MA1201 Calculus and Basic Linear Algebra ll
Matrix, Determinant and System of Linear Equations

Problem 1

Solution of Problem Set 6

(a) 4 1 5 5 =7 1
AB=<2 1 7) and A2=<2 -1 8>
2 3 10 5 -6 8
(b) 2 =2 1\/4+1 -1 2 2 =2 1\/5 -1 2 6 -1
A(B+I3)=<0 1 2)( 2 -1+1 1 >=<0 1 2)(2 0 1>=<2 2
1 -1 3 0 1 3+1 1 -1 3/\0 1 4 3 2
Problem 2
(a) 1
AD=(1 2 3) <—1> = (1(D) +2(-1) +3(2)) = (5).
T ixs \2 1x1
3x1
1 1 2 3
DA=<—1>(1 2 3)=<—1 -2 —3)
2 1X3 2 4 6
3x1 3x3
(b) BCz(é _11 (2))(_12 g)zundefined.
2X3 fXZ
2 1 0 1
w-G 1 9(41)-0)
2X3 W 2X1
Problem 3
1 2 3 1 2 3 1 2 3 4 0 4 1 2 3
A3 = (0 -1 2)(0 -1 2)](0 -1 2>=<2 1 —4)(0 -1 2)
1 0 -1/\1 0 -1/1\1 0 -1 0 2 4/\1 0 -1
8 8 8
=(—2 3 12).
4 -2 0
Since B is diagonal matrix, we then have
2 0 0\* /2* 0 0 16 0 0
B4=(0 -3 O) =(0 (-3)* O>=<O 81 O>.
0O 0 1 0 0 14 0 0 1
Problem 4
Upper- Lower- Diagonal Symmetric Skew-
Triangular Triangular symmetric
<1 0 0) Yes Yes Yes Yes No
I={0 1 0
0 20 11
- Y
A (0 3) es No No No No
(0 0 0) Yes Yes Yes Yes Yes
B={({0 0 0
00 0
<2 0 —3) Yes No No No No
c=(0 1 0
0.0 2

6
9

13

)



D= (g —11)2 No No No No No

Problem 5
(1) By expanding the determinant along the 1% row, we have

2 0 -3 5 1 11 15
d =2xd —-0xd —3xd = 30.
et((1) (5) %) g et(o 3) 8 et(0 3) * et(o 0)

(2) By expanding the determinant along the 2" column, we have

d — _0xd 5% d —0xd = 30.
et((l) ; §> xdet(o o) +5xder( ) —0xder(y )

(3) By expanding the determinant along the 3™ row, we have

et((l) X ;> <det(g ) —0xder(] )+ 3xdet(y o)

Problem 6
(a) By expanding the determinant along 2" row, we have

1 -2 3 L 3
det{ 0 2 0)=2x(=1)%* det( )=16.
-1 1 5 -15

(b) By expanding the determinant along 2" row, we have

3 -1 2 P .
det(2 0 4)=2x(-1)2* det( ) + 4 x (~1)**3 det ( )=-12.
1 1 0 1.0 1 1

(c) By expanding the determinant along 1%t row, we have

1 a 2
detla —1 0
2 3 1

-1 0

— _ 1+1 _ 1+2
= 1x(=1) det(3 1)+a><( 1) det(
= —a® + 6a + 3.

a 0

) 1) +2 x (=1)1*3 det (a _31)

2

(d) Note that

1 0 —4
det(2 1 1 )=1x(-D"det(] 1)+ (Hx D" det(? 1) =0.
10 5 0 5 10

Using the properties of determinant, we have

1 0 —4\° 1 0 —4\]
det[2 1 1 | =|det[2 1 1 = 95 = 59049.
1 0 5 1 0 5
(e) By expanding the determinant along 2" row, we get

1 2 1 3
5 0 0 -1

det{ 5 1 1 o0
1 0 4 2
2" 1 3 1 2 1
=5x (-1)?*! det(—l -1 O> + (—1) x (—1)?** det <2 -1 —1>
0 4 2 1 0 4

=..=-5(-14) + (-1)(-21) = 91.
- 2-



(f) By expanding the determinant along 2" column

2 1 1 3
1 0 1 -1
detl 3 2 1 o
5 0 4 2
1 1 -1 2 1 3
=1x (=12 det <—3 -1 0 ) +2x (—1)3+2 det(l 1 —1>
5 4 2 5 4 2
=..=-1(11) — 2(2) = —-15
Problem 7
a 0 0
Welet D = <O b O). By expanding along 1t row, we get
0 0 c
_ b 0)_
detD = a X det(0 c) = abc.
Problem 8
(a) det(43) = (detA)3 = 33 = 27.
(b) a1 1
det(4™) = A" 3

1
© " det(4=1B) = det(4~1) det B = 5

(d) det(BTA) = det(BT)detA = detBdetA = 3.
(e) det(24) = 2*detA = 48,

det(34TB) = 3*det(A"B) = 81 det AT det B = 81 detAdetB = 243.
(f)  det(2€?) = 22 det(C?) = 4(det C)2 = 36.

