resistor, there

is no phase shift between the current and voltage)

2) Ratio of voltage to current depends on the capacitance AND frequency of
the sinusoid (in a resistor, the ratio between voltage and current is simply R
and independent of frequency)
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I-V relationship in an inductor

Ly
2)

If the current through an inductor is: i(t) = I,,,cos(wt)

Then the current through it will be:
gL v(t) = L(di/dt) = —wLl,, sin(wt) = wLl,, cos(wt + 90°)

— e Shift forward by 90°

Therefore we say that I lags V by 90°

: (or /2 in radians)

|4 T
= wL 2V — 2] = +—

- - Ym
| I, 2

Timé
Current goes through a phase shift relative to the voltage

Ratio of voltage to current depends on inductance AND frequency of the
sinusoid

EE2005
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Graphical methods

«

Calculate the phase angle between:
v; = —10 cos(wt + 50°) and v, = 12 sin(wt — 10°)

> + cos wl

‘/_900

L 4
+ sin wt

(a)

180°

Clockwise: Phase goes backward (-ve)

™
W

L

+ sin wt

EE2005

(b)

LV — LV, = —30°
r » COS wl
50°
» + COs wl
2] \ 10'

Anti-clockwise: Phase goes forward (+ve)

s

\/
sin wf
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Phasors

A phasor i1s a complex number that represents the amplitude and phase of a
sinusoid

Phasors are more convenient to work with than sine and cosine functions
and are a powerful tool for analyzing circuits

Imaginary axis A complex number z can be expressed in

A

- rectangular/cartesian form as:
Z=x+]jy
Imaginary unit: j = v—1
X : real part = Re(z) =x; y: imaginary part = Im(z) =y
v Realais The complex number z can be expressed in polar form or
- exponential form as:

- Zz=120 = rel®

1Y
r=.x*+y? @ =tan™? o Euler’s identity
et? = cos@ + jsin @

X =1cosQ y =rsin@
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Review : Complex Numbers

3 +4j =5,53° = 5e/(53% 3 —4j = 5/(—53)° = 5¢/(-53"

1+j=+2245° = 2e/45% 1—j =v22(—45)° = V2e/(-459

6 + 6V3j = 12260° = 12¢/(60” 6 — j6vV3j = 122(—60)° = 12/(-60"

. ______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________|
gy EE2301: Block A Unit 3 14



Complex number arithmetic

The following mathematical operations are important.

Addition Subtraction Multiplication
Z1+ 2z, = (g +x) i +y2)  zp— 2z = (%1 —x2) +j(y1 — ¥2) Z1Z, = 1112 2(01 + 05)
DiViSiOIl Reciprocal Square ROOt
Zl Tl 1 1 \/E = \/FL(@/Z)
—=—=2(01 — 9;) —==2(-0)
Zy &) Z r

Complex Conjugate

Zx=x—jy=rs—Q =re?

& EE2005
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Phasors

A phasor represents a sinusoid as the real component of a vector in the
complex plane representation based on Euler’s identity:

et)® = cos@ +jsin®

cos@ = Re(em) sin@ = Im(em) The length of the vector is the amplitude
of the sinusoid.

Given a sinusoid: v(t) = V., cos(wt + @) The angle ¢ of the vector with respect to
the positive real axis is the phase.

v(t) = Re(Vmef(“’”Q’)) = Re(Vmef“’tef@)

v(t) = Re(Vj,e/%e/®t) = Re(Vel®t)  wumuonss _ tx |} = Re(ver

,where V=1, =1 20 / é\\ !D /
v(t) — Vm COS((Ut + @) oV = VmL(Z) atr=ry >~ | / ----------- - E;\I\_/

(Time-domain (Phasor-domain
representation) representation)
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Sinusoid-Phasor Transformation

NOTE:

= When the sinusoid is expressed as a phasor, the time factor, e/%? |
1s suppressed.

= When using phasors, always keep in mind that it 1s of a single
frequency o only.

Sinusoid to phasor:

. ) . . Sinusolid-phasor transformation.
(1) express the sinusoid in the cosine form,

C o Time domain representation Phasor domain representation
(i1) write it as the real part of a complex number, .
] V,, cos(wt + @) | j
(iii) “suppress” the time factor e/t V.. sin(at + §) V. /& - 90°
1, cos{wt + &) f,"j
I, sin(wt + 6) L, /0 — 90°

Phasor to sinusoid:
v(t) = Re(V e/®t)

1
g EE2301: Block A Unit 3 17



Why Phasor? Arithmetic in Superposition

= [t 1s easier to carry out the superposition of sine waves using
phasor than adding sine functions directly in the time domain.

