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Seamester A, 2020-21 MA1200 Calcudus and Basic Linear Algebra I Chapter 8
Applications of Differentiation

In this chapter, we will study the following applications of differentiation:
1. Equation of tangent / normal to the curve
2. Rate of change
- rate of change of a variable with respect to time
3. Local extrema of functions
- find the local maximum or local minimum values of the graph of a function
4. Optimization problem
- maximize or minimize a variable
5. L'Hopital’s rule
- find the limits of functions of indeterminate forms
6. Taylor’s series / Maclaurin series

- approximate a given function by using higher order polynomials
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1. Equation of tangent / normal to the curve
: : _ . d
Given the curve of a function F(x,y) = 0. Suppose that the slope of the function vy, i.e. d—z ,
. , dy ay
at the point (x,,y,) exists, and let m = — be the value of — of the curve at
ax1(xo,y0) dx
(x0, Vo). Then, m is the slope of the tangent to the curve at (x,, yo)-
> The equation of the tangent to the curve at the point (xg, y,) is z_i") = m|. “j"““’\
—A0
y=y i | \\\ o
. - o |Y=Yo _ _ 1
> The equation of the normal to the curve at the point (xg, y,) is e LML P 08
#
provided m # 0. fangent:
—1 normal lioe is vertical
Recall: slope of normal = (from Chapter 1) v
- slope of tangent |
| : .
Note that if m = 0, then __K(X?Z)_k{anga-\&_ line is hofizontal
%

» the equation of the tangent to the curve at (x,,y,) is the horizontal line y = y,; and

» the equation of the normal to the curve at (x,,y,) is the vertical line x = x,.
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Example 1

x = 3cost

y=2sint ’ where 0 <t < 2m.

Given the parametric equations {

2
()  Find 2 and &

dx dx?’
(ii) Find the equation of the tangent to the curve at t = %‘
(iii)  Find the equation of the normal to the curve at t = g.
Solution ?\

(i) x=3cost =

dx . . 2 @
E:B(—Slnt)=—3smt _l;+ﬂ;f>£<_i)
dy . i

y=2sint = Echost ity -

= 5\ 0 / / 3 -
ﬂ \.\“\ w

dy dt 2cost 2 e _—y
T = = = ——cott S
hen dx dx —3sint 3 (t#0,m, 2m) =
dt
d dy d 2 2 2
42 d 7d —(== —(—Zcott —=(—cosec? t) 2
and — = ( y) = dt((iix) = i - ) = —— = —=cosec’t (t#o,m, 2m)
dx?  dx \dx F = —3sint —3sint 9
dt
d d
$t(8) &
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s a 2
(i) At tzg, y=251n(§)=2-%—=\/§

x=3cos(%)=3-g=32£

The slope of the tangent to the curve at ¢t = " is
dy 2 (11') 2 1 21 2
31

4

dx _§C0t

The equation of the tangent to the curve at ¢t = % is given by

y—vV2
_ 32
X 2

Z
3

- oo D)

2

= y=—§x+2\/§
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mw .
(iii)  The slope of the normal to the curve at t = SIS

—1 3

The equation of the normal to the curve at t = % is given by

y—+v2 3
32 2
2
3 32
= y_*/_‘E(X_T)
3 52
— y—zx 4
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Example 2 (Explicit function)

Find the equation of the tangent line to the curve y = x;& at the point (1%)

+1
Solution
d (1 1 d 1 1
dy (x*+1) 'El_x_(xz) — X2 'a—;(xz +1)  x%+1) -%x_i— x2 (2x)
dx (x2 + 1)2 B (x2 4+ 1)2
_ =3x% 41
2vx (x2 + 1)2
The slope of the tangent line to the curve at the point (1,%) is
dy B —3(1)?*+1 1
dxly=1 241 (12 4 1)2 4
. The equation of the tangent line to the curve at (1,%) is
1
2 = - + - ( it 4y +x —3 =0)
=—— = = ——x +— (or written as x—3=0).
P T R A B
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Example 3 (Implicit function)

Find the equation of the tangent line to the circle x% + y? = 25 at the point (3, 4).
Solution
Note that x? + y? = 25 is an implicit function.

