MA1200 Exercise for Chapter 7 Techniques of Differentiation
Solutions

First Principle

2x—3 2 17
1. a) To simplify the calculation, note S 3 3am v Then
2 12, 17
i LG = () 03 3@x+3h+4) 3 3Bx+4) . 170x+3h+4-(Gx+4)
70 h 70 h 10 3h(3x+3h+4)(3x +4)
~tim 17(3h) — lim 17 R - )
1>03h(3x +3h+4)3x+4) >0(Bx+3h+4)(Bx+4) (Bx+4)
b)
lim\/Z(x+h)+l——«,/2x+1 XJz(x+h)+1+42x+1
>0 h J20(x+h)+1++2x +1
2h 2 1
=lim = = = f'Yx
50 IL2(x+h)+1++2x+1]  242x+1  2x+1 S
Product/Quotient/Chain Rules
1 6 6
2. a) 28%° —12x+41+——— ——
x2 x3 x4
L 93z
b) ¥ = %\}5«%_5:25‘5’ }r' :2 3 x3
3
©) ¥ = (25— xH)% s0 y' =125 — %) F (—2x) ===
- 25— x?
d) Quotient rule: —-_2—7
(3+2x)
e) Quotient rule: M
* (4__x2)1.5

f) Chain rule: 3000(1 + 2x — 5x°)*°% (2 —10x)
g) Product rule + Chain rule: 2(x* +4)(2x)(2x° =1)> + (x + 4)?3(2x° - 1)%(6x?)

h) Chain rule: 6sin’ (2x)cos(2x) + 15x° sin(x3 +1)

1) Chain rule: v* =- ? —(In (Inx))' = __.__1_._ (Inx) = 1
miinx la (laaiiinegg - xlnx ln(ln .X)
J) Product rule: Inx
k) Chain rule: cotx
1) Chain rule: —tanx
m)y=mn3-+Inx—x ¥ =_1+l
X

n) Chain rule: —e” sin(e™)
o) Product rule: 3" = 3x7(e¥ cosx) + x¥e¥ cosn + x¥2¥ (—sin x)

1



3

=¢* (x> cosx +3x° cosx — x° sinx)

(3x% =5x)" (2x +sinx + 2 + cosx) — e (2x +sinx)(6x = 5)

p) Quotient rule + Product rule:

(3x* —5x)*
. (n=Dx" —nx""+1 . —x?—4x+6
q) Quotient rule: r) Quotient rule;: ——————
(x=1)* (x* —3x)°

s) Product rule + Chain rule: 2cos(2x)cos(3x) — 3sin(2x)sin(3x)
—sin(In(2x) +1) 1

Y Chain rule: cos(lnleos(In(2x)+ D]+ ) o
cos(in(Zx X

. a) Differentiate both sides:

25— 2y(3') = 080 y'=x/y

(We need to use Chain rule on the ¥“term, and then we get a v
b) Differentiate both sides:

2x+y

x+2y

In the middle term we used Product rule.

c) Differentiate both sides:
2xt oy :j(7 x +23{»")) = 4(v + xv") Collecting like terms, we get

Zx+y+x(y)+20(»1=0S0 y'=-

(x +y Hx—y
x—(x*+y7)y
dy )
a) — D_dr 2t =—9~t=—9- whent=1. Whent = 1,(x, 1) = (3,5]. So
dx dx 4 4 4
dz

Tangent: y—5 =2(x~—3) , y=225x-1.75

Normal: y — 5=~—(x 3), y—§x+?
(Recall: eqn ofhne is v — vy = (slope}(x —~ xy); slope of tangent = d /dx;

slope of normal * slope of tangent =-1)

—7\/_-!— ——4— whent=4.

Or we can write ¥ = 1~ — = and we sub inx=2. (x,v)=(2,35)
X

Tangent: y—gx 5, Normal: v——ix+£5—
4 17 34 -

. a) Take log. Then use Chain rule on LHS and Product rule on RHS:

A | \)
Lyl

Inv=cotxln{x+17 So %y" = (—csc”x) In(x + 1) = cotx |-

v =(x+1)°°“[ csc’ xln(x+1)+com}
x+1

=TT e

3 - . 2 1 ¢ b4 e 2w s s
b)Iny =e"ln (x7=2x7) So=y =" In (x7 = 2x7) = ¢” (
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’ 2ve¥ | 2 e.\' (4X3 -+ 4x
v = (x4 +2x ) {6 1n(x4 +2x ) + ———4“—-—2‘2}
x +2x

ui

CoORoX

¢)Inu = (x* + 2)In (sin Sx). Then iu" = (2x)In (sin5x) + (x° +2)=

w
AR
e

w
9
14
»®

2
Then v' =(sin5x)* *?[2xIn(sin5x) + 5(x% +2)cot5x] + 3

6. @)y =3(4)e* ¥ = 3%
So in general, y(") = 3(4’7)e4x

2T

b) Use the formula: If u = a sin(bx = ¢, then u'™ = a(b)"sin (bx+ ¢ + =)

2

So " =5(6")sin(6x~7 + %)

c) Write v = 2(2x — 13", Then »' = 2(—13(2x—1)7"2

v =212 (22— 17727y =2(-1)(-2)(-3)(2x— 1)7*2
So y =2 a2x-1)7"!

