MA1200 Applications of Derivatives
Solutions

Rate of change
1. Let ! be the distance from the observer to the plane. I* = 1% + (240t)7, then Eai = 240°(21).
After 30 seconds, £ = 0.5/60 hr, ! = +/5km, plug in to get

dl 180

—= _C kni/hr, which is the increasing speed of the distance after 30 seconds.
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2. Wehave v = x° —4, 2% = 9, —Zi We know ;1‘- = 5 unit/s and so when x = 3, v = 5 and
at = &
Pkl = e 2
; = 3+/5 unit/s.
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Suppose the depth of water is / and the radius of the surface of water is d.
. P o d h+x
Then, using properties of similar triangles, we have — =
x

In addition, we know that the tank has altitude 80 centimeters and lower and upper radii of 20 and 40
centimeters, respectively, using properties of similar triangles again we have

frg=80+x:;>2=—8-9+1:>x=80

20 x x

Thus,wehave—d-z h+80 :>d=ﬁ+20.
20 80

And the relation between the volume of water ¥ and the depth of water / is :
V= %—7?.’]1. (d *+db+b’ ) , where d is the radius of the surface of water and b is lower radius of the frustum..
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Since d =%+20,b =20, we have Vz—;—ﬂhﬂg—ntmj +20(§+20)+400j‘.
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Now differentiate with respect to ¢ both sides of V' = —;—nh K% + 20] +20 (% + 20) + 400} , we have
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av _1 zi@{(gm] +zo(g+zo)+4oo}+§ﬁh[2g+mj_&sf£+m(1)z@}

t 3 dt 4 dr 4)dt
dv . e
Put = = 2000 & i = 30 into the above identity, we have
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2000 =17r—d—h— §9+20 +20 £+ZO +400 +l7z30 2 2(—)+20 ld—h+20 L)dar
3 dr|\ 4 4 3 4 4 dt 4 ) dt
= 2000 = l7rﬁ(756.25+550+400) +107z[13.75ﬁ+5%J = 568.757ri}£+187.57r@
3 4t dt dt dt dt
_, 4k _ _2@9__c;r/ _
dt 756257 /i
4.
(a) Let =, ¥ be the signed distances from A and B to O respectively (west/south of O means negative, as
usual). Let = be the distance between them. Then z° = x* + v% and so = ? =xZLy % After 1 hr,
%= —5,v = —45, z = 5,/82 and we know rf—j = —20m/hv and ti—': = 15m/hr, SO % =- %}Eéffﬂfh‘f,

11
which means they are approaching at speed —— m/hr
y pp gatsp \/gi

(b) x = x(t) = 15 — 20t and ¥ = »(¢¥) = —60 + 15¢ Plugging into z we get

z= z{t] = ¥625t7 — 2400t + 3825, so minimum at ¢ = —% =182 hr
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Note that /(%)= /() = . Thus, f'(0) does not exist.
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(b)

1
Forx<——=and O<x<—, f'(x)>0.
V2 f
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For -——=<x<0 and x> —, f'(x) <O0.
V2 f
(©)
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x? 1, 23 _2

S(x)= \{x_
x"+1

has relative maxima y = f(——=) =—

3/.2
Moreover, f(x)= 2x ] has a relative minimum f(0) =0at x=0.
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Then f"(x)=0 when x ==*x,, where x, = —%iizgsﬁ (z 1.298) . From the following table
* ) | % | (50,0)0(0%) | % | (%,2)
f" + O . 0 +

(—xo, f(—x )) and (xo, f (xo)) are the points of inflexion of y = f(x).

Optimization

6. Let the tangent touches the parabola at (&, 1 — a), where ¢ < a = 1 so that the triangle is in
quadrant I.
Slope of tangent = —2a and equatlon isy—{1—a’)=—Za(x—aq)

a®+1

F o
x-intercept = {

y-intercept = {G a® + J.j SO helght oftrlangle =a +1

1{mts 13t _ 3(& .;.ga.-;;—;)

Area of triangle 4 = - .

Pyl

:—(Sa ——»——) Set——@ 3b° +2b—=1=(3b—1)(b+ 1), where b = a’. Soa—x&f

da

and it is a local minimum. So at (}5’?)
7.
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P(f)=—=>"
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:P'(t)_5(1+t2)22t—t210<1+[2)2t_lOl‘(1+t2)[l+12—2t2:[ 26[1-7] _ 26(1-1)(1++)
25(1+z2)4 - 25(1+7)' 5(1+4) s(1+¢)
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Since domain of P(t)= !
5(1+¢)
£ r
alsoP(t) =———— is a continuous function on [0,0), P(f)=

