Solving with sinusoids Is complex

Solving with complex numbers makes things simpler
t Vc(t) -

Define voltages as sinusoids
© ICI v, =V, cos ot
+

v, =V, cos(at + 6)

V(D) R
] i(t) I-V relation for C
o——— o Qv ()
Apply KVL around loop ¢ dt
v (t) = v, (t) +i.R =—-wCV,_ sin(wt + 6)
SOLVE for V..

V, cos at =V, cos(at + 8) — oCRV_ sin(at + 6)
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Block C Unit 2 Outline

= Examples on analyzing AC circuits

> See Supplementary Notes on Phasors and Complex Numbers
for information on methods

> Make sure you familiarize yourself on working with phasors
and calculating impedance by completing Problem Set 5

= Frequency response (effect of frequency)
> Low pass filter
> High pass filter
> Resonators and resonance

G. Rizzoni, “Fundamentals of EE” Section 4.4

G. Rizzoni, “Fundamentals of EE” Sections 6.1-6.2
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Analysis methodology

1. Any sinusoidal signal may be mathematically represented in one of two ways:
a time-domain form and a frequency-domain (or phasor) form

Note the jw in the notation V( jw), indicating the e“* dependence of the phasor.
In the remainder of this chapter, bold uppercase quantities indicate phasor
voltages or currents.

2. A phasor is a complex number, expressed in polar form, consisting of a
magnitude equal to the peak amplitude of the sinusoidal signal and a phase
angle equal to the phase shift of the sinusoidal signal referenced to a cosine
signal.

3. When one is using phasor notation, it is important to note the specific
frequency w of the sinusoidal signal, since this is not explicitly apparent in the
phasor expression.
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A very basic example to start

Find V(1) in terms of R and C given that V¢(t) = Vcos(wt)

CopyrightaThe McGraw-Hill Companies, Inc. Permission required for reproduction or display.

A circuit containing energy-storage First find the respective impedances in the circuit,

elements is described by a
differential equation. The . .
differential equation describing the CapaC|tOr: 1/JO)C

series RC circuit shown is

dic , 1 . _dvs Resistor: R

—1

dt T RC ¢~ ar

Next transform sinusoids to phasors,
+ \oltage source: V¢

vs (1) G) ' = ve ()

Apply voltage divider rule for R and C in series,
Ve = (1/joC)/[R + (1/joC)]Vs
V. =R/1+joRC]Vq

V¢ = AV cos(ot + 0); where A = RA[1 + (oRC)?] and 6 = -tan"(oRC)
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Caution when summing | or V

A Vl(t) — Asin(a)t) Summing at same instant (t,):
/ () + vi(t)

v, (t) = Asin(at — 6)

Not
Vi (t)] + [vo(ty)]
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Phasor techniques: Example 1

Problem 4.50

Determine i,(t) in the following circuit for o = 377 rad/s if:
I,(t) = 141.4 cos(wt + 2.356) mA

I,(t) = 50 sin(wt — 0.927) mA

Copyright @ The McGraw-Hill Companies, Inc. Permission required for reproduction or display
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I3=1, -1,
=-60 +j130
=143.1 cos(wt +

2) mA

)+ [}

We can simply use KCL to find i since i, and i,
are both already known. But to do so, we must

first convert the sinusoids into phasor form and

then to complex numbers to add or subtract the

currents.

I, = 141.4c0s(2.356) + j141.4sin(2.356) = -100 + j100 mA

Since i, is a sine function, we should convert it to a cosine
function first to get the correct phase.

I,(t) = 50 cos[wt - 0.927 - n/2] = 50 cos(wt — 2.498)
I, = 50c0s(2.498) - J50sin(2.498) = -40 — j30 mA
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Phasor techniques: Example 2

Problem 4.51
Determine the current through Z; if Vg; = Vg, = 170 cos(377t) V;
Z,=59,0122kQ; Z,=2320Q; Z,=17.0.192Q

Copyright & The McGraw-Hill Companies, Inc. Permission required for reproduction or display

Note that the two voltage sources are in phase, so we
can just add up their magnitudes.