(There is no {—=}}, need to write {—1)"xn!)

j

©y

11! xll—n -6 3! x3—n
(11=mn)! @B3-n)! 1€n<3
!
d) y™ = A e when 4<n<11
(11-n)!
0 12<n

(First we know if differentiate more than 11 times, all terms become 0; we also know if differentiate
more than 3 times, only the x*! term remains. We differentiate a few times to guess the general form
above)

Leibniz’s rule
7. If v = f{x)g(x), then Leibniz’ rule states that

T fnd iui il ofn=-1% "fﬁ cln=23% 3 £ 00y iny
vl [i J‘ T{nl)’ gt - ‘] gt “{ﬁ]f gt
a) " v =x%e™ = g(x)f(x). Then putting into the formula
above and notmg that £ (x) = 2°¢* and ¢'™ = 0 for m = 4, we get
{2 [ ! S {7 M fxa 2 {7 -2 .,( o - e
il {(} } A e {dj 2l 3y & (:! LA - R & ( \]2 322%5 £ 0
e x* (3 +2x) n=1
Y =426 x(2x% + 6x +3) when n=2
27327 % +3(2%)nx” +3(2)n(n - Dx + n(n—1D(n—-2)] nx3
b) v=(x"—4dx +7)cos(2x — 1) = g(x)f(x). So for
= 2,
g .x’ PR T
oo $65 - - FLAT, 71 - — Ll
pi = (é\} (x"—4x +7)2%cos (;1:;; -1 -7] + (:7 (20— 427 -1 cast 22— 1+ L =
FTLY N ey -2 ‘V " {:R-‘ 2:]“{‘ s )
-{\2))[:3)_ 'cos{zza—l—— = J—G



(2x — 4)cos(2x —1) +2(x* — dx +7) cos(Zx ~1+ %) when n=1

2" cos(Zx -1+ ﬁ;}(xz —4x+7)
n _

g (n=1)
+n2"! cos(Zx—lJr " 5 ﬂj(Zx—4)
+n(n-1)2""2 cos(Zx -1+ (_n%) when n>2
c) v = (x7) 1; = g(x])f(x). Soforn
yiol = {2*1{ DL+ ) 7 (1) (D - DL+ ) 2

i1 -,] e
"\J— K A

ndls
Hl+x)7 2

v =~ 1)l (1 +2)7 Tyt S (=1l (LX) TR 2
1) (1 )

vl = ()l (1 )T e (— 1)1+ )2k = (1 x)?]
= [—1)" n'(l—-w_“_i[u—fl-—w}l}
=(—1"n! {1+t

w _ JA+x)7x(2+x) when n=1
=D"al(1+x)"" when n>2

Miscellaneous
8. If y=xsinx, prove that xzy"—ny'+(2+x2)y =0.

Proof:

y=xsinx = y'=sinx+xcosx = y"=Ccosx+Ccosx—xsinx=2cosx—xsinx.
So

Y232+ x)y = x° (2 COS X — xsin x)—2x(sinx+xcosx)+ (2+x2)xsinx

= x”(~sinx +sin x)+ x* (2 cos x — 2cos x)+ x(- 2sin x + sin x) = 0

2 .
9. If u=+ax’ +2bx+c, prove that—c—?—(xu) _2ax” +3bx+c
X

u
Proof:

L L
du =i(\/ax2 +2bx+c) =§—((ax2 +2bx+c)2J =‘§'(a!x2 +2bx+c) *(2ax+2b) =
X

dx dx

ax+b

ax+b

Then

d du ax+b ax* +bx+u’  ax*+bx+ax’ +2bx+c 2ax’ +3bx+c
—((xu)=x—+u=x = = —

dx dx u u u

I —_—
(ax® +2bx +c)?

U



1 .
*10. Find the values of ¢ and b (in terms of ¢) such that f'(c)exists, where f(x)= m it Ix]>¢ .

ax+b if |x|<c

Solution:
1 1 ifx>c
—  iflx x
F(x) =9 |« IfIJ\l>63f(x)= ax+b if—c<x<c
ax+b if |x|<c . if x < —c
-X

In order that f"(c) exists, f(x) must be continuous at x =c.

