MA1201 Calculus and Basic Linear Algebra ll Solution of Problem Set 3
Application of Integration

Problem 1

(a)

The required area

3 1 1
=f (1 +e3¥)dx = x+§e3x|f =2 +§(e9 —e3).
1

(b) The required area
2 1 2
=f1 |lnx|dx=f1 (—lnx)dx+f Inx dx
2 2 1
u=lnx
dv=dx
sv=[dx=x 1 2
= —<xlnx|%—f1 xd(lnx)>+<xlnx|%—f xd(lnx)>
2 5 1
1 1 1 2 1 1 "
=—1n(—)+] 1dx+21n2—f 1dx =—1n(—)+x|1+21n2—x|§
2 2 % 1 2 \2 5
_11 (1)+1+21 , 11n%=1n2;-‘1=—1n231 , 1
—2Mz)TzTen - )
(c) The required area
2
= f [(1+x?) —e*]dx
0
x3 8
=x+—+e*|f=2+-+e?—-e"°
1 3 3
=—+e 2
3 e
(d) The intersection points can be found by solving
— .2
{y— I PV B P
x+y=1
5x>-3x=0=>x(x—-3)=0
>x=0(=1), x=3y=-2).
Using the graph, the required area is given by
3 3
= J (=x?+2x+1)— (1 —x)dx = J (—x? + 3x)dx
0 0
x* 3x* ., 9
= ——+4 _|0 = —,
3 2 2
Problem 2

(a)

(b)

Set f;(x) = f,(x), we obtain the following equation
e?* —3e*—1=e*—4>e?*—4e*+3=0
y=e*

S y2—4y+3=0=2(y—-1)(y—-3)=0
>y=e*=1 or y=e*=3

=>x=In1=0 or x=1In3.
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Based on the critical points obtained in (a), we divide the interval [—2,2] into several parts and

compare the values of f;(x) and f, (x) in each of the parts:

-1 -
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X —2<x<0 0<x<In3 In3<x<?2
fi(x) v.s. fo(x) f1(x) > fH(x) filx) < fo(x) f1(x) > fr (x)

We conclude from the above analysis that
o filx)>fi(x) for —2<x<0orln3<x<2
o filx) <fy(x) for 0<x<In3.

(c) Using the result of (b), the required area is found to be
0 In3 2
= J. (fi(x) — f2(x))dx + f (fz(x) - fl(x))dx + (f1(x) - fz(x))dx
-2 0 In3
0 In3 2
= J. (e?* —4e* + 3)dx + f (—e?* + 4e* — 3)dx + (e?* — 4e* + 3)dx
-2 0 In3

1 1 1
= Eezx —4e* + 3|2, + (—Eezx + 4e* — 3) |in3 +Eezx —4e* + 3|35

1 1
= —Ee_4+4e_2+5e4—4ez—61n3+14.

Problem 3

We let f(x) = (x? —x + 1)e* and g(x) = xe*.

To compare the values of f(x) and g(x) within [0,2], we first obtain all critical points by solving
fx) =gkx) > (x? —x+ 1)e* = xe*

S>2=-2x+1De*=0=>(x—-1?%*=0=>x=1.

Then we divide the integral into two parts and compare the values of two functions in each part:

X 0<x<1 1<x<?2

f(x) v.s. g(x) f) > g(x) f) > g(x)

Therefore, we conclude that f(x) = g(x) for ALL x between 0 and 2.

Using the data obtained, the required area is

2

2 2
f [f(x) — g(x)]dx = f [(x? —x + 1)e* — xe¥]dx = f (x% — 2x + 1)e*dx
0 0 0

u=(x—-1)>2
dv=e*dx
2 sv=[eXdx=e* 2
= j (x —1)? e*dx =2 (x —1)2%e*|3 —J e*d(x — 1)?
~—_———— ———
0 u dv 0
u=x-1
dv=e*dx
sv=[eXdx=e*

=(92—1)—2j (x —1)e*dx = (82—1)—2l(x—1)ex|§—J exd(x—l)l
0 u dv 0

2
=ez—1—2(32+1)+2f e*dx = —e? — 3+ 2e*|3 = e? — 5.
0

Problem 4

(a) The required volume

T 21
- 4

3 02 3 s 2 02
=T sin“3xdx +m sin“3xdx + m | sin®3xdx
0 ™ 2n

3
T

= nf sin? 3x dx
0



(b)