Differentiate both sides of x? + y% = 25 w.rt. x:

2% + 2 @y _ 0
A T
dy —2x X
= = = — — Y
dx 2y y =S A
o
~. The slope of the tangent line to x2 + y% = 25 at the point (3,4) is SN
dy 3 \ o
Ax1(x,y)=(3,4) 4 = o 5
. The equation of the tangent line to the curve at the point (3,4) is
=5
y—4 3 3 + 25
= —_—— = — et — ——
x—3 4 YT TRt
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Class Exercise

implicit. function
Given that x2 + 2xy2 —y3—1=0. < o

Find the equations of the tangent and normal to the curve at the point P(1, 2).

Solution

Differentiate  both sides of x*+ 2xy*-y3-1 =0 wrt X :
-dd;[(xl) + 2 —dd;(:cgl) = —dd,:(gf’) = %L(l) = gz(o)
= 2ZX + 2[1'%(3*)+3’-§’i(1)]—35“-%—0-;0
= 21+2[x-2\tj%;5€+32.|]_351g%=0
= Gy -3y 4e = oy D4

= dy _ -ox-oy
R

Dr. Emily Chawv
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AL the pont PU.2),

i&i—: ~201)—2(2) = =& . B
dx 4(H(2)=3(2) o R

The equation of the tangent to the curve at POL2) i

M2 .5
x-1 - o = 2(3—2) = B ~1)

= 23-5x+|=o

The equaton of the normal to the curve ot P(1,2) s

-2 _
L5 - 2L 5 sy-2) = 20

=" B

=  SY4E2xX—-12 =o
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2. Rate of change

We usually use the notation

d(?)
dp

to denote “the rate of change of (?) with respect to time @’.

E.g. If h(t) denotes the height of an object at time ¢, then
dh

= = the rate of change of height with respect to time.

E.g. Suppose an object is moving along a straight line with the position function

Chapter 8

x = x(t) (i.e.the position of the object at time t).

Then v(t) = Z—f = velocity of the object at time ¢

(i.e. v(t) isthe rate of change of its position x w.r.t. time t),

dv _ d d*ze

d ; . .
and a(t) = — (—x) = — = acceleration of the object at time t

dt  dt \dt dt2

(i.e. a(t) isthe rate of change of velocity v w.r.t. time t).

Dr. Emily Chawv
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Example 4

If the velocity v(t) of a body varies inversely as the square root of the distance s(t), prove
that the acceleration a(t) varies as the fourth power of the velocity.

Solution 2
e K

% 2 stt) = [v&)]
We have v(t) = Voo where k is a constant. Then

k

-l
= (——) (s@®) :. S(t)]

a(t) = [v(t)] — [

k 1%) 2
=——k(s(t)) z. v(t)———k{[v(t) } v (t)
=——k e )] (D)
[v(f)]

2k?
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Procedure for solving rate of change problems

Step 1: Write an equation which relates relevant variables.
Step 2: Use chain rule to differentiate (implicitly) both sides of the equation w.r.t. time t.
Step 3: Substitute in the values for all known variables and derivatives.

Step 4: Solve for the remaining rate.

Example 5

A ladder which is 5m long is resting against a vertical wall. If the bottom of the ladder slides
away from the wall at a rate of 1m/s, how fast is the top of the ladder sliding down the wall

when the bottom of the ladder is 3m from the wall? % = 7

xX=3

Solution
Let x(t) be the perpendicular distance from the wall to the bottom of the ladder at time ¢,

and y(t) be the distance from the top of the ladder to the ground at time ¢.
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By Pythagoras’ Theorem,

x? + y? = 52,
Differentiate both s;:les W.r.t. ;:/ H(\dz),éi%d ]
d (y2).dx 5 2 y y X dax
a— X )5 2 R s 2 C—— 0 = @ — = ——r—
S e i e ity dt

Chapter 8

| >3

d
Given that d—f = 1m/s.