V;=Vg, + Vg, =340 cos(377t) V

This is the voltage across Z,, therefore we can find the current through Z,:
_ 34040
* 17,0192
=20£-0.192 mA

i, (t) = 20cos(wt -0.192) A
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Phasor techniques: Example 3

Problem 4.55
Find the voltage across the capacitor

Copyright @ The McGraw-Hill Companies, Inc. Permission required for reproduction or display

il The resistor, inductor and capacitor are all in

+ parallel with the current source. So we can

iw=10cs2a() 30F 30F 137 @ find the effective impedance seen by the
current source and use this to find the voltage.

+J(2)(1/3)

1

“37i00)
= (1/3)+i(1/2)
=0.601,20.9827 S

Z =1/Y =1.664/—-0.9827 Q V(t) = 16.64 cos(2t - 0.983) V

a7
‘J EE2301: Block C Unit 2




Phasor techniques: Example 4

Problem 4.52
Determine the frequency so that I; and V, in the following circuit are in phase.
Zs=13000 + j3w, R =120Q, L = 19mH, C = 220pF

Copynight © The McGraw-Hill Companies, Inc. Permission required for reproduction or display

Z ! R When [; and V, are in phase, the admittance and
e v, the impedance seen across V, must have a phase
\{ L equal to zero. _
y ) Y=jeCt—t = jec+ e
R+ jol R? + (L)

If the phase of Y is zero, then its value must be purely real

= Imaginary part must be equal to zero
wl

oC —— >=0  We find in this case that L/C >> R, hence
R? +(wl) )

w~ =489.1 krad/s
QZE/L_RZ VLC
LVC
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Multiple sources: different phase

vV, (t) Given that:
V,(t) = 15cos(377t + n/4) and V,(t) = 15cos(377t + n/12)
V(1) Find the total voltage across the two sources

The first and most important thing to note here is that the 2 voltage sources are
not in phase. Hence V, + V, must be derived by vector addition. To add them
as vectors, we can convert the sinusoids to complex numbers.

V, = 15co0s(n/4) + j15sin(n/4); V, = 15c0s(n/12) + j15sin(n/12)
Therefore, V, + V, = 15[cos(n/4) + cos(n/12)] + j15[sin(n/4) + sin(r/12)]
V,+V,=25.095+)14.489 = 38.33cos(wt + 0.857) V
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Multiple sources: different frequency

Given that i,(t) = A,cos(w,t) and i,(t) = A,cos(w,t)
Find the current through the load

ion required for lion or display.

? Note that if we blindly follow the same procedure
used in the previous case, we would arrive at the
L) D 1) D Load wrong answer. This is because the frequencies of

the sources are now different. The phasor form
only describes the magnitude and phase but not
the frequency of the component: so take note of
this whenever there is a change in frequency.

In this case, we can think
about each sources to be
independent of the other. Current through load

Hence we can revert to the =i, + i, = A,Co8(w, ) + A,co8(e,t)

use of superposition.
Two frequency components

Note that the phase relationship between the
two sources iIs not consequential in this case
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AC superposition example 1 (Pt 1)

ission re

— .M,‘ - ‘i‘llé:»;;\)’__ —— |S(t) — O5COS[27[(1OOt)] A; Vs(t) = ZOCOS[ZTC(].OOOt)] V
Ry Find Vg, (t) and Vz,(t)

+
is) (D) ewZEr () w0
- Note first that the frequencies of the two sources are different,

\ 4 -y =
R =150 Q. Ry=50 Q SO we Ccan apply superposition.

Copyright@The McGraw-Hill Companies, Inc. Permission required for reproduction or display.