= Example: Calculate the sum of the following three
sinusoidal signals directly:

v,(t) = 2v/3 cos (a)t + %)
v,(t) = 6 cos (a)t — g)
v3(t) = 24/3sin (a)t + %)

. ______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________|
gy EE2301: Block A Unit 3 18



Example (Arithmetic in Superposition)

Calculate v, (t) + v, (t) + v3(t): Convert to phasor:
v,(t) = 2v/3 cos (a)t + %)

V, = 2\/542
vz(t)=6cos(wt—§) » V2=64—§

T
v3(t) = 2v3sin (wt + ) Vs = 2v32 =

T
1/1+1/2+1/3=3+\/§j—6j+3—\/§j=6—6j=6x/§4—Z

v1(t) + v,(t) + v3(t) = 6V2cos (wt - %)

EE2301: Block A Unit 3 19



Sinusoid-phase transformation

TABLE 9.1

Sinusoid-phasor transformation.

Time domain representation Phasor domain representation
Imaginary axis
IlElglllj.lt‘} axis Vm cos(wf + i:f)) Vm &
v \w Vi sin(wt + ) Vi /@ — 90°
[, cos(wt + 6) ! ﬁ
Vo . ot o
\Leading direction fm 3111(-1:-:‘ o E} Im ZE 90
¢
D /Lﬂaainadimiﬂn Time-domain function Frequency domain
(also called instantaneous time  (also called phasor domain
1/ representation) representation).
L)
Time-dependent NOT time dependent

(e/*t already suppressed)

Always real Generally complex

Phasor analysis is valid only when the frequency is constant!
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The meaning of “j”

1) Draw z = 3 on the Im-Re graph

2) Multiply z by j, name this as z, Im
and draw it on the graph 1

3) Multiply z by —J, name this as z,
and draw it on the graph

4) Multiply z by -1, name this as z,
and draw it on the graph

Re

What is the effect of multiplying a
number by j, -J, or -1?
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Why Phasor? (Differentiation and Integration)

Differentiation and integration of a sinusoidal time-domain
function will become a simple algebraic multiplication or
division in the phasor domain:

Derivative:

Integral:

. ______________________________________________________________________________________________________________________________________________________________________________________________________________________________________________|
gy EE2301: Block A Unit 3 2



Phasor Relationships for Resistors

1) Each circuit element has a relationship

2)

3)

4)

«

between its current and voltage.

These can be mapped into phasor
relationships very simply for resistors
capacitors and inductor.

For the resistor, the voltage and
current are related via Ohm’s law.

As such, the voltage and current are in
phase with each other.

EE2005
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Phasor Relationships for Inductors

1) Inductors on the other hand have a phase  — o
shift between the voltage and current. . *

2) In this case, the voltage leads the current v j E v cﬁ £
by 90°. . .

i o

3) Or one says the current lags the voltage, =15 b
which 1s the standard convention. (a) (b)

4) This 1s represented on the phasor Im A
diagram by a positive phase angle
between the voltage and current. = \

W  Er2005 9



Phasor Relationships for Capacitors

1) Capacitors have the opposite phase o .
relationship as compared to inductors. i *
2) In their case, the current leads the oo T v Te
voltage. ) )
. : . dv e
3) In a phasor diagram, this corresponds i=Cg K ok
(a) (b)

to a negative phase angle between the
voltage and current.

Im A
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Why Phasor? (Differentiation and Integration)

With phasors, we can observe Ohm’s Law for inductors and
capacitors as found for resistors, rather than solving
differential equations in AC circuits.

TABLE 9.2

Summary of voltage-current relationships.

Element Time domain Frequency domain

R = Ri V = RI
L ot V = jwll
= dt —jw
d
C i=c2 v=L
dt JjwC

gy EE2301: Block A Unit 3 26



Voltage current relationships

TABLE 9.2

Summary of voltage-current relationships.

Element Time domain Frequency domain

R = Ri V = RI
L e V = jwll
v = J— f =
dt et
d I
C i=c2 ,
dt JjwC

Impedance and Admittance

We can now expand Ohm’s law to capacitors and inductors. This would have been
otherwise tricky as the ratios of voltage and current always changing when working in
the time-domain form. In frequency domain it is straightforward.

The impedance of a circuit element is the ratio of the phasor voltage to the phasor
current, commonly represented by Z.

z="1
I

or V =271 Admittance is simply the inverse of impedance: Y = 1/Z

& EE2005
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Impedance and Admittance

" In the frequency domain, the values obtained for impedance are
only valid at that frequency.

* Changing to a new frequency will require recalculating the
values.