Problem 9
(a) Note that

2 0 -1
detA=det{1 2 1 |=-=9=%0.

0 1 3
The matrix A is invertible and its inverse is given by

1 A1 Ap Ags r 1/5 -3 1 T 5/9 -1/9 2/9
A_l d tA A21 AZZ A23> =§ —1 6 —2) = —1/3 2/3 _1/3>
Ay, Ay, Ass 2 -3 4 1/9 —2/9 4/9

/A11=(—1)1+1det( D A= (DMdet(l 1) A= (DM det(]
1

kAZl—( D2 det (Y TN A= (DPdet( ) Ap =~ det

— (_ 3+1 0 -1 — (_ 3+2 2 -1 — (_ 3+3 2
Ay = (=1) det(z 1) Asy = (1) det(1 1) Asz = (=1) det(1

NOR ORFRL DN

(b) Note that

2 00
detB=det{0 2 0]=--=4=+0.

0 0 1
The matrix B is invertible and its inverse is given by

{ (Bu Biz Biz\' {72 0 0" /1/2 0 0
B_l d B B21 Bzz Bz3 = Z 0 2 0 = 0 1/2 0
B3; B3, Bss 0 0 4 0 0 1



o o
onN
N
o o
N——

1 1
0 0

B21 = (_1)2+1 det( 1) Bzz = (_1)2+2 det( 1) 323 = (_1)2+3 det (0
0 0

(an(—l)l“det(g %) Bi=(D"2det(y 7)) Bis= (1" det(] g)ﬁ
331:(—1)3+1det((2) 0) 332:(—1)3+2det(§ 0) 5’33=(—1)3+3d9t((2) 0)/

(c) Note that

1 11
detC=det<0 2 1>=---=6¢0.
0 0 3

The matrix C is invertible and its inverse is given by

1 Ci1 Ciz (i3 r 1/ 6 0 0\’ 1 -1/2 -1/6
C_lzdetc C21 CZZ C23 =g —3 3 0 - O 1/2 _1/6 .

Cs; Ciy Cas 1 -1 2 o0 0 1/3

0 1

/611=(—1)1+1det( ;) Cro = (D" det (] 1) Cl3=(—1)1+3det(8 )

N

o))
. C21 = (_1)2+1 det (é é) C22 = (_1)2+2 det ((1) é) C23 = (_1)2+3 det (é é))
kca — (—1)3*! det (; 1) Csp = (—1)3*2 det ((1) 1) Cys = (=1)3+3 det((l) ;)
(d) Note that
2 -3 0
detD = det<1 0 1> =..=0.
1 0 1

Thus the matrix D is not invertible and its inverse D~! does not exist.

Problem 10
(a) If the matrix is singular (non-invertible), then we must have

detC=0:>det(2 2)—a><det(a O)+det(a 2)=0

0 2a a 2a 0
= —-a*-2a=0=2a(a’?+2)=0
>a=0.
(b) 12 1
Take a =2, wehave C=(2 2 0). Since detC = —23 —2(2) = =12 # 0, C isinvertible
4 0 2
and its inverse is found to be
1 (Cu Ca2 Ca\" | /4 -4 -8\" /-1/3 1/3 1/6
C_1=m Cp1 Gz (3 =12 -4 -2 8 ) =13 1/6 -1/6
L8 \Cyy €3y Cas -2 2 =2 2/3 —=2/3 1/6
(1141 2 0 (1142 2 0 (L 1\143 2 2
Cy = (=1 det(0 2) Crp = (=1 det(4 2) Cis = (1) det(4 0)
(1241 2 1 (L 1\2+2 11 _ (_1\2+3 1 2
Cyy = (=1) det(o 2) Cyy = (=1) olet(4 2) Cps = (=1) det(4 0)
— (_1\3+1 2 1  (_1\3+2 11 (11343 1 2
Cay = (=1) det(2 o) Csp = (=1) det(2 0) Css = (1) det(2 2)
Problem 11
(a) 0 1 onf: ? 0 -3
T_ — =
a8"=(; o Plo 3)=( )
20 11
s (1 0 2 /0 3
BAT =, -3 1)<(1) (1’>_(—3 3)



