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Review: ODE

Second-Order ODE: ay+by+c=0 (a # 0)

Characteristic Equation: as® + bs +c¢c =0

b%? —4ac > 0:
Two distinct real roots: 7, #1, =2 y(t) = Ciet + Cye™2t

b —4ac<0:
Two complex conjugate roots: 1, = 0 * jwgy

2> y(t) = Cpe®t(C, cos(wyt) + Cysin(wyt))

b* —4ac=0:
Twosamerealroots: 1, =1, =17 2> y(t) = Ce™ + Cyte™



Open-Loop System Stability

System Pole-zero Plot Response
G(s)
1
R(s) = 5 b C(s)
(a) - -
s2+as+b
General
jo e e(®=1+0.171e784 -
i 1A 1. 171711408
G(s) s-plane §
1
R(s)=3 C(s
(b) (%) =3 e —= 2 (s) - ¥ X -0
R ~7.854 —1.146 0.5}
Overdamped
Y Y SN S [
0 1 2 3 4 5
c(® c(H=1-¢ t(cosV 8¢ +”§ siny 81)
i | 4d = 1-1.06¢" cos(¥81—19.47°)
A A 121
G(s) s-plane
iz 1 X | jf8 4
© R(s) =5 ’ 9 C(s) . 0.8L
s2+25+9 o | e U
' 041
Underdamped X |-j¥8 020
L1 1 L ¢




Open-Loop System Stability

Marginally stable
(poles are on the imaginary axis)
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Closed-Loop System Stability

Cls)

Rs) =% + R E(s) 3
s(s+1)s+2)
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N(s) C(s)

a434 + a3s3 + azsz tastag

Routh Table
s* ay ar a
5 as aj 0
S'z
AY ]




ay a ap
ax aj 0
a4 a a4 Ag |44 0
as di — b as 0 — b as 0 _
a3 1 ay 2 an
o ay d o a3 0 . a3 0
bi_bo| _ b 0 _, b 0| _
by 1 by by
_ by by _ by 0 _ by 0
Cl 0 =d1 Ci 0 —0 Cl 0 _
C1 C1 C1

t If no sign changes = stable




Example:

M@Q E(s) 1000 ) _
(s +2)s +3)s+5)
(@)

RGs) 1000 )

34+ 1052 +31s + 1030

()

1000
G(s)  (s+2)(s+3)(s+5)
O = 167, 1000
(s+2)(s+3)(s+5)
1000 1000

T (5+2)(s+3)(5+5)+1000 s°+10s? +315+1030



1000

HE) = T 1052+ 315 +1030
1 31 0
1 1030 103 0
_‘1 31‘ _‘1 o‘ _‘1 o‘
11103:_72 11020 110:O
_‘ 1 103‘ _‘ 1 o‘ _‘ 10
_7—272 - - 103 _—7722 2 -0 _—7722 2 -0

I Two sign changes = two unstable poles

(on RHP)




Example:

10
G(s) =— 4 3 2
S°+28" +35°+6S° +55+3
§° 1 3
. g4 2 6
No sign change =2
7
5‘3 X € (> O) 5
Sign change 2
52 v 66 - 7 3
€
Sign change 2 1
1 42€ — 49 — 6€2
S 0
12e — 14
No sign change =
s 3 0




Label First Column € = + € = —

s> 1 + +
s* 2 + +
s B € i _
6e — 7
SZ € — +
€
R 42€ — 49 — 6€? . s
‘ 12 — 14
5" 3 + +

Two sign changes = Unstable (2 poles on RHP)




Example:

D(s)=3s"+5s"+6s>+3s>+2s5s+1

> 3 6 2
¢4 5 3 1
s> 4.2 1.4

52 1.33 1

g —17s

5{} ]

Two sign changes = Unstable (2 poles on RHP)



Example:
D(s) = s° + 5s* + 1153 + 2352 + 285 + 12

Solution: ’

s> 1 11 28

st+ 5 23 12

s 64 256 0

e 3 A2 « 0(s)=3s*+12

NEW s: 6 0 LIONPS
ds
s?- 12

No sign changes in first column = all roots have negative real parts
except for a pair on the imaginary axis: roots of Q(s) = + j2
Note: original roots are at -3, £ j2,-1, -1
- s3 55?2 7s
D(s) = Q(s)D(s) = (3s? +12) (g + 3 +? + 1)
=(s24+4)(s3+552+75s+3)=(s+,2)(s —j2)(s +3)(s + 1)?