< >
x

When x = 3 m,
y =S —xZ = 5732 = VTG = 4m
and
(X =310 wys.
dtly—3y=4 y dt x=3’y=4/j4

3
The top of the ladder is sliding down the wall at a rate of X m/s.

Dr. Emily Chaw
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Example 6

A paper cup has the shape of a right circular cone with height 10 cm and diameter 7 cm (at the

top). If drinking water is poured into the cup at a rate of 6 cm3/sec, how fast is the water level

1

rising when the water is 6 cm deep? %

(Hint: Volume of right circular coneis V = %mﬂzh.)
Solution
Let VV, r and h be the volume of the water, the radius of the surface of water, and the

height of water at time t seconds, respectively.

. ., dh
Objective: Find —
dtlp=6 cm A

) ) . av
Given information: — = 6 cm?3/sec
dt [0 em

I=3 5 r=035h
h 10

.V =zmr?h = (035 h)? h = m(0.35)%h% (cm?)

By similar triangles,
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Differentiate both sides w.r.t. t: d (hY) - dh
« 3n at

av 1 d 1 dh dh
- 2.~ (h3) = _ 2. 2 " |— 2 1,2 "
7 =3 7(0.35) o (h°) 3 m(0.35)“ -|3h e m(0.35)“ h 7
dv
dh at _ 6

= = —
dt m(0.35)%2h? w(0.35)>h?2
When the height of wateris h = 6 cm,

dh B
dtlp—ecm m(0.35)2 62

~ 0.433 cm/sec
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3. Local extrema (local minima / local maxima) of functions

Let f(x) be continuous on [a, b]| and differentiable on (a,b).
The sign of f'(x) tells us whether f(x) is an increasing or decreasing function.

> Increasing function:

If f'"(x) =0 (f'(x) > 0)forevery x € (a,b), then f(x) isincreasing (strictly

increasing) on [a, b].

» Decreasing function:

If f'"(x) <0 (f'(x) <O0)forevery x € (a,b), then f(x) is decreasing (strictly

decreasing) on |[a, b].

Dr. Emily Chowv Page 17
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Example 7

Identify the increasing and decreasing intervals for f(x) = x3 — 3x2% + 1.
Solution

f'(x) = 3x% — 6x
Set f'(x)=0 = 3x2—-6x=0 = 3x(x—2)=0 = x=0 or 2.

x<0 x=0 O0<x<?2 x =2 x> 2
Sign of x — 0 + + +
Signof x — 2 — — — 0
Sign of f'(x) + 0 - 0 +

Observe that f'(x) > 0 when x <0 or x > 2;
and f'(x) <0 when 0 <x < 2.

Therefore, f is strictly increasing on (—o0,0] and [2, ), and strictly decreasing on [0, 2].
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Example 8

2 3
Show that In(1 + x) <x—x7+x? for x > 0.

Solution:

Let f(x) =1n(1+x)——x+xz—2-—x?3.

Then

1 1—-A1+x)+x(1+2)—x2(1+x —x3
flfx)=——=14+x—x%*= ( ) ( ) ( )= < 0forx > 0.

. f isdecreasing on (0, ).

o f(x) < f(0) forany x > 0,

2 3
ie. 1n(1+x)—x+%—%<ln(1+0)—0+0—0=0 forany x > 0.

2 3
=5 1n(1+x)<x—x7+x?for x > 0.
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Extreme values

Maximum and minimum values of a function are referred to as extreme values.

Absolute extreme values

» A function f has an absolute (or global) maximum value f(x,) at the point x = x; in

Dom(f) if f(x) < f(xy) forevery x € Dom(f).

