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Question 1
Solution. Find the fundamental solutions to the homogeneous equation

d*y  _dy
E—FSE—FQV—O.

The characteristic equation is
1”2+57"+6:O = 1rn=-2rn=-3

The fundamental solutions are

yi(t) = e, ya(t) =e

(1) Calculate the Wronskian W(t):

—3t

W(t) = y1(1)y2(7) = y2(1)51(7)
— e—ZT . (—36‘_3T) . e—3T . (_26—21) — _6—51’.

(2) Calculate the convolution kernel K(f — 7):

K(t—1) = —y1<f>yz<;v>(f[)yz<t>yl<r>
_e—2te—3’r+e_3te_21-

(3) Solve the differential equation via kernel method:
t t
y(t) = / K(t—T1)g(t)dt = / (e727) — ¢ 3(t=T)) e~ Tdr
0 0

t f
= e_Zt/ etdt — e_3t/ e*'dt
0 0

1 1
_ Ee_t ey Ee_3t'
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Question 2

Solution. We begin by transfering both sides of the ODEs, we have

Define L{Y(t)} =

d’y . dy
Y(s). Then

+ 12y} —L{1) =

d
L{} = sti) —y0) =s¥() +2,
d’y 2 . 2
L i il L{y} —sy(0) —y(0) =s°Y(s) +2s — 1.
L 2Y(s) 4+ 25— 147 (sY(s) +2) + 12Y(s) = %
—2s2 —13s+1 2821 1
~ Y(s) = S 35+1 _ —2s 3+1_«a 2 n c3
s(s2+7s+12) s(s+3)(s+4) s s+3 s+4
where
. =282 -13s4+1; 1
YT (5 43)(s+4) Is=0 12
. 252 —138s5+1 2z
2T s+ 4) =3 3
. 252 —13s5+1 21
3 S(S —|—3) s=—4 4
Therefore
11 0221211 122 21
Vo) =15 3553 a5 =53¢ g
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Question 3

Solution. From the state space form we have

#1(t) =0
$a () = txi (1)

For x (¢):
dxl
ﬁ =0 = X1(t) =C
For xz(t),
d
% —tu() =t = ()= %tz +o
Therefore

- [0)- L)ool 9l

(1) A fundamental matrix ¥ (t)

(2) The state transition matrix ®(¢, t()

2 0]"
t3 1

11 2 0
2(t2—13 2

o(t,10) = 1O (1) = 5 ]

_[2 0111 0] _
R 12— 2

(3) The solution x(t)
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Question 4

Solution. According to Kirchhoff circuit laws
. ur .
ic= —
C=R, +iL
ej = up + Ryic 4+ uc
eo = Ryic 4+ uc

Therefore,
duc . L diL .
& Ryt Tt
diL duc
= [ 4+ R, C—%
e; i + R,C T, +uc
duc
— R.C—=C

Denote x1 = i1, xop = uc, we obtain

dX1 . Rle Rz Rz
T R R T R IRLY
de . Rz 1 1
& R+R)CT R+ R)C2T Ry +Ry)CE
ey = RiRy X1+ Ry X + ! e;
Ri+ Ry Ri+ Ry Ri+ Ry

In conclusion, the state space description is

. __ RiRy R
X1 _ (Ri+Ry)L (R1+Ry)L
xz - R 1

Ry
R1+R»)L
( 1 1 2) ]el

2 P
(R1+R3y)C (R1+R3)C (R1+R7)C

o — [ RiRo R, ][x1 Rq .
0 Ri+Ry Ri+Ry X2 Rl _|_R2 1