(c) (i)

(ii)

(iii)

s
1
= nf -3 (cos(3x + 3x) — cos(3x — 3x))dx
0

2

_n.[”(l 6x)d _n( sin6x)”_n
=3) cos 6x)dx = = (x s ). =7

Using the graph, the required volume is
s s
2 2

= nf (1 +cosx)2dx—nf (1 + cos 3x)%dx
0 0

s
2

= f (2 cosx + cos? x — 2 cos 3x — cos? 3x)dx
0

T

2 cos2x +1 cosb6x + 1
=T[f (Zcosx+T—2c053x——>dx
0

2
T
2 cos 2x cos 6x
=T[f (Zcosx+ — 2cos3x — )dx
0 2 2
. sin2x 2 sin6x\ 7
=7r(251nx+ —§sm3x— v )|0
—> +2n_87‘r
=27 3T =3

The required volume

In3 In3
T 80m
m(e**)2dx=n et dx = —e*|3 = — = 20m.
4= 0 4
0 0

The required volume
9 2

9 1
=f n(ln3)2dy—f n(—lny) dy
0 1 \2

9

T (0
=n(In3)? f 1dy — —f (Iny)?dy
u dv
u=(ny)?
dv=dy
=sv=[dy=y

= n(ln3)2yI8—Zly(lny)2I?—J yd(lny)zl
1
97(In9)? m (°

_ 2. _ ol
=9(n3)*m 2 +2 1132@{
u dv
u=Ilny
dv=dy
:W:fﬁdy:y 9n(2In3)? =« . 9
= 9(ln3)2n—T+E lny|1—f yd(Iny)
1

T

=Z(9mo f91d _ 9 o _ M9 4
=3 n ) y|==n 2y|1—2n .

The required volume
In3

In3
= nf (e?* + 1)%dx — nf (1)%dx
0 0

In3 otx In3
= nj (e +2e)dx=m (T + er>
0 0
8lm m

::-ji—'—'2:+'97f'— T = 28m.

Page 3 of 10



Page 4 of 10

(iv) Using similar method as in (iii), the required volume is given by
2

9 1 ° 1

V=J- n(ln3+1)2dy—f ﬂ(l)zdy—f H(Elny+1) dy
0 0 1

9

lnydy—nf 1dy

u dv 1

S 9
=n(ln3+1)2y|8—ny|(1)—zf (lny)z@/—nf
1 u dv 1 9

9
=9r(In3+1)? —m — EIy(lny)zl? —f yd(Iny)?| - n<y Iny|? —J yd(lny)> —my|3
1

9 9
=9n(In3 + 1)? — M Inydy—97rIn9+n | 1d
7 2 ) y y . y
u dv
97'[(2 In 3)2

=9n(In3 + 1)? — 2

9
2( Iny|] — fyd(lny)>—97t1n9+7ty|‘f
1
T 9
=97T(1n3)2+187Tln3+97r—97r—97r(1n3)2+§<91n9—f 1dy>—97r1n9+87r
1
s
=187Tln3+§(91n9—y|‘f)—9nln9+8n

o
=18mIn3 +7(21n3) —4m —91(2In3) + 87
=9mIn3 + 4m.

(d) (i) Note thatthe intersection point can be found by solving

y = sinx 1
{ 1 = sinx=-=
y=3 2

R _n(_l) _571(_1)
x—6 y—z orx—6 y—z.

The required volume

sm s 2 5T sm

6 6 1 6 w (6
sz n(sinx)zdx—f n(—) dxznf sinzxdx——f 1dx

T T 2 T 4 Jn

> 6 . 6
_ f?l—costd T 5—”_7‘[( sian)T n(Zn)_n2+\/§n
e e A na\3) "6 4

(ii) Using the graph, the required volume by the Disk method,
1 1 1
V= njl (m —sin"1y)2dy — njl (sin"ly)2dy = njl (n? — 2w sin~ty)dy
2 2 2

1 1
=3 fl 1dy — 2m? . sin"ly dy
2 2

1l
u dv

u=sin~ly

=sv=[dy=y 1
= n3y|i — 2m? <y sin"ty |i — J y d(sin™! y))

2

fomli-ief o

= T[____Tf f W Z————TFZ[ \/_]32——+\/_7T2.