4 VR(D) _ Short-circuit the voltage source and find Vg, and Vg, due
Ry only to ig,
We find that R, and R, are in parallel and therefore:
Vg; = Vg, = Is*(R,||R,) = 18.75c0s[2r(100t)] V
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AC superposition example 1 (Pt 2)

e Open-circuit the current source and find Vg,

. VW ~ and Vg, due only to V¢ (20V)

+ R We can then apply voltage divider rule:
VR'(T)§ K (D SO Vey = [RY(R#R)]V;

Vire = [Ro/ (R +R) ]V

=>Vg, = 0.75Vg; Vg, = 0.25V

e McGraw-Hill C

Vg, = 15c0s[2r(1000t)] V;
Vg, = 5c0s[27(1000t)] V

Finally we sum up the voltage components at each frequency:
Vg, = 18.75c0s[27(100t)] + 15cos[2x(1000t)] V;
Vg, = 18.75c0s[2r(100t)] + 5cos[2x(1000t)] V
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Most Common Mistake #1

Adding up voltages or currents, forgetting that their
frequencies are different

tion or display.
+ VR _

2 Vg, = Vg, = 18.75c0s[27(100t)] V
is(1) C*) 1’R,(1)§Rl

*

"
VR1 = 15COS[27’C(1000t)] V; VRI(T)ER] Ci) 70
V5, = 5cos[2n(1000t)] V B

Critical step done WRONG
Vg, = (18.75+15)V

Tell me what is the frequency?
Vg, =(18.75+5) V
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AC superposition example 2 (Pt 1)

=(= + VRAD) _

Vs, = 5 cos(5000t), Vg, = 10V

. 10 R, =1kQ, R, = 1kQ, C = 0.4pF
) (SR
2870) - Note that the frequencies of the two sources are
different. This time there is also a capacitor in the
circuit. At different frequencies, the impedance of
the capacitor will also be different.
For example:

At DC (i.e. 0 rad/s), the capacitor has an infinite impedance
At 5000 rad/s, the capacitor will have impedance given by 1/joC

TRICK: Analyze the circuit one source and one frequency at a time
= Superposition

(144
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AC superposition example 2 (Pt 2)

Find the current in R, given:
Vs, = 5 cos(5000t), Vg, = 10V
R, = 1kQ, R, = 1kQ, C = 0.4pF

F2(0)

First: Analyze with Vg, at DC
= At DC, V, has no effect on the rest of the circuit

=1It’s like it does not exist (i.e. short circuit)

Rl
R +R,

VRl — Vs 2
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AC superposition example 2 (Pt 3)

Next: Analyze with V¢, at 5000 rad/s

=Now @ 5000 rad/s, V, has no effect on the
rest of the circuit

=1It’s like it does not exist (i.e. short circuit)

R IR,
(RIIR)+1 jaC )™

VRl =

500
500— 500

5
=—/—n/4V
N

|, = 3.536 cos(5000t — 7/4) mA
I, = 3.536 cos(5000t — @/4) + 5 MA
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AC superposition example 3 (Pt 1)

(+Uad v =5c0s(50001), Vs, = 2 c0S(25006)V

(g | R | R =1k R, = 1k, C = 0.4pF
SR -, : ;
B r()h First: Analyze with V., at 5000 rad/s

Vi1 (®) ~
: = @ 5000 rad/s, V, has no effect on
the rest of the circuit

R IR,
- S1

(R lIRy)+V jaC
B 500 5

500— j500
5
=—/Z—7r/4V
=1

|, = 3.536 cos(5000t — 7w/4) mA

—

VRl =

18
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AC superposition example 3 (Pt 2)

C L VR _ Vs, = 5 cos(5000t), Vg, = 2 cos(2500t)V
. il R, =1kQ, R, =1kQ, C = 0.4uF
+ N 2"
B . 0= R, T Next: Analyze with V¢, at 2500 rad/s
VT = T =@ 2500 rad/s, V, has no effect on
the rest of the circuit
XRC =R |C= Rl/JCf)C
R,+1 jaoC
R 1000
1+ joCR, 1+
V. - R, v, - 1000 ),
R, + X e 1000 +1000/(1+ j)
= 2(“—‘] =1.2+ j0.4
2+ |
=1.265.,0.322V

ls, = 1.265 cos(2500t + 0.322) mA
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AC superposition example 3 (Pt 3)

C L VR(D _ Vs, = 5 cos(5000t), Vg, = 2 cos(2500t)V
CB - 5 . R, =1kQ, R, = 1kQ, C = 0.4puF
¥ } ls2(l‘)