B)  Note that det(4B™) = det(3 ~’) =90 and det(BA") =det( ", >

implies that both matrices are invertible and their inverse is found to be

1 (€ Cp\ 1,3 —3\T 1/3  1/3
(4B = dt(ABT)<Ci &) =36 D) =5 o)

(Here, C;; represents the cofactor of (l,j)th element of ABT)

(BAT)™ = 1 (D11 D12>T _ 1( 3 S)T _ (1/3 _1/3>_

)=9¢0, this

"~ det(BAT)\Dz; Dy, 9\-3 0 1/3 0
(Here, D;; represents the cofactor of (l,])th element of BAT))
Problem 12
_ 2 5 2 5 2 2\ _ . . .
Note that det E = det (2 6) det (3 6) + 2 X det (3 2) =1 # 0, then E isinvertible and its

inverse is given by

1 Eyyn Eip Egs T 1 2 3 —-2\7 2 =2 1
El= detE Eyi Eyy Eps :I -2 0 1 =|( 3 0 -1

E3y Esz; Ezs 1 -1 0 -2 1 0
/Ell = (—1)1+1 det (2 2) E, =(— 1)1+2 det( 2) B3 = (_1)1+3 det (g 5)\
| Ezy = (—1)*1 det G 2) Epp = (—1)**? det (é 2) Ezz = (—1)*"° det (é ;) |
kE31 = (=1)3*1 det (; é) E;, = (—1)3*2 det (; é) E3; = (=1)°*3 det (% ;)/

Thus the matrix X is found to be
0O 1 2 2 -2 1 0O 1 2 8 —4 -5
X=E1'-1 3 5|=1| 3 0O -1]J]l-1 3 5|]=|-6 3 5 ]
6 0 1 -2 1 0 6 0 1 -1 1 1
Problem 13

The system can be rewritten as

x—2y+z=0 1 -2 1 x 0
{2x+y—3z=—5=><2 1 —3><y>=<—5> ------ (*)
—x+4z=11 -1 0 4/ \z 11

A

1
0
and its inverse is given by

1 [Aun A A\ (/4 -5 1\" /4/15 8/15 1/3

A=A A A =8 5 2) =(-1/3 1/3 173

A \4y Asp Ass 5 5 5 1/15 2/15 1/3
/An:(—l)l“det(l D) An=E0de(Z ) An= (DM de( 1)

Note that det4 = det(

4 -1 0

0 4 4 10

'k Ay = (—1)%*1 det (_02 D Ayy = (—1)%+2 det( 1 i) Ay = (—1)2+3 det( 11

—2 1 — (_ 342 1 1 3+3
) _3) Asy = (1) det(z _3) Az = (1) det

Therefore, the solution of (*) is found to be

x 1 -2 1\7'/0 4/15 8/15 1/3\ /0 1
R)-( o 2) ()G o m)E)-C)
z -1 0 4 11 1/15 2/15 1/3/\11 3

=>x=1, y =2, zZ=

Ay = (=1)3*1 det(

_43> — (—2) x det (_21 _3) + det( 2 1) =15 # 0, then 4 isinvertible

\___/



Problem 14

(a) R2+3R1
1 —1 3 |15\ Rs—2R; /1 -1 3 15 \Rs-R, /1 —-1 3 15
-3 2 1 |4 = (o -1 10 [49 ] = |0 -1 10 49 |.
2 -3 2 19 0 -1 -4 I[-21 0 0 -—-14 1-70

Since there is no column with no pivot, the system has a unique solution.
x—y+ 3z= 15
The system can be expressed as —y + 10z = 49. Solving the equations backward, we

—14z = -70
obtain z=5, y=1, x=1.

(b) R;—4R,
2 1 =3 |[12\R=2/1 1/2 =3/2 |6\Rs-3R, /1 1/2 =3/2 6
(4 0 1 5) < (4 0 1 5) S (0 -2 7 —19)

3 -1 2 1 3 -1 2 1 0 -5/2 13/2 |-17

Rye(-2) /1 12 =3/2 | 6 \Ret3Ri 1 1/2 —3/2 6
2 (0 1 =7/2 19/2) < (0 1 =7/2 19/2 )
0 —5/2 1372 |-17 0 0 61/4 |-163/4

Since there is no column with no pivot, the system has a unique solution.