Example:

D(s) = s>+ 2s* +24s3 4+ 485%2 — 255 —50 =0

Routh Table
s> 1 24 29
gd 2 48 -50
53 0 0 0 Q = 2s* + 48s% — 50
5 8 96 Q' = 8s®+ 96s
a 24 -50
51 | 112.7 0
s0 v 250

One sign change = Unstable

D(s) = s° 4+ 2s* + 2453 + 48 s%2 — 255 — 50

= (2s* + 4852 — 50)(s/2 + 1)




Exercise 1:

R(s) + E(s) 200

s(s3+6s2+ 115+ 6)

Y(s)

(1) Closed-loop Transfer Function = ?

(5 minutes)



Exercise 1:

R(s) + > E(s) 200 Y(s)

s(s3+6s2+ 115+ 6)

(1) Closed-loop Transfer Function = ?

: 200
Solution: —
vY(s)  G(s) S(s”+6s” +11s+6)
— A= =
R(s) 1+G(s) 1, 200

s(s’® +6s° +115s+6)
) 200
s* +6s° +11s* + 65 + 200

(2) Determine its stability using Rough Table (5 minutes)



(2) Determine its stability using Rough Table (Solution)

s 1 11 200
5> £ 1 £ 1

52 1 1 200 20

st —19

sV 20

Two sign changes = unstable (with 2 poles on RHP)



Exercise 2:

RE) + con E) : Y(s)
_g s(2s%+ 353 +252+35+2)
(1) Closed-loop Transfer Function="? (5 minutes)



Exercise 2:

Y(s)

R(s) + <> Els) |
- -
_g s(2s%+ 353 +252+35+2)

(1) Closed-loop Transfer Function = ?
1
Y(s) G(s)  s(2s*+3s’+2s°+3s+2)
R(s) 1+G(s) q, 1
$(2s* +3s° +2s° +3s+2)

Solution:

1
25 4+35% +25%3 +352 +25+1

(2) Determine its stability using Rough Table (5 minutes)



(2) Determine its stability using Rough Table (Solution)

¢ ) 2 )
¢4 3 3 1
4
3 ﬁ/ _
\) € 3
€
| 12¢ — 16 — 3€2
° 9¢ — 12
0 1

Two sign changes = unstable (with 2 poles on RHP)



Exercise 3:

R(s) + E(s) 128

s(s7+ 350 + 105> + 24s% + 4853 + 9652 + 1285 + 192)

(1) Closed-loop Transfer Function="? (5 minutes)



Exercise 3:

R(s) + E(s) 128 Y(s)
s(s7+ 350 + 105> + 24s% + 4853 + 9652 + 1285 + 192)

(1) Closed-loop Transfer Function="? (Solution)

128
Y(s) G(s)  s(s’+3s’+10s°+24s* +48s’ +96s° +128s+192)
R(s) 1+G(s) 4, 128
(s’ +3s° +10s° + 24s* + 48s° +965° +128s +192)

1
5% 4357 +10s° + 24s° + 48s* +96s% +128s%2 +1925 +128

(2) Determine its stability using Rough Table (10 minutes)



(2) Determine its stability using Rough Table (Solution)

s 1 10 48 128 128
57 A1 24 8 96 32 197 64
Q(s) 6 21 a6 8 o1 32 128 64
Q'(s) 5| 8 63 N 3716 A 64 32 70
s /f-;/ 1l %i/ 8 64 24
s° =8 -1 l 40" -5
5 31 24 8
¢! 3
0 8

Two sign changes = unstable

Q(s) = (s® +8s* + 3252 + 64)(s* + 35 + 2)



END