Al |, =3.536./— /4 mA
|, = 3.536 cos(5000t — w/4) mA

., =1.265.20.322 mA
ls, = 1.265 cos(2500t + 0.322) mA

|, = 3.536 cOs(5000t — 7/4) MA + 1.265 cos(2500t + 0.322) mA
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Most Common Mistake #2

Forgetting to recalculate impedance when frequency
V¢, = 5 c0s(5000t), Vs, = 2 cos(2500t)V
R, =1kQ, R, = 1kQ, C = 0.4pF

has changed

C + VR0 _

MWW
R

R,/ joC
R, +1 jaC
R 1000
1+ joCR, 1+2]

Xee =R || C =

1 2(0)

Mistake: After calculating X for Vg, using
5000 rad/s, you use the same X again for Vg,
even though frequency is now 2500 rad/s
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Freguency response

= Changing the frequency affects the currents and voltages in a circuit
= This is due to changes in the impedances of the various components in a circuit

= This affects the working frequency range of a particular device or circuit

= Hence it is important to find out the frequency response of a circuit

= The frequency response of a circuit is a measure of the variation of a load-related
voltage or current in relation to the input frequency

= We typically express this in terms of variation in output voltage over the source:

. V (o)
H, ( Jo ) = :
Vs ( J a))
CD player || Amplifier | Speakers
(Source) (Circuit) (Load)

A physical system

“®

Copyright®The McGraw-Hill Companies, Inc. Permission required for reproduction or display
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Low pass filter

o N AT Let us consider the response of the output V, in relation to

RC low-pass filter. The circuit

gl i w1 the input V,. We keep the amplitude of V, constant but vary
F: ating f; ies 2 I
ittenu ltlllv the requencies \bove ItS frequency .

the cutoff frequency wy = 1/RC.
By voltage divider rule:

The voltages V; and V,, are the
(jo)=

filter input and output voltages,
respectively.
R+1 joC

+0O

"1+ jwCR
1
J1+(aCRY

Z—tan(wCR)

Observations:

When o approaches zero, V,/V; approaches 1 and phase is close to zero
When o becomes large, V,/V, approaches zero and phase is close to —n/2
Allows lower frequency signal to pass and filters off higher frequency signals
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Response of low pass filter

Allows lower frequency signals to pass and filters off higher frequency signals

Copyright 8The McGraw-Hill C ies, Inc. required for or display

Magnitude response of RC low-pass filter 1

N\ ja))

NV 1+ jeCR
, R o
7] Il 1+ j o/,

109 10! 102 103
Radian frequency (logarithmic scale)

Note that when o = o, = 1/RC, the imaginary and
real parts of the denominator will be equal.

= Magnitude = 1/72
= Phase = -n/4 (or -45°)

T | This frequency is called the cutoff frequency (o,)
Rt fresenen Hogartm ey of the filter, and gives an indication of the filtering
characteristics of the circuit.

hase response of RC low-pass filter

Cut off frequency is when the ratio drops to 1/v2 of the maximum
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‘J EE2301: Block C Unit 2 24



_og-Log Plot (Low Pass)

0.001 '
0.001 0.01
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U S E——
RC high-pass filter. The circuit
preserves higher frequencies while
attenuating the frequencies below
the cutoff frequency wy = 1/RC.

High pass filter

Let us consider the response of the output V, in relation to
the input V,. We keep the amplitude of V, constant but vary
its frequency o.

C By voltage divider rule:
] o

Slio)-——
V. R+1/ joC
1

"~ 141/ jaCR
1

) J1+(1/&CRY

Ztan(wCR)

Observations:

When o approaches zero, V./V; approaches zero and phase is close to n/2
When o becomes large, V,/V, approaches 1 and phase is close to 0

Allows higher frequency signals to pass and filters off lower frequency signals
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Response of high pass filter

Allows higher frequency signals to pass and filters off lower frequency signals

Copyright®The McGraw-Hill C jies, Inc. P i quired for reproduction or display

o0

Amplitude
.