5(1+¢) 5(1+¢%)

t=1and P(1)=

8. Let y be the length and width of the box and x be the height.
Then 4 =4xy + y*, where xp? =60 & x,y > 0.

We haveAzizﬂerz, y>0.
Y

————— 18 [0,00) , for 0<¢ <1 P'(t) > Oand for t>1P'(¢) <0,

> attains the absolute maximum at

1\ 1 2
2| y—2x15% || y* +2x153 y+4x153

240 , dA 240 2y° =240 2(y’ -120)
A=—+y " =>—=-—F+2y= > = 5 = >

y dy y y y y

1
4 0= y=2x15°.
dy
1 2
For y >0 notethat y* +2x15%y +4x153 >0.
1 1

Alsoé{i—<0for0<y<2x153&51—4>0fory>2><153.

dy dx

1 1
Answer: x=153, y=2x153
9.
P=p[a(1—e"“)+b]—c0~cx=pa(1—e"“)+pb—c0—cx,where x=0.
Then
P=pa(1—e"“')+pb—co—cx:>d—P=pake""‘—c.
\ dx

d—P=pake"k‘—c=O:>e"“=—c—::>lne"“=1n—c—:>—kx=1n ¢ :>x=-lln—c—.
dx pak pak pak k  pak

Suppose LS
pak

For O<x<~l In—— ,d—P=pake_k"—c>0.
k| pak | dx

For 1 In—<— <x, -dﬁ:pake"k"—c<0.
ki pak dx

Since P= pa (1 - e"’“) + pb—c, —cx where x = 0 is a continuous function on x>0,

P=pa (1 —e™ ) + pb—c, —cx where x 2 0 attains the absolute maximum at x = —l{ln —i—} pounds.
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Taylor/Maclaurin Series

10.
!
(a) The nth derivative is a(—ni)%f So the Taylor series at x =0.5 is
X
(I’l +1 n n+2
( -0.5) —Z(n+1)2 (x—0.5)"
(1 x) nz(:)(l 0. 5)’1+2 n=0
v-lial _ _2n-1
b) The nth derivative is h 1-3..0Qn-3) (1+x) 2 for n>2. So the Maclaurin series is
211
1 1 2 1 35 5 4
Vitx=l+=x-—x"+—x" ——x" +
27787 160 128
Plugin x=0.1, we get /1. ~1+~1—————1—+—1——~z1.04881 (to5d.p.)

20 800 16000
¢) The nth derivative is (—1)" 1 (n—1)!(1+x)™". So the Maclaurin series is

n—1 1
In(1+x) = ZM x—lx2+lx3—lx4+...
n=1 (1 O) nl 2 3 4

Plugin x=1 we get ln2=1~5+————+—-—...

Remark: So far there is no reason why we can plug inx =1. But it can be proved that it is
legitimate to plugin x =1.

d) f'=2sinxcosx = sin2x. Then using formula in notes,
L -
the nth derivative is 2"~ *sin ( 2x + —ﬂ—-) So the Taylor series at x =7/4 is
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126 s
because sin |2 } ( E”I):_ ifnis odd,
.o 1 & if 1 is even.
*11.
a) Ify=(1+x2)—%,showthat (1+x2)?+xy:0 (¥
X
dy _ 1 3 1
@ __2( 9 )
dx 2(+x) ()=~ gy
dy .
1+x° = 4+xy=0 ... (%).
:>( +Xx )dx+xy (™
n+l n n—1
b) Deduce that (1+x2)d J1)+(2n+l)xd y+n2d _):=O.
" e



Apply Leibnitz’s rule on (¥):

f g differentiate g(")f+[ ] (1 ”f(') ( j (- z)fm L0

(1 +x’ )y‘ n times

= (1 +x° )y(”“) +ny™2x +

fg differentiate g f +( j (D) £ 4 )

xy n times

— xy(") +ny(” 1

.. Differentiating (*) n times we get

(1 +x° )y(”“) +my2x +n(n-Dy" P + xp™ + @D =0
d11+1y dny dn~1y

1+x° +(2n+1Dx +n =0...(**

( ) dxn+1 ( ) dxn dxn—l ( )

c) Find Taylor series at x=1:

y()= 71—5

1
Plugin x=1in(*), y\) =——=
g ), y') 2\/5

Plugin x =1 in (**), y"*(1) = 5
Let n=1,2 in (***) we get

YO0 =
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L Hopital’s rule

1-cosx giz e
12.a) lim, _,,———— = lim.._ =—-=g
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Let v =In{x = 1) = cotaln (x + L).
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Then lim, o+ v = lim,_+ === =1 and so
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Let v = In(y/x — 1)¥"%

m, v =lim___

hrn%'—‘:f: (\‘x?— lj 1“'— \
. Fa.3 s A Fimx 1 L
Let v = in(,\:x, +1) 1ilax Eln (® 1. Then
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