( 1, 3,
Xty —3z 6
19 . .
The system can be expressed as y — %Z = Solving the equations backward, we
| 61 163
\ Pl
4 4

obtain z=-3, y=-1, x = 2.
R,—3R;

(c) (1 -2 3 |3) - (1 -2 3 |3)
3 =5 1 14 0 1 -8 I-5
Since the 3™ column has no pivot, the system has infinitely many solutions and z is a free
x—2y+3z= 3
y—8z=-5
Take z =t, tisreal. By solving the equations backward, we get y = =5+ 8t andx = -7 +

variable. The corresponding system is given by {

13t.
(d) R,+3Rq
1 1 2 |O\Rs+2Ri /1 1 2 |O\Rs—R./1 1 2 |0
(—3410)1‘(0770)73(0770)
-2 5 3 1o o 7 7 lo 0 0 0 lo

Since the 3™ column has no pivot, the system has infinitely many solutions and z is a free

+y+2z=0
variable. The corresponding system is given by {x y z

7y+7z=0
Take z =t, t isreal. By solving the equations backward, we get y = —t and x = —t.
R,—-2R
© 1 1 1 j9\m-2m/1 1 1 |9 \Re3/l 1 1 |9
(2 5 7 52) < (0 3 5 34) N (0 1 5/3 34/3)
2 1 -1 10 0 -1 -3 1-18 0 -1 -3 1-18
Rs+R, /1 1 1 9
o~ (0 1 5/3 34/3)
0 0 —-4/3 [-20/3
x+y+ z= 9
34
The system can be expressed as y+§Z = 3. Solving the equations backward, we
4 20
3 3

obtain z=5, y=3, x = 1.
(f) R,—2Rq

1 3 =2 =1 |1\ Rs+R; /1 3 =2 -1
2 5 -1 3 2 "~“<0—135

-1 -1 -3 2 -3 0 2 -5 1




Ry—2R;
Rs+Ry /1 3 =2 -1 1 \Rs+2R; /1 3 =2 -1 1
= <o -1 3 5 |0 > = (0 -1 3 5 |0 >
0 2 -5 1 -2 0 0 1 11 1-2
Since the fourth column has no pivot, the system has infinitely many solutions and w is the free

x+3y—-2w—- z= 1
variable. The corresponding system is { -y+3z+5w= 0.
z4+ 11w = =2

Take w =t, t isreal. By solving the equation backward, we obtain z = -2 — 11t, y = —6 —
28t, x = 15 + 63t.

(g) R2—2R1
1 2 3 4 |[-2\Rs#3R; /1 2 3 4 |-2
2 4 5 9 |1 = (o 0o -1 1 5
-3 -6 0 1 Is 0 0 9 13 I-1
R3+9R, /1 2 3 4 -2
= (o 0 -1 1 5 |
0 0 0 22 l44

Since the second column has no pivot, the system has infinitely many solutions and y is the free

X+2y+3z+4w = -2
variable. The corresponding system is { —z4+ w= 5
22w = 44
Take y =t, t isreal. By solving the equation backward, we obtain w =2, z= -3, x =
-1 —2t.
(h) R,—2Rq

1 -3 4 7 |1
2 —6 -3 5 |2
4 -12 -17 1 |4
R3—3R, <1 -3 4 7

R3—4R1 /1 —3 4 7
~ <0 0 —-11 -9
= (o 0 -11 -9

1
)
0 0 -33 =27 10
1
s o)
0 O 0 0 10

Since the second column and fourth column has pivots, the system has infinitely many solutions.
Here, y and w are both free variables.
{x—3y+ 4z +7w =1
—11z—-9w =0
Take y =s and w =t, s, t arereal. Solving the equation backward, we get z = —%t and

The corresponding system is

x=1+35—£t.
11

Problem 15
Note that
R,—2R;
1 -2 1 1\ R3-3R; /1 -2 1 1 R3+3R; /1 =2 1 1
(2—4—53)9(00—7 1>’~“‘<00—71>
3 —6 24 la 0O 0 21 la—3 0 0 0 la
(a) 1 -2 1 1
If a =3, the system becomes (0 0 =7 1>.
0 o 0 3

Since the last row is the row of the type (0,0,0|b), b # 0, thus the system has no solution.
(b) The system is consistent when there is no row with (0,0,0|b), b # 0. This happens when a = 0.

Problem 16
R,—2R,

3 —1 —1 |1\R=3/1 —-1/3 —1/3 |1/3\Rs-4r, /1 —1/3 —1/3 1/3
(2 —4 5 1) < (2 —4 5 1) = <0 -10/3 17/3 1/3 )
4 2 =7 lc 4 2 —7 c 0 10/3 -17/3 lc—4/3
Rs+R, /1  —1/3 —=1/3 |1/3
< (0 -10/3 17/3 |1/3 )

0 0 0 c—1




The system is consistent only when there is no row with (0,0,0|b), b # 0. Thisimpliesthat c—1=0=
c=1.