Phase, deg
B 2

6> 4

10" 10! 102 103 2 10 109 10! 102 103
Radian frequency (logarithmic scale) Radian frequency (logarithmic scale)

_ 1 Note that when o = 1/RC, the imaginary and real
l+o/jo parts of the denominator will be equal.
Magnitude = 1/2
Phase = n/4 (or 45°)

This frequency is called the cutoff frequency ()
of the filter, and gives an indication of the filtering
characteristics of the circuit.
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Log-Log Plot (High Pass)

0.001 '
0.001 0.01
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Other examples on filters

Determine the frequency response characteristics (low pass or high pass) for the following
filter circuits.

O

o MWW
R

3L

o
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Bandpass filter

Copyright®The McGraw-Hill Companies, Inc. Permission requi reproduction or display

RLC bandpass filter. The circuit
preserves frequencies within a
band.

Let us consider the response of the output V, in relation to
the input V,. We keep the amplitude of V, constant but vary
its frequency o.

C L
+ 0—) |—vmn O+ By voltage divider rule:
v E N D(je)e
V. R+ joL+1/ joC
- @ ® - 1

[ oL 1
1+ ) —
R wRC
We can see that the output will be maximum when the imaginary part of the denominator
IS zero:

(@L/R) — [L/(wRC)] = 0
®? = 1/(LC)

When this happens, the impedances of the capacitor and inductor are equal and opposite.
This is known as resonance.

L
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Amplitude ratio

Response of band pass filter

Copyright ® Comparies, in. Permission equied o reprocicton o dispay

M ld esponse of second-order bar d; s filter

M\ =

//:".1,\\\

1] &
e
I .
¥l 8 PN
3 B
T B\
i s H 1
/ (AR

Vormalized frequency w/w,
(a)

nse of second-order bandpass filter
T

107! 10°
Normalized frequency w/w,

(b)

The shape of the band pass is governed by the quality
factor defined as:

1 |L
°“RVc

It is also defined using the half-power bandwidth A®

Q=12

The larger the value of Q, the sharper the band pass so
one can have a narrow band or broad band filter
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Half power bandwidth

Copyright@The McGraw-Hill Companies, Inc. Permission required for reproduction or display

Bandpass filter amplitude response

i

e

Amplitude

107! 100 10!
Radian frequency (logarithmic scale)

Bandpass filter phase response

[ TN

N

)
()
o
o
2
<
o,

NGHHHHE
N

107! 100 10!

Radian frequency (logarithmic scale)

Half power bandwidth: The frequency span whereby
the power is half of the maximum at resonance.

A half in power corresponds to a scale factor of 1/72
for the voltage frequency response.

This occurs when the real and imaginary parts are of
the same magnitude with each other.

(a)L_ 1
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Freguency response example 1

Compute the frequency response H,,(joL) for the following circuit:

—O— First find the combined impedance of the capacitor and
; = resistor in parallel:

= E §R1, \J3
| —_
|

R, 10

: : kQ
—o— (1+ joR,C) (1+ jO.1w)

Now apply voltage divider rule:
vV (jo) _Lae 10/(1+ j0.1m)
Vi(jo) Zepe +R, [10/(1+ jO.100)]+1
10 100
T11+ (01w 110+ jo
100

= / —tan‘l(ﬁj
V1102 + ? 110
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Frequency response example 2

Compute the frequency response HZ(jw) for the following circuit:
R, = 1kQ; L =2mH; R, = 4kQ

Copyright@The McGraw-Hill Companies, Inc. Permission required for reproduction or display

L
+— I lIL(j(D) First find the combined impedance of the inductor and

resistor in parallel:

Duozs Ré“({“’) Zo =R, + jol = 4000+ j(2x10°)w ©

Now apply current divider rule:
VL(ja))_ LR _ RR,

Is(ja))_ s Ri+Zg
_ (1000)(4000) _ 4x10°
1000+4000+ j(2x10°Jo 5000+ j(2x107° )
800

I (x0T
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RC Ladders 1

We can cascade the filters to make the cut off effect even greater

2nd order RC filter
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Summary

Working with phasors allows us to:

= Simplify the process of analysis for AC circults

> Mistake #1: Adding up | or V components of different
frequencies as If the difference does not matter

> Mistake #2:

= Analyze AC circuits in the frequency domain
> Now we can see the frequency response
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