» A function f has an absolute (or global) minimum value f(x,) at the point x = x; in

Dom(f) if f(x) = f(xy) forevery x € Dom(f).
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Local extreme values (or relative maximum)

» A function f has a local maximum,value f(x,) at the point x = x, in Dom(f) if

there is a number h > 0 such that f(x) < f(xy) for every x in the open interval

(xo — h, xo + h). fﬁi M ot ocally

A I
L P
Xo

] _ (or relative. minimum) ] ) )
» A function f has a local minimum value f(xq) at the point x = x, in Dom(f) if

there is a number h > 0 such that f(x) = f(x,) for every x in the open interval

(xo - h, xO + h) w/

i
.

Xo

Remarks:

1. In other words, local maximum and minimum values correspond to the points on the graph

that are higher or lower than neighboring points.

2. The absolute maximum is the highest of the local maxima (or occurs at boundary point);

the absolute minimum is the lowest of the local minima (or occurs at boundary point).
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Hlustration:

Consider the graph of the function y = f(x) whose domainis Dom(f) = [a, b].

y local mox./
f\ / abso\u’te MOX-

. local max.

o o e o e — -

Ax--.--__---—

Observe that

» f(x) has local maximum values (or local maxima) at x, and x,, and local minimum

values (or local minima) at x; and x;.

» f(x) hasan absolute maximum at x,, and an absolute minimum at b.
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Local maximum:

Definition: Fiest Derivative Test

Let f be continuous at x = c.

If there exists an open interval (a,b) containing ¢ such that
f'(x) >0 when a<x<c

and f'(x) <0 when c <x <b,

then f has alocal maximum value at x = c.

local maximum

XJ flc)=0 local maximum
\ f'(c) does not exist
positive slope negative slope filx)>0 fiix)<o0
e ; positive slope / ;
= strictly increasing . strictly decreasing ] negative slope
.. strictly increasing

.. strictly decreasing

> X = X

A~
o -+
o
B
n 4
o %
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Local minimum:

Definition:

Let f be continuous at x = c.

If there exists an open interval (a,b) containing ¢ such that
f'(x) <0 when a<x<c

and f'(x) >0 when c <x <D,

then f has alocal minimum value at x = c.

flx)<o =7 10 >0 fix)<0 =7 S~ rm>o
negative slope pasitive slope negative slope positive slope
. strictly decreasing . strictly increasing . strictly decreasing . strictly increasing
I\ flc)=0 f'(c) does not exist '\
local minimum

> > X
b

oV

S
a L
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MA1200 Calcudus and Basic Lineawr Algebro I

Chapter 8

Suppose f has alocal maximum or local minimum pointat x = c. If_f'(c) exists, then

Definition

f'(c) =0|

(or critical point)

A function f has a stationary pointat x = c if

F(c) = 0]

A stationary point can be a local maximum, local minimum, or point of inflection.

local maximum

Dr. Emily Chaw

e

flc)=0

local minimum

point of inflection
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Example 9

Find and classify all stationary points of the function f(x) = 3x* — 4x3 — 12x% + 5.
Solution

F(x) = 1223 — 12x2 — 24x = 12x(x® — x — 2) = 12x(x + 1)(x — 2).

Set f'(x) =0 = 12x(x+1)(x—-2)=0 = x=-1,0,2.

-. f has stationary pointsat x = —1,0, 2.

x<—-1|x=-1|-1<x<0| x=0 0<x<2| x=2 x> 2
Signof x+1 — 0 + + + S 5 +
Sign of x — — — 0 + + +
Signof x — 2 — — — — — 0 +
Sign of f'(x) - 0 + 0 — 0 +
\vl /f'\\ \\-/l
“. f haslocal maximum at x = 0, and the corresponding maximum value is f(0) = 5.
f has local minima at x = —1 and x = 2, and the corresponding local minimum values

are f(—1) =0 and f(2) = —27, respectively.
Dr. Emily Chowv Page 26
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Concavity (P27-31: For your teference)

» A function f is concave up on an interval I if it is differentiable on I and f'(x) is

increasingon I,i.e. f"(x) > 0 forevery x € I.