Remark: Since the last column has no pivot, the system has infinitely many solutions if the system is
consistent.

Problem 17
Ry+Rq
1 2 -1 jc\R-R/1 2 -1 c R3-R, /1 2 -1 c
(—1 4 1 cz) i~ <0 6 0 cz—kc> i~ (0 6 0 c?+c )
1 8 -1 Ic? 06 0 I*-c 0 0 0 Il3—c?-2c
(a) Since the third column has no pivot, thus the system cannot have unique solution for any value of c.
(b) The system has infinitely many solution if there is no row with (0,0,0|b), b # 0. This happens
when
c3—c?-2c=0=c(c=2)(c+1)=0
=>c¢c=0 or c=2 or ¢c=-1.
(c) The system has no solution if there is a row with (0,0,0|b), b # 0. This happens when

c3—c?—2c#0=c+#0 and c#2 and c# —1.

Problem 18
1 -2 1 INR:-R /1 =2 1 I\ Rs-Rz /1 =2 1 1
(1 -1 2 2) = (0 1 1 1) = <0 1 1 1 )
0 1 ¢ Ic 0 1 ¢? Ic 0 0 c¢?—1 lc—-1
(a) The system has a unique solution if there is no column with no pivot, this happens when ¢? —
1#0=c+#+1.
(b) The system has infinitely many solutions if there is a column with no pivot and there is no row

with (0,0,0|b), b # 0. This happens when ¢? —1 =0 and ¢ — 1 = 0. Solving the equations,
we get ¢ = 1.

(c) The system has no solutions if there is a row with (0,0,0|b), b # 0. This happens when c¢? —
1 =0 and ¢ —1 # 0. Solving the equations, we get ¢ = —1.

Problem 19
2 1 —=b |3\Rs*+R1 /2 1 —b |3\Rs=R2/2 1 —b |3
0 a -1 [2] = (0 a -1 [2) = (0 6 —b |4
-2 5 0 1 0 6 —b 14 0 a —1 12
R,+6 /2 1 —b 3 \ Rz—aR, /2 1 —b 3
= (0 1 —b/6 2/3) = <0 1  —b/6 2/3 )
0 a -1 2 0 0 ab/6—1 12— 2a/3
(a) The system has a unique solution if there is no column with no pivot. This happens when % —
1#0=ab+6.
(b) The system has infinitely many solutions if there is a column with no pivot and there is no row
®_1=0
with (0,0,0|b), b # 0. This happens when { © . > a=3,b=2.
2——=0
3
(c) The system has no solution if there is a row with (0,0,0|b), b # 0. This happens when
L-1=0
= ab =6, a# 3.
2-2%0



Problem 20

Ry—2R,
1 3 -2 -1 1\ Rs+R; /1 3 -2 -1 1
( 2 5 -1 3 2) = (0 -1 3 5 0 )
-1 -1 a-—3 a?*—-10 1Ib 0 2 a-5 a?-11 Ib+1
Rz+2R, /1 3 -2 -1 1
< <0 -1 3 5 0 )
0 0 a+1 a*—-1 Ib+1
(a) Since the matrix has 3 rows only, there are at most 3 pivots in the matrix. Thus at least one of

the 3™ column and 4™ column has no pivot, the system cannot have a unique solution for any
values of a and b.

(b) The system has infinitely many solutions when there is a column without pivot provided that the
system is consistent. As discussed in (a), at least one of the 3™ column and 4" column has no
pivot and the system is consistent if case (c) doesn’t happen, i.e., when a = —1 and b = —1
or when a # —1. We can conclude that the system has infinitely many solutionsif a = b =
—1 or a # —1 and b has no restriction.