* The impedance of capacitors and inductors are shown here:

TABLE 9.3

L Short circuit at dc Impedances and admittances
L of passive elements.
Open circuit at :
high frequencies Element Impedance Admittance
la) |
o, R Z = R Y =—
s 0 comes R
C pen circuit at de 1
e L Z=jelL  Y=—
o JoL
Short circuit at |
high frequencies C 1 = R Y = JmC
(b) L

EE2005
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Applying Kirchhotf’s in frequency domain

Phasors allow Kirchhoff’s laws to be applicable. Therefore a circuit transformed
to the frequency domain can be evaluated by the same methods developed for
KVL and KCL.

Once 1n the frequency domain, the impedance elements can be combined using
the rules for resistors.

I Z Z, Ly
| — —------- — Series combinations will result in a sum of the
| impedance elements:

"® Zog = Z1+ Zy + Zs + -+ Zy

Elements in series can act like a voltage divider:
% Ly oy 2y,
Y7+ 7, ° 7+ 7,
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Parallel combination

Elements combined in parallel will combine in the same fashion as
resistors in parallel:

1 1 1 1 1 ' In | | v

t— bt b — _
Zeq Zl Zz Z3 ZN 1(

Expressed as admittance, they are again a sum:

qu=Y1+Y2+Y3+”'+YN

EE2005
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Impedance: Example 1

Problem 4.61
Work out the impedance (Z) seen across the terminals

When (1) ® = 4 rad/s, (i1) ® = 8 rad/s
Copyrght @ The McGraw-Hill Companies, Inc. Permission required for reproduction or display
1/4 H
oO— i —¢

(i) At 4 rad/s:
Z— 1/8F = :n§
- Impedance of L:

Xy =JoL =j(4)(1/4) =]

Impedance of C:

X = 1/joC = 1/[j(4)(1/8)] = -2
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Impedance: Example 1 (i) 4 rad/s

When o =4 rad/s: X; =joL =]; X, = 1/joC = -2

Impedance of C and parallel with R:
P XcR (=j2)2) _ j2+j) _ j20+))
RET R+ X 2-j2 1-)HA+)) 2

Zrc 18 1n series with impedance of L: Z =7, .+ X,
=l=j+]
=1Q

& EE2005 3



Impedance: Example 1 (1i) 8 rad/s

When o = 8 rad/s:
X = JoL=j(8)(1/4) =)2;
Xc = UjoC = -/[(8)(1/8)] = -
XR _ (=)
R+X, 2—j
_ _]2(2+]) :%(1_]2)
2-j)2+j) 5

Zgc 1s 1n series with impedance of L: Z =7, + X,

=2(1-/2)+ j2

=04+ 1.2

Impedance of C and parallel with R: Z, . =

Impedance depends on the frequency
a  EE2005 3



Impedance: Example 2

Example 4.14 of Rizzoni

Find the equivalent impedance (Zg,) and admittance (Y§) seen across the
terminals

Copyright@The Hill C ies, Inc. Permission required for reproduction or display.

Q o

Impedance of L:

RiZ 1000 | | |
X; =joL=3(10%)(102%)=;100

50 Q ?Rz C == 10 uF Impedance of C:

«

l X = 1/joC = 1/[j(104(10)] = 510
@)
Given: ® = 10 rad/s

EE2005
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Impedance: Example 2 Solution

Impedance of C parallel R: Z — ZRC 4 Z
, __XcR
RC R+ X, 1+5+100(1+])
_ /1969 =101.92 + j90.385
50— /10
500 =136.2£41.57°Q
10+ /50
50

- Yoo =1/Z;, =(1/136.2)£-41.6"S
1+ /5 0
=7.342/-41.6"mS

Impedance of L series R;:
Ly =X, +R
=100+ 7100
=100(1+ )
(m, EE2005

35



Admittance

Admittance is simply the inverse of the impedance: Y =1/Z

Admittance likewise comprises both real and imaginary parts

3; G+ jB\
Real part 1s called the AC Imaginary part is called the
conductance susceptance
¥ - 1 1 R—jX G R
Z R+jX R+jX(R—-jX R? + X7
_ R-jX
R+ X° B=— A

R*+ X?

& EE2005 36



Example on Admittance

Z,,= R, +joL

Y, =1/Z,=1/R, + joL)
R, joL

Y — _
“ R*+(wL) R*+(wL)

Y, =1/Z, =1/R,+joC

& EE2005
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(a)

ﬁC l
bO I

(b)
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Summary

1) Capacitors: Passes current at high frequency but
blocks at DC

2) Inductor: Acts as short circuit at DC but blocks current
at high frequency

3) Impedance introduced as a more general form to
describe V/I (magnitude & phase)

4) Impedance depends on frequency

5) Represent these as phasors so we can add up
impedances just like resistances in DC

& EE2005 38
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