Thatis, lim f(x)= lirr}l L =lim f(x)=ac+b= f(c).
X—o¢ X—=c’ x C X—=C

l—(ac-{hb) 1.1 i .
fim =S _ iy x ~ fim £ € = Jim %€ = Jim —¥€ = Jim =~
x->c* X—C x—c* X—C =t x—¢ x=et x—¢ x>t x—¢ x>t xe c”
lim f(x)=f(c) — lim ax+b—(ac+b) ~ fim a(x—c) 4
x> xX—C x—>c” XxX—C x=>¢"  X—C
That f'(c) exists means lim S=f0) = ——17 = lim MACLNAO] =a
x—c* xX—C c” x—=c” xX—C
Therefore, a = —% and putin ac+b = 1 .
c” c
1
1 , , 1 A+l . “e="=
Wehave ——+b=c’=>b=c"+~= .So b =—c’. Finally, we have L€
c c c p=F +1
c

11. A function y of x is defined by the equation sin(x— y) =msin y. Express y explicitly in terms of x.

. d 1+mcosx
Hence, or otherwise, show that Y _

dx 1+2m cosx+m>
Proof:

sin(x—y)=msin y = sin xcos y —cos xsin y = msin y = sinxcos y = (m +cos x)sin y

sin y sin x sin x o[ sinx
= > tany=——-—m=y=tan | —
cosy m-+cosx m+cosx m+Ccosx
Then
sin x .
sin x d| —— (m+cosx)cosx+sin’ x
d! tan™! Mm+CosXx >
_d}i _ m+cosx _ dx _ (m+COSX) _ I+mcosx
. 2 2 . " 2
dx dx 1_{_( sin x j (m+cosx) +sin’ x 1+2mcosx+m
2
m+cosx (m+cosx)



dy

12. Lety=(x+1)"", find =.
dx
Solution:
dy
. e 1
=(x+1)™ =1Iny=cotxln(x+1) =4 = —cscxIn(x+1)+cotx )
y=(x+1)"" =Iny=cotxln(x+1)= 5 csexIn(x+1)+co J\(x+1

dy _ _ N cotx _ cotx cotx cotx
:dx—y( cscxln(x+1)+x+lj— (x+1) cscxln(x+1)+x+1(x+1)

13. Show that f'(x)=0, where f(x)=tan™ x+tan™ l

X
Solution:
1 1 1 d(l) 1 1 1 1
x)=tan ' x+tan' == f'(x)= + = L — =0.
() x () 1+x7 1+i dx  1+x7 1+x7 X 14X 1+
.X2
. . x=£+2
14. Consider the parametric curve , where —o0 < <0,
y=t
. dy dYy . . .
Find ol and the equation of the tangent line to the curve at the point (3,1).
X dx
Solution:
Method 1:
x=t*+2 2 3
=>x=y’+2=>y=(x-2)2.
y=t
Then
3 dy 3 Ld?y (1)3 L3 1
=(x-2P2=>—==(x-2)2, =|—|=(x-2)2==(x-2)2
y=(x-2p > 222 T2 (125-2)7 =2 (5-2)
Method 2:
& () (&) |ddy dydx]
Y _dr dy_d _@_j:i di |_d| dr |9 _| dt di®  dr di® |4t
de dx gy’ dx\dx) dx|dx | dt| dx |dx ax Y dx
dt dt dt dr
dx d’x
2 — =2t =2
=t +2 2 2
friveafa™ 77 ey
y=t _y:3t2 dy'—‘6l‘ x t
dt ar’

dxd’y dy d’x R
Py | adr ai |di_[2(60)-2(37) ar _3dr
dx* (@T dx 47 dx 2 dx
dt




! dt dt 1

In addition, x =¢ +23t—(x 2)? also x=P42=1=20—= = (1#0).
dx dx 2t
1 2 1
As a result, d—y=it=§(x~2)5, gl_f:iﬂ:itlj:i _1__1_ =§(x—-2)_5
dx 2 2 dx 2dx 2\ 2t 2 = 4
2(x——2)2
dy 3

The slope of the tangent line to the curve at the point (3 1)

dx'" 27

Therefore, the equation of the tangent line to the curve at the point (3, 1) is: y—1= —;—(x - 3)

15. By Leibnitz’s theorem on repeated differentiation, find the nth derivatives of the function y = e cos2x .
Solution:

By Leibniz’s theorem on repeated differentiation, we have

f

dn dnf n—if n dn if dof dOg
g)=g C = , Where =f, —=g,
a )=e s Zl Py ’d " ot

!
C=———,r=01--,n—1nand 0!=1.

d
dx’
2i ; ] 2i+1 1 s
g(x)=cos2x= ;g =(~1) 2% cos2x, £ 8 _(1 2*"sin2x, i =0,1,2,-
d 2i deH-l
So
d" ” d'(cos2x)d"” (e,\-)

o (ex cos Zx) = Z .C. = =

i=0

If n=2m where m is a nonnegative integer, then

n . n di 2 dn~i ex
c?x" (e' cos2x> :Z(;"Ci (::l x) = S_I. )

= GO TG 5 P €5 K GO

, —-
oy dx dx” dax"™

m m-1
=>,Cy, (=1) 2% (cos2x)e + >, Cypy (-1) 7 2% (sin2x) "

i=0 i=0

If n=2m+1, where m is a nonnegative integer, then

d" ;. d' 2x)d"" e

oo (e' cos2x) Zo:nCl (;(;SI x) dx('l )

= > nCZ[ dzi (00782A) d" - (7 X) + i C’)z+1 d’hH (C?82X) dn - 1,()6 )
par, dx™ " dx™ dx"™

m 1

= nC2i( 1)’2“’(cos2x e +Z Ml

=0 i=0

(~1)" 2% (sin2x) e*