(c) The system has no solution if there is a row with (0,0,0,0|b), b # 0. This happens when a +
1=0 and a?—1=0 and b + 1 # 0. Solving these equations, weget a = —1 and b #
—1.
Problem 21
1 -2 3 X 1
The given system can be expressed as (4 1 —2) <y> = (5)
2 -1 3 VA 6
Using Cramer’s rule, the solution of the system is found to be
1 -2 3 1 1 3 1 -2 1
det(S 1 —2) det<4 5 —2) det<4 1 5)
v 6—13=Ey= 2 6 3) 58  _ 2 -1 6/ _11
(1 -2 3) 15’ <1 -2 3) 15’ (1 -2 3) 5°
det{4 1 -2 det{4 1 -2 det{4 1 -2
2 -1 3 2 -1 3 2 -1 3
Problem 22
(a) 1 2 11 neEER g 2 1 0% o2 1 0
(—3 4 lo 1) - (o 10 I3 1) - (0 1 |3/10 1/10)
Fiz2Re 0 14710 —2/10
- (0 1 [3/10 1/10)
- 4 _2
Thus we conclude that (_13 i) = 130 110 .
10 10
(b) R{+3

(3 1t 0)R2§R1(3 1 O)RZJ6(1 1/3 |1/3 0)
—6 4 10 1 06 12 1 o 1 13 1/6
Rl—%RZ

321 0 [2/9 -1/18

" (0 1 11/3 1/6)

2
_1 - — —
Thus we deduce that (—36 D = ; 318
3 6
(C) R2—3R1
1 1 2 |1 0 O0\R—4R, /1 1 2 1 0 0
3 2 3 010)"2 0 -1 -3 [-3 1 0
4 2 1 1o o 1 0 -2 -7 |I-4 0 1




(d)

(e)

(f)

(8)

Ry+(-1)

Rs—2R, /1 1 2 1 0 O\R=(-D/1 1 2 |1 0 0
= (o -1 =3 [-3 1 o] = (013 [3 -1 o0
0 0 -1 Il2 =21 0 01 Il-2 2 -1
R1—2R3
R,-3R3 /1 1 O 5 —4 2\Ri-R, /1 0 O —4 3 -1
= 1lo1o01|9 =7 3] 1010 |9 -7 3
001 1l-2 2 -1 0 01 |l-2 2 -1
1 1 2\t /-4 3 -1
Thus we concludethat |3 2 3 =9 -7 3
4 2 1 -2 2 -1
1 1 1 |1 0 O0\R-5R;/1 1 1 1 0 0
0 2 3 |01 0] = (0 2 3 0 1 0
5 5 1 1o 0 1 0 0 -4 I-5 0 1
R1—R3
R2+2 3
Rs+(-9) /1 1 1 1 0 0 \Re3Rzs /1 1 0 |—1/4 0 1/4
< (0 1 3/2 |0 1/2 0 > < (0 1 0 |-15/8 1/2 3/8)
oo 1 I5/4 0 -1/4 0 0 1 5/4 0 -—1/4
Ri-R, /1 0O O |13/8 —-1/2 -1/8
N <0 1 0 |-15/8 1/2 3/8)
0 0 1 5/4 0 —1/4

1 1 1\ ! 13/8 -1/2 -1/8
Thus we conclude that (O 2 3) =<—15/8 1/2 3/8 )

5 5 1 5/4 0 —1/4
0 -1 2 |1 0 O\Rs=Ri/1 —1 5 |0 0 1
(214010>9<214010>
1 -1 5 10 0 1 0 -1 2 I1 0 0
R,—2R; /1 —1 5 0 0 1\R=3/1 -1 5 |0 0 1
< (0 3 —6 [0 1 —2>”~“<o 1 -2 |0 1/3 —2/3)
0 -1 2 1 0 o 0 -1 2 11 o 0
Rs+R, /1 —1 5 |0 O 1
< <0 1 -2 [0 1/3 —2/3)
o o o [1 1/3 -2/3

Since the last row is of the form (0,0,0|a, b,c), a, b, ¢ # 0, thus the matrix is not invertible.

—2 3 4 |1 0 O\ReRi /1 0 -1 |0 1 0
(10—1010>”~‘<234100)
-1 5 8 1o o1 15 0 0 1
R,+2R,
Ry+Ry /1 0 —1 [0 1 O\R=3/1 0 -1 |0 1 0
< (03 2 |1 2 0)”“(0 1 2/3 |1/3 2/3 0)
05 7 1o 1 1 05 7 o 1 1
R;—5R, /1 0 —1 R3+ 3 1 0 -1 0 1 0
~ (o 1 2/3 1/3 2/3 0) ~ (0 1 2/3 | 1/3 2/3 0)
0 0 11/3 |-5/3 -7/3 1 0 0o 1 I-5/11 =-7/11 3/11
R1+R3
R:=2Rs 11 0 0 |-5/11 4/11 3/11
< <o 1 0 [7/11 12/11 —2/11)
0 0 1 [-5/11 -7/11 3/11

—2 3 4\"' ,-5/11 4/11 3/11
Thusweconcludethat(l 0 —1) (7/11 12/11 —2/11).