Alternatively by the SheII method,

=
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5 57T
V= nfz x(smx—z) X =— nfz X cosx—E[x ]%
6
5
_ 2l % p mw(25m? w2
= -2 [xcosx]% —f% cos x dx 5\ 38 "3

(iii) Using the graph, the required volume is given by

5w 2 51 5m 5m
%/ 1 % % T (6
V=m (smx——) dx=m sinxdx —m sinxdx +— 1dx
T 2 T T 4 |n
53 6 6 6
T
& 1 — cos2x 5t g 5w x  sin2x\ 3T 2 w2 343
= ——————dx+mcosx 6+—x6=n<—— ) 6 _mV3+—=——-""Trmn.
,[z 2 I% 4 '% 2 4 'g 6 2 4

Problem 5
(a) The arc length

Vi 2 Y 2 s
% d % secx tan x %

= 1+ (—ln(sec x)) dx = 1+ (—) dx = 1+ tan? x dx
0 dx 0 secx 0

T

=f secx dx = In|secx + tan x| |0 ln|1+\/—|
0

(b) The arc length

3

—fs 1+ d z d f/1+d - +)25—8(27 1)—19

= Js dx x a =173 =33~ Y=%
7 2

(c) Note that
9 319 2
—1)3 =—x2 =1 —x3.
y—1) 27X >y + ’4x

The arc length




Page 6 of 10

(d) The arc length

a 1 x 1 x\? a1 22 1 1 _2x
=f0 1+(Eea—§e a) dxzj; 2€° +E+Ze adx
a /1 x 1 _x\? 1 x 1
=f0 (Eea+§e a) dxzfo(zea+2e a)dx

ax a x a 1
=zea—zeali=5(c-7)

(e) The arc length

=L§\/(%)2+(E dt_f \/(tCOSt)Z"'(tslnt)zdt—j \/_dt_f tdt_;|n=%_

(f) The arc length

= fzn\/(%)z + (%)2 dt = Zn\/(l — cost)? + (sint)2dt
0

2
f\/1—2cost+coszt+sm2tdt—f V2 —2costdt

_ff”mdt_ff Veos0~costde
_\/_fzn\/ 251n(0+t)sin<0; dt—\/_fzn\/ ZSm%mn(—%)dt

2m 2
—2] sin? — dt—2 sin—= dt——4cos—|

(g) The arc length

-] aﬂ%ﬁ(a dt—f V(2at)? + @ayde
0
t=tan#@ la

a tan™
= ZaJ J1+tidt = ZaJ w/l + (tan8)2 sec?® 6 d6
0

tan a
= ZaJ sec30dO = 2a [2 (sec@tan B + In|secd + tan HI)] |tan-"a

1q

a’y1+ a? +aln|a+\/1 +a2|.
Problem 6
(a) The surface area

2 ’ 2
d
= Zﬂf x3 [1+ (—x3) dx
0 dx
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2
= 211[ x3+/1 4 9x4dx
0

y=1+9x*
d
y_36x 145 - y% 145
dy = ——%
%), =T
2
1452 — 1)
-7
(b) The surface area

_an\/ijH d )

—Zﬂf\/ ’1+4(4 x)

=T[.f V17 — 4xdx
0

3
1(17—-4x)z2\ , m/ 3
(5 )e=507 )

(c) The surface area

I—Zn.f x’1+ —e

—an *J1+e2Xdx
0

Let e* =tan6 (sothat V1 + e2¥ =+/1 + tan? 0 = sec¥),

x—dt 0> dx 29 =>d ngd@
dee 70 an e* d9_sec x = = )

When x =1, 6 =tan"te. When x =0, 6 =tan™ 11 = %-

The integral then becomes
-1 -1

tan" e SeCZ 9 tan" e
I=27r]n ex\/1+e2x< pr d9)=2nL 1+ tan26sec?6do

4 4

_1e

tan” e
=2T[jn sec 9d9—2n[ (secxtanx+1n|secx+tanx|)]
—n(e\/1+e2 +ln|e+\/1+e2|>—n(\/_+ln|\/_+1|)

(d) The surface area

[ |
:llznfzx ’1+(:—xx)2dx+2nf2(2—x) 1+<%(2—x)>2dle

+ 2nj23(4—x)\/1+(j—x(4—x)>2

2 2 3 3
= [Zx/inf x + zﬁnf (2- x)dxl + lzﬁnf (4 — x)dx + zﬁnf (x — Z)dxl

3 2
dx+27rj (x—2) 1+<;—x(x—2)) dx
2
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x? x? x? x?
= 2V2n <7> 2 + 2V2n <2x - 7) 12 + 2v2n <4x —7> 153 + 2v2n <7 — 2x> 13

3 1 3 1
—2\/§7T(§+§+§+E) —8\/27'[.