. N
large negative \

slope "

large positive

/:/’/ slope

\
Y /
small negative —> ’g small positive
slope \ slope
slope =0

Concave up: f'(x) increasesas x increases.

) >0

Dr. Emily Chowv Page 27



Semester A, 2020-21 MA1200 Calcuduy and Basic Linear Algebra I Chapter 8
» A function f is concave down on an interval [ if it is differentiable on I and f'(x) is

decreasingon I,i.e. f"(x) <0 forevery x € 1.

slope =0

small positive

small negative
slope —-?, L— v

slope

large positive >y large negative
F

slope ' % slope

Concave down:

f'(x) decreases as x increases.

L) <0
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» Let f be a twice differentiable function. Then f has a point of inflection (or point of

inflexion) at x = ¢ if |f"(c) = 0| and f _is concave up on one side of ¢ and concave

down on the other side of ¢ (i.e. the sign of f"'(x) changesat x = c).

In addition, if f'(c) = 0, we say that (c, f(c)) is a stationary point of inflection.

If f'(c) #0,then (c, f(c)) isanon-stationary point of inflection.

concave up

f(x) >0

stationary
point of inflection

flc)=0 & f"(c)=0

~

concave up
T “(x)>0 :
non-stationary

/ point of inflection

flc)#0 & f(c)=0

horiaontal =~ ~ 23
tangent Z
m?é ‘\
concave down concave down

f'(x)<o0 f(x) <0
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Summary: Determination of points of inflection of a function

Given a twice differentiable function y = f(x).
To determine the points of inflection of the curve:

Step 1: Find the second derivative f"'(x).

Step 2: Set |f"(x) = 0], and find all the values of ¢ in Dom(f) suchthat f"'(c) = 0.

Step 3: If the sign of f” changes at x = ¢, then f has a point of inflection at x = ¢, i.e. at

the point (c, f(c)).
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Example 10

Determine all (if any) points of inflection for the function f(x) = 3x* — 4x3 — 12x2 + 5.
Solution

f(x) =12x3 — 12x?% — 24x

£ (x) = 36x% — 24x — 24 = 12(3x% — 2x — 2)

Set f"(x) =0 = 12(3x*—2x—-2)=0 = 3x?—-2x—2=0

x_—(—z)i\/(—2)2—4(3)(—2)_Zi@_Zizﬁ'_uﬁ

2(3) 6 6 3
VT _INT1NT VT ) 1HNT 14T
ST | T T 3~ ST3 T3 | Y73
Sign of f''(x) + 0 — 0 4
C.u. E.D; AL
1—/7 1++/7
Since the sign of f"' changes at x = V7 and x = 3\/_, f has points of inflection at

5 = and & = ”Tﬁ i.e.at (—0.5486,2.3207) and (1.2153,—13.3578).
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Classification of the stationary point from the second derivative (Second Derivative Test)

Suppose that the function f has a stationary pointat x = ¢, i.e. |f'(c) = 0|.

> If f""(c) > 0,then f hasalocal minimumat x=c. \J

> If f(c) < 0,then f hasalocal maximumat x =c. N

> If f'"(c) =0, then no conclusion can be drawn. The function f may have a local maximum
NSecond derivative test fils

at x = ¢, alocal minimum at x = ¢, or a (stationary) point of inflection at x = c.

E.g. 1: Consider f(x) =x3. Then f'(x) = 3x2. Setting f'(x) =0 gives x = 0.
". f hasastationary pointat x =0, y = 0.
f(x) =6x. Then f"(0) =6 X0 = 0, so the Second Derivative Test fails.