-1 5 8 -5/11 =7/11 3/11
1 1 2 -3 11000, /1 1 2 =3 |1 000
0 2 1 0 010 0}°x"(0 2 1 0 [0 100
0 0 3 0 |00 10 0o 0 3 0 |0 010
1 -11 1 lo 00 1 0 -2 -1 4 I|-1 00 1



(h)

Ry+2

R4+R2112‘31000§Z:2112‘3 1 0 0
~[0 21 0 |o 10 0% (01 1/2 0 0 1/2 0
003 0 |0 010 00 1 0 0 0 1/3
000 4 |-1101 00 0 1 |-1/4 1/4 0 1/4
rasp /11 2 0 1/4 3/4 0 3/4
o1 172 0 0 1/2 0 0
<o 0 1 0 0 0 1/3 )
00 0 1 |-1/4 1/4 0 1/4
R1—2R3
R-lp, /1 1 0 0 |1/4 3/4 -2/3 3/4
<~ (o100 |0 1/2 -1/6
<0 010 0 0 1/3 )
000 1 |-1/4 1/4 0 1/4
n_p /1 0 0 0 |1/4 1/4 -1/2 3/4
W01 0 0 0 1/2 -1/6 0
“lo o 10| o0 0 1/3 0
000 1 |-1/4 1/4 0 1/4

= O OO

1 1 2 -1 1/4 1/4 -1/2 3/4
0 2 1 0 0 1/2 -1/6 0
Thus the inverse is given by 0 0 3 0 0 0 1/3 o |
-1 1 1 ~1/4 1/4 0 1/4
13—111000R2R -1 1 |1 0 00
01 1 3 |01 00| s 1 3 |0 1 0 0
11 2 -2 10010 3 -3 [-1 010
2 0 -1 3 fo o o0 1 1 1 [-2 0 0 1
Rs+2R; /1 3 -1 1 1 0 0 0 13—11 1 0 0
R4+6R, R3=5
~01 1 3 J0o 10 0|~(01 1 3 0 1 0
00 5 3 |-12 10 0 0 1 3/5 [-1/5 2/5 1/5
00 7 19 |-2 6 0 1 00 7 19 | -2 6 0
13 -1 1 0 0
Ra7Rslo 1 1 3 0 1 0 0
~\oo0o 1 3/5 |-1/5 2/5 1/5 0
0 0 0 74/5 |-3/5 16/5 -7/5 1
reldp /1 3 -1 1 1 0 0 0
47 5 3
-~ [0 1 1 3 0 1 0 0
- (o o 1 3/5 |-1/5 2/5 1/5 0
0 0 0o 1 |[-3/74 8/37 -7/74 5/74
Ri—Ry
R,—3R,
r-3p, (1 3 -1 0 |77/74 —8/37 7/74 -5/74
S0 1 1 o | 974 13737 21/74 —15/74
- <0 0 1 0 |-13/74 10/37 19/74 -3/74
0 0 0 1 |-3/74 8/37 -7/74 5/74
Ri+Rs /1 3 0 0 |32/37 2/37 13/37 —4/37
RRalo 1 0 o |11/37 3/37 1/37 —6/37
“ 1o o 1 o [-13/74 10/37 19/74 -3/74
0 0 0 1 |-3/74 8/37 =7/74 5/74
1.0 0 0 |-1/37 =7/37 10/37 14/37
B3Rl 1 0 o |11/37 3/37  1/37 —6/37
“ lo o 1 0o |-13/74 10/37 19/74 =-3/74
0 0 0 1 |-3/74 8/37 =7/74 5/74
1 3 -1 1\ -1/37 =7/37 10/37 14/37
. . 01 1 3 11/37 3/37 1/37 —6/37
The inverse is found to be 11 2 -2 = ~13/74 10/37 19/74 —3/74 |
2 0 -1 3 —3/74 8/37 —7/74 5/74



Problem 23

(a)

(b)

(c)

0 1 -1
We let d = <1>, b= (2) c= ( 1 ) Then we consider the following equation:

1/ \o 1
xlc_i+x2b+x33=0

0 1 -1 0 Xy — X3 0
=>x1<1>+x2<2>+x3< 1>=<0>$<x1+2x2 +x3>=<0>_
1 0 1 0 X1 + X3 0

xZ - x3 == 0
Comparing the components, we obtain {xl + 2x, + x3 =0,
x1 + X3 == 0

Using Gaussian Elimination, we have

0 1 -1 0\ RioR, /1 2 1 0\ Rs-R; /1 2 1 0
12 1 (o] = {01 -1 [o] = (0o 1 -1 |0
1 0 1 0 1 0 1 0 0 -2 0 0
R3+2R; /1 2 1 0
= (o1 -1 |0
0 0 =2 10
x1 +2x2 + x3 == 0
The system corresponds to { x, — x3 = 0. Solving the equations backward, we have
_ZX3:O

X3:0, x2=0, x1=0.
Since (x4, x,x3) = (0,0,0) is the only solution, thus the vectors are linearly independent.