Problem 7
(a) The required area

2
= f (e¥—eMdx=e*+e *|5=e?+e2-2.
0

(b) (i) The required volume

2 2 2
= nf (e¥)%dx — nf (e™)%dx = nf (e?* — e )dx
0 0 0

er e—Zx 6’4 e—4
= — 2 -+ _1)
7T(er2>|" 7T<2+2 >

(ii) The required volume

1 1 e? e?
= <nf 22dy — nj (— lny)zdy> + <T[j 2%dy — ﬂj (lny)zdy)
e 2 e 2 1 1
2

2

e e
=T[.f 22dy—nf (Iny)?dy
e_z e_z SN——

u dv

2

e
= 4ny|f;z -7 [y(lny)2 2: —f 2yd(lny)zl
o

ez
=4n(e? —e ?) —4n(e? —e?) + an ylnydy
e—z
2

e
=27 <ylny |22—2 —f yd(lny)>
e-2

eZ

=4m(e? +e7?) — ZHJ 1dy
e—2

=4m(e? +e72) — 2ny|§iz = 2me? + 6me™2.

(iii) The required volume
2 2
= n] (e* + 1)%dx — nj (e™ + 1)2%dx
0 0

2
= n] (e?* + 2e* —e™2* — 2e7¥)dx

er
(5 ) ;

e4-
= +2 +
e
Problem 8
(a) The intersection points can be obtained by solving
= x?2 3
g_;Z:)xz =\/§:>\/§<x§—1>=0
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(b) (i)

(i)

(iii)

(c)

>x=0((p=0or x=1(y=1).

The required area

= J:(\/E — x%)dx =

1
3

3
_x_|1_
30

2
ol B,

The required volume

1 1 1

=T[f (x/E)de—nf (xz)zdx=nf (x — xMdx
0 0 0

_(x? x51_3n

~"\2735) 10

The required volume
1 ) 1 1
= ”f (V) dx — nf )iy = nf (v —y"dy
0 0 0
B y2 y5 ! _ 3w
“"\275) T10
0
The required volume
1 1
= nj (Vx + 1)2dx _”j (x? + 1)%dx
0 0
1
=nj (x + 2vVx — x* — 2x?)dx
0

(e 2 .\ 29
T\ T3 T T3 L300

The required arc length

1 d 2 1 d 2
=f 1+ —\/E dx+f 1+ —xz) dx
dx
f ’ +—dx+f\/1+4x dx

Vax +1
dx+f V14 4x2%dx

0

y=vx

= ]\/1+4y2dy+J\/1+4x2dx
0

—Zj\/1+4x dx

x—— tan @

tan~12
f v 1+ tan26 ( sec HdH)

_12

sec36do

Il
D—\h

= —(secOtan 6 + In|secd + tan )" 2

= E(Zx/g+ In|2 + V5]).

DN
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Problem 9

(a)

(b) (i)

(c)

(ii)

The required area
x=+2sin @
1 \/E Z—;:ﬁeos@ x% ' %
=f\/§dx+f V2—x%dx 2 |5 +L V2cos? 60 (V2cos 6 df)
0 1 51
s
_2+2f7 2046 2+2f (1+c0520>d0
=3 . cos =3 . 5
Z 4
T
_2+[9+sin29]7_n+1
K 2 = 4 6

The required volume is

1 5 V2 2 1 V2 ,
T[fo (Vx) dx+7rf1 (\/Z—xz) dx—nj;)xdx+7tf1 (2 —x?)dx

x21" B2 4z -7
=n|—| +7 2x—? = T.
0 1

2 6
The required volume is

ﬂf: (V2= yz)z dy — ﬂfl(yz)zdy

_nj 2-y —y4)dy—nl2y————l 22”

The surface area is

1 1 \/E
=21 jﬁ/1+—dx+j V2 —x%2 |1+
0 4x 1 2 —

11 \/E
=27 f—\/4x+1dx+f ﬁdx)

=2n<[ (4x+1)] [V2x], >=%(5%—1>+2n(2—\/§).

=27 flﬁ /1+(%\/§)2dx+fﬁ\/m\/1+(j—xm>zdx
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