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Review: ODE

Second-Order ODE:   𝑎 ሷ𝑦 + 𝑏 ሶ𝑦 + 𝑐 = 0 (𝑎 ≠ 0)

Characteristic Equation:   𝑎𝑠2 + 𝑏𝑠 + 𝑐 = 0

𝒃𝟐 − 𝟒𝒂𝒄 > 𝟎 :    
Two distinct real roots:   𝑟1 ≠ 𝑟2  𝑦 𝑡 = 𝐶1𝑒

𝑟1𝑡 + 𝐶2𝑒
𝑟2𝑡

𝒃𝟐 − 𝟒𝒂𝒄 < 𝟎 :
Two complex conjugate roots:   𝑟1,2 = 𝜎 ± 𝑗𝜔𝑑

 𝑦 𝑡 = 𝐶0𝑒
𝜎𝑡(𝐶1 cos(𝜔𝑑𝑡) + 𝐶2sin(𝜔𝑑𝑡))

𝒃𝟐 − 𝟒𝒂𝒄 = 𝟎 :    
Two same real roots:   𝑟1 = 𝑟2 = 𝑟  𝑦 𝑡 = 𝐶1𝑒

𝑟𝑡 + 𝐶2𝑡𝑒
𝑟𝑡



Open-Loop System Stability



Open-Loop System Stability

Marginally stable 
(poles are on the imaginary axis)



Closed-Loop System Stability

(Asymptotically)
Stable

Unstable



Routh Table



If no sign changes  stable
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Two sign changes  two unstable poles

(on RHP)

H(s)
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G(s)



Two sign changes  Unstable (2 poles on RHP)



Example:

Two sign changes  Unstable  (2 poles on RHP)



𝐷 𝑠 = 𝑠5 + 5𝑠4 + 11𝑠3 + 23𝑠2 + 28𝑠 + 12

Solution: Routh array is

No sign changes in first column  all roots have negative real parts 
except for a pair on the imaginary axis: roots of Q(s) = ± 𝑗2
Note: original roots are at −3, ± 𝑗2, −1, −1

𝐷 𝑠 = 𝑄 𝑠 ෩𝐷 𝑠 = 3s2 + 12
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𝐷 𝑠 = 𝑠5 + 2𝑠4 + 24𝑠3 + 48 𝑠2 − 25𝑠 − 50 = 0

Routh Table

𝐷 𝑠 = 𝑠5 + 2𝑠4 + 24𝑠3 + 48 𝑠2 − 25𝑠 − 50
= 2𝑠4 + 48𝑠2 − 50 (𝑠/2 + 1)

One sign change  Unstable

Example:



Exercise 1:

(1) Closed-loop Transfer Function = ?     (5 minutes)

Y(s)



(2) Determine its stability using Rough Table  (5 minutes)

Exercise 1:

(1) Closed-loop Transfer Function = ?     

Solution:

Y(s)
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(2) Determine its stability using Rough Table (Solution)

Two sign changes  unstable (with 2 poles on RHP)



Exercise 2:

(1) Closed-loop Transfer Function = ?     (5 minutes)

Y(s)



Exercise 2:

(1) Closed-loop Transfer Function = ?    

Solution:

Y(s)
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(2) Determine its stability using Rough Table  (5 minutes)



(2) Determine its stability using Rough Table (Solution)

Two sign changes  unstable (with 2 poles on RHP)



Exercise 3:

(1) Closed-loop Transfer Function = ?     (5 minutes)

Y(s)



Exercise 3:

(1) Closed-loop Transfer Function = ?     (Solution)

Y(s)
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(2) Determine its stability using Rough Table  (10 minutes)



Q(s)

𝑄 𝑠 = (𝑠6 + 8𝑠4 + 32𝑠2 + 64)(𝑠2 + 3𝑠 + 2)

(2) Determine its stability using Rough Table  (Solution)

𝑄′(𝑠)

Two sign changes  unstable 



END


