MA1300 Solutions to Assignment # 7

a If n is a positive integer, prove that

d
d—(sin” xcosnz) = nsin™ ' zcos(n + 1)x.
T

b Find a formula for the derivative of y = cos™ x cos nx that is similar to the on in part a.

Solution:
a
. n . . =1 s .
—(sin"xcosnx) = mnsin"" " xcosnxcosz — nsin” xsinnx
dx
= nsin" ! 2(cosnx cos x — sin na sin z)
= nsin" !tz cos(n + 1)z.
b
n n—1 : n :
d—(cos xcosnx) = —ncos" " xsinzcosnx —ncos” rsinne
x
= —ncos” tasin(n + 1)z.
2.

a Write || = V22 and use the Chain Rule to show that

i|x| -
de'™ x|

b If f(z) = |sinz|, find f'(z) and sketch the graphs of f and f’. Where is f not differentiable?

c If g(x) = sin |z|, find ¢'(z) and sketch the graphs of g and ¢’. Where is g not differentiable?

Solution:

im _ 2 @
dx 02 x|’

b By the Chain Rule, f/(z) = S%Z cosz. The graphs of f and f’ are shown in Figure 1. f is not

~ |sinz|

differentiable when sinxz = 0, or equivalently, at z = nm, n =0,4+1,+2,---.

¢ By the Chain Rule, ¢'(z) = |x—| cos|z|. the graphs of g and ¢’ are shown in Figure 2. ¢ is not

X
differentiable at x = 0.



VAVaVENGNR
0 T \% \Q \sz

Figure 1: The picture of Problem 2 b. Left: y = f(x), right: y = f'(x).

Figure 2: The picture of Problem 2 c. Solid line: y = g(z), dotted line: y = ¢'(x).

3. If y = f(u) and u = g(x), where f and g are twice differentiable functions, show that

By _ &y (3)?, dy
dx?  du? \ dx du dz?’

Proof: By the Chain Rule,
dy _ dydu

de ~ dudz’
Using the Chain Rule again, take the derivatives of both sides to give

d? 2y (du\? dy d?u
yy(U)+y

dz? ~ du? \ dz du dx?’

4. If y = f(u) and u = g(z), where f and g possess third derivatives, find a formula for d®y/dx? similar

to the one given in Exercise 3.
Solution: According to the proof of Problem 3, use the Chain Rule to give

d3y 3y (du>3 2d2y du d?u . d?y d*u du Ly Bu
dxz3 du3 \ dx du2dr dz? ' du2dx?dx | dudzd
By (du\® | Pydudiu | dydPu
Tl (m) 42 dz da? | dudad

5. For the following implicit function relations
47* 4 9y* = 36, cosx + /Yy = 5,

a Find ¢/ by implicit differentiation.



b Solve the equation explicitly for y and differentiate to get 3 in terms of .

¢ Check that your solutions to parts a and b are consistent by substituting the expression for y into

your solution for part a.

Solution:

1 For 422 4 9y? = 36, we have

8z + 18yy’ =0,
SO
, Az
Yy = 9y

Solve the equation 42 + 9y? = 36 directly to give

V36 — 4x?

=4
Y 3 ,
SO
dy N —dz - 22
dx 3v/36 — 422 3v9 — 22

Substitute y = iivg’(ig_‘w into the equation to give
dy 2z 4x

dr _9y/2 a _@'

Consistent.

2 For cosx + ,/y = 5, we have

/

y =
2\/y

—sinzx + 0,

SO
y =2,/ysinz.
Solvecos x + /y = 5 directly to give
y = (5 —cosx)?,

SO

y' = 2(cosx — 5)(—sinz).

Since 5 > cos x, substitute 5 — cosx for \/y to give

y = 2\/ysinz.

Consistent.

6. Find dy/dx by implicit differentiation.

1 + z = sin(zy?), tan S = ¢ + .
Yy

Solution:



1 1+ 2 = sin(xy?). Take derivative with respect to z to give
1 = cos(zy®)(y” + 2xyy'),

S0
gL a1
cos(zy?) 2xy’

2 tan% = x +y. Take derivative with respect to x to give

_ /
<1+tan2 z> <y yg’:U) =1+,

1 2z

z 2z
1+y2 (1+tan y)

SO

7. If f(x) + 2%[f(z)]® = 10 and f(1) = 2, find f'(1).

Solution: From f(x) + z%[f(x)]? = 10, take derivatives of both side with respect to z to give
') + 22(f(2))® + 32°(f(2))* f'(2) = 0.
Substitute = 1 into the equation to give
F()+2-2°+3-22f(1) =0.
Therefore f'(1) = —13.