Now, f''(0) = 0 and let’s consider the sign of f"' in the neighborhood of x = 0:

| y=x3
X< 0 x=0 x>0 U‘i‘ix
Sgnof f'() |~ »| O b 7
Since the sign of f"(x) changesat x = 0, the function f has a (stationary) point of
T

inflection at (0, 0). v £0)=0

Dr. Emily Chawv Page 32



Semester A, 2020-21

E.g. 2:

Dr. Emily Chaw

MA1200 Coalcudus and Basic Linear Algebroa I
Consider f(x) =x*. Then f'(x) = 4x3.

Chapter 8

Setting f'(x) =0 gives 4x3=0 = x =0

". f has astationary pointat x =0, y = 0.

f"(x) = 12x%. Then f"(0) = 12 x 0% = 0, so the Second Derivative Test fails.
Now, f''(0) = 0 and let’s consider the sign of f"’ in the neighborhood of x = 0:

x< 0 x=20 x>0

Sign of f"'(x) + 0 +

Since the sign of f"'(x) does not change at x = 0, the function f does not have a

point of inflection at (0, 0).

To classify the stationary point at x = 0, we use the First Derivative Test:

x <0 x=0 x>0 - —

Sign of f(x) - 0 + ¢t &j .
.. The function has a local minimum at\J('O, 0).
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Summary: Determination of local extrema (local minima / local maxima) of a function

Given a twice differentiable function y = f(x).

To determine the local extrema of the curve:

Step 1: Find the first derivative f'(x).

Step 2: Set f'(x) = 0, and find all the values of x, in Dom(f) suchthat f'(xy) = 0.

Step 3: Classify whether xy is a local maximum or local minimum by using one of the

following tests:

> The First Derivative Test:

(a) If there exists an open interval (a,b) containing x, such that

f'(x) >0 when a < x < x,

and f'(x) <0 when x5 <x <), /\

then f has alocal maximum value at x = x,, i.e. at the point (x,, f(xg)).
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(b) If there exists an open interval (a,b) containing x, such that

f'(x) <0 when a < x < x U

and f'(x) >0 when x, <x <b,

then f has alocal minimum value at x = x,, i.e. at the point (x,, f(xp)).

(c) If the sign of f'(x) does not change at x = x,, then x = x; is neither a local

maximum nor a local minimum.

> The Second Derivative Test:

y, CD- M

(a) If f'(xy) =0 and f”(xo)@O, then f has a local maximum value at x = x,,
i.e. at the point (xg, f(xp))- L

(b) If f'(xy) =0 and f”(xo)@ 0, then f has a local minimum value at x = x,,
i.e. at the point (x,, f(x))-

(c) If f'(xo) =0 and f"(x,) = 0, no conclusion can be drawn.

(— Use the First Derivative Test.)
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Example 11

Determine and classify all local extrema of the function f(x) = xZ%e?*.
Solution product rule
F(x) :‘/x2 -%(ex) + e -%(xz) =x%-e*+e% 2x =e*x(x + 2).
Set f'(x) =0 = e*x(x+2)=0

= x=0 or x=-2 (Note: e* >0 forall x € R.)

Use either the First Derivative Test:

Chapter 8

x<—2 | x=—2 |—2<x<0 x=0 x>0
Sign of x — — — 0 -
Sign of (x + 2) — 0 - + +
Sign of f'(x) + 0 - 0 -
//"\\ \vl
(local max.) (local min.)
o. f hasalocalmaximumat x = -2, y = 4e~?: and a local minimum at x = 0, y = 0.
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Or the Second Derivative Test: Product rule for dierentiating f-9-h  wrt x:

({’-8-}\))(1) = f00 -go- Nx) + ftxy - q'o0 - M)
+ £ - g(x) - K00

d
f() = ——[e%x(x + 2)]

dlx+2) _ d(x) _ d(e*)
R + e*(x + 2) W+x(x+2) e

=e*x-1+e*(x+2)1+x(x+2) e*

= e*x

=e*(x* + 4x + 2)
fr(=2) = e2[(-2)* + 4(-2) + 2] = =272 < 0

= f hasalocal maximumat x = —2, y = 4e™2.

= f alocal minimumat x =0, y =0.
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