1 -2 2
Welet d = <2), b= ( 1 >, ¢ = <1> Then we consider the following equation:

o/ \o 1
x1&+x2b+x35=0

1 -2 2 0 Xy — 2%y + 2x5 0
a3 ()0 1) () (= )-()
1 0 1 0 X1+ x3 0
X1 —2x, +2x3 =0
Comparing the components, we obtain {le + x,+ x3=0.

x1 + X3 = 0
Using Gaussian Elimination, we have

R,—2R;
1 -2 2 |0\ Rs-R /1 -2 2 0\ Rz+5 /1 —2 2 0
(2 1 1 0) < <o 5 -3 o) N (0 1 -3/5 0)
1 0 1 10 0 2 -1 10 0 2 -1 0
Ry—2R, /1 =2 2 0
o~ <O 1 -=-3/5 0)
0 0 1/5 0
x1—2x2+2x3=0
The system corresponds to X2 —5X3 = 0 Solving the equations backward, we have

1
-x3=0
53
X3=O, XZ=0, x1=0.

Since (x4, x5,x3) = (0,0,0) is the only solution, thus the vectors are linearly independent.

1 0 4
Welet d = <3), b= (2), ¢ = ( 6 ) Then we consider the following equation:

0 1 -3
x4 + xzb + X3

¢ =
0 4 0 X, + 4x;3 0
1 0 X, — 3x3 0

—>



(d)

X1 +4x3 =0
Comparing the components, we obtain {le + 2x, + 6x3 = 0.
X, —3x3=0

Using Gaussian Elimination, we have

1 0 4 O\R:-3R; /1 0 4 O\R=2/1 0 4 0
(3260)'3(02—6 0>”~“<01—3 0)
0 1 -3 10 01 -3 10 0 1 -3 10
Rs-R, /1 0 4 0
= (0 1 -3 0).
0 0 O 0
The 3™ column has no pivot and the corresponding variable x5 is a free variable. Take x; = t,

X1 +4x; =0

X, —3x3=0 backward, we have x; =

t is real. By solving the corresponding system {

—4t and x, = 3t.
Since there is non-trivial solutions for the equation (for example, take t = 1, we get x; =
—4, x, = 3, x3 = 1), the vectors are linearly dependent.

1 0 1 1
Welet d = <0), b= (1), ¢ = (1) d= <2> Then we consider the following equation:

S\ N o 3
xla+be+x3E+x4d=O

xl + x3 + X4 = O
Comparing the components, we obtain { X, + 2x3 + 2x, = 0.
xl + xz + 3.7(.'4 = 0

Using Gaussian Elimination, we have

1 0 1 1 0 X1+ x3+ x4 0

1 1 0 3 0 X1+ x5 + 3x, 0
1 0 1 1 O\ Rs-R; /1 O 1 1 O\ Rs-R; /1 O 1 1
(01220)9<01220>”~“<0122

0
)
1 1 0 3 10 0 1 -1 2 10 0 0 =3 0 10
The 4™ column has no pivot and the corresponding variable x, is a free variable. Take x, =
X1 + x3+ x4,=0
t, t isreal. By solving the corresponding system { X, + 2x3 + 2x, = 0 backward, we have

_3X3 = 0
x3 =0, x, =—2t and x; = —t.
Since there is a non-trivial solution for the equation (for example, take t = 1, we get x; = —1,
x, = =2, x3 =0, x, = 1), the vectors are linearly dependent.
Problem 24
() (1 0 —1) e (1 0 —1)
2 1 0 0 1 2
Since the number of pivots is 2, thus the rank of the matrix is 2.

(b)

(c)

R,—3R4

1 2 3\ Rs+Ry /1 2 3 \R+(-)/1 2 3\R-3R, /1 2 3
3 2 1] = (0 -4 -8] < 01 2] = (o1 2|
-1 1 1 0 3 4 0 3 4 0 0 =2

Since the number of pivots is 3, thus the rank of the matrix is 3.
Ry—2R,

1 1 2\Rs-3R1 /1 1 2
224)”3(000)
3 3 6 0 0 0

Since the number of pivots is 1, thus the rank of the matrix is 1.