8. If g(z) + wsing(x) = 22, find ¢/(0).
Solution: Take derivatives of both sides of the equation to give
g (z) +sing(z) + zcosg(x)g'(x) = 2z.

Substitute 0 for = to give

a The curve with equation y? = 5z* — 22 is called a kampyle of Eudoxus. Find an equation of the

tangent line to this curve at the point (1,2).

b Illustrate part a by graphing the curve and the tangent line on a common screen. (If your graphing
device will graph implicitly defined curves, then use that capability. If not, you can still graph this

curve by graphing its upper and lower halves separately.)



Solution: Take derivatives of both sides of the equation with respect to x to give
2uy’ = 203 — 2,

SO
) 20-2 9
Ylo=t,y=2 = 1 9

Therefore the point-slope form of the tangent line is

The picture is illustrated in Figure 3
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Figure 3: The picture of Problem 9.

10.

a The curve with equation y? = 23 + 322 is called the Tschirnhausen cubic. Find an equation of

the tangent line to this curve at the point (1, —2).
b At what points does this curve have horizontal tangents?

c Illustrate parts a and b by graphing the curve and the tangent lines on a common screen.
Solution:
a Take derivatives of both sides of the equation with respect to x to give
2uy’ = 322 + 6z,
SO Y |p=1,y=—2 = % = —% Therefore the point-slope form of the tangent line is

9
y+2=—(z—1).



b Let 3/ = 0 in 2yy’ = 322 + 6z to give 322 + 6z = 0, that is # = 0, —2. For the root z = —2, we
substitute it into the equation of the curve to give y = £2, so at (2,+£2), the curve has horizontal
tangents. For the root x = 0, a substitution into the curve equation leads to y = 0. We further check

the root by considering the limit
) 322 + 6z
lim @ ——.
z—0,y—0 2y

Substitute the curve equation y? = 3 + 322 into the limit, and restrict y > 0, we have

. 322 + 62 . 3z 46
lim @ ————— =  lim ——— =+/3.
z—0t,y>0 24/x3 + 312 z—0T,y>0 2v/x + 3
Similarly, lim,_,o- ,~0 3"”227;61 = —V/3, and lim,_,p+ ;< 3"’”22;6”3 = F+/3. Therefore at 2 = y = 0, the
curve has no horizontal tangents.
¢ The picture is illustrated in Figure 4.
Y
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Figure 4: The picture of Problem 10.

11. Show by implicit differentiation that the tangent to the ellipse

2 2
€z Y
2tp=l
at the point (xg,yo) is
0T | Yoy _
a? b2 '

Proof: Take derivatives of both sides of the equation with respect to x to give

2z 2yy
2T =0
so the slope at the point (zg,yo) is
y,| B B _ _b2:L‘0
T=120,y=Yo YoaZ’

Therefore we can write the tangent line by the point-slope form



or
2

Yoy | Tox _yj+@
a?’

B2 a2 2

2 2
Since (x0,yo) locates on the ellipse, we have Z—O + 2—8 =1, and thus the proof is complete.

12. Find an equation of the tangent line to the hyperbola

at point (zo, yo).

Proof: Take derivatives of both sides of the equation with respect to = to give

2z 2yy’
PR
so the slope at the point (zg,yo) is
, b2
Y le=zo,y=yo = Wv
and we can write the tangent line at (zg, o) as
xng( )
—yo = —(x — zo),
Y—Y0 yOCLQ 0

or ) )
rox Yoy Lo Yo

a? 2 a2 b2’

2 2
The proof is complete by noticing 2—2 - Z—g =1

13. Show, using implicit differentiation, that any tangent line at a point P to a circle with center O is

perpendicular to the radius OP.

Proof: We write the equation of the circle as
z? +y* = |OP)%.
Take derivatives of both sides of the equation with respect to = to give
2z + 2yy’ =0,

so the slope of the tangent line at the point P = (zo,0) IS ¥ |o=woy=yo = which is the negative

_Zo
Yo’

reciprocal of yo/xzg, the slope of the radius OP. Hence the tangent line is perpendicular to the radius